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NOTATION 


= amplitude, area 
.. = coefficients 

= amplitude, constant, distance 
= coefficients, dimensions 
. = coefficients, constants of integration 
= coefficients 

. = constants of integration 

ss damping constant 
= equivalent damping constant 
= coefficients 

=. flexural rigidity of plate 
. ^ constants of integration 
= diameter 
= coefficients 
= modulus of elasticity 
= tensile stiffuess 
= flexural rigidity of beam 
= occentricity. exponential constant (2.71828...) 

» force 
= deflection 
= static displacement 
= shear modulus 
= torsional rigidity 
= acceleration of gravity 
= height, thickness 
at moment of inertia of an area 
= polar moment of inertia of an area 
= gear ratio 

= moment of inertia of mass 

= constant in general or spring constant in particular 
= length 

— moment or torque 
= bending moment 

= longitudinal force, number of cycles, power 
= constant, damping factor, number in general, number of cycles 
|er second in particular 

= critical force 
= natural circular frequency 

= natural circular frequency of damped vibration 
= generalized force, shearing force, weight 
= generalized co-ordinate, Toad per unit length, pressure 
= resisting force in general or dry friction force in particular 



Notation 


H, r — radius 

r = dcDcction 

r, 8 = polar co-ordinates 

5 =t impulse 

T = friction force, kinetic energy, period of vibration 

I = time 

U = potential energy 

u = longitudinal displacement, radial displacement 

u = deflection, velocity 

it a initial velocity 

W = weight, work 

u> = deflection 

* = displacement 

*o = initial displacement 

Zd = static displacement 

z, y, : = rectangular co-ordinates 

y a displacement 

Vo = initial displacement 

a (alpha) = angular acceleration, phase angle or some other angle 
P (beta) = repetition factor 

y (gamma) = phase angle or some other angle, shear angle, specific weight 

o (delta) = logarithmic decrement 

6it, = unit displacement or influence coefficient 

c (epsilon) = angle, strain 

e r = strain in radial direction 

eo = strain in circumferential direction 

6 (theta) me angle, angular displacement 

x (kappa) = amplitude ratio, correction (actor 
X(lamnda) = characteristic number 

p (mu) = amplification (magnification) factor, Poisson’s ratio 
p« = transmissibilily 

n (pi) = 3.14159... 

p (rho) — mass density, radius of curvature, radius of gyraliou 

a (sigma) = stress^ 

oe = circumferential stress 

1 (tau) = shearing stress, time 

? (phi) = angle ol rotation or angular displacement 
V (psi) = energy dissipated per cyclo 

ip (psi) = angle 

u> (omega) = angular velocity, circular frequency 
ta cr mm critical speed 



INTRODUCTION 


The periodic nature of operation of most machines determines the 
periodicity of loading and deformation of both their individual 
members and those structures which serve as supports or foundations; 
it may be said that elastic vibrations accompany the operation of 
each machine. 

In some cases, however, vibrations occur in the absence of periodic 
excitation. These are, for instance, relatively simple processes of 
free vibration developing upon a sudden disturbance of the state 
of equilibrium of a mechanical system as well as more complicated 
and, at the same time, less studied processes such as self-excited 
vibrations. 

It is difficult to indicate a domain of engineering in which the 
study of clastic vibrations would not be an urgent problem. Much 
attention is given by investigators to vibration of structures of widely 
differing purposes: turbine rotors, internal-combustion engine shafts, 
turbine blades, propellers, automobiles and railroad cars, ships 
and aircraft, engineering structures, industrial-building floors, parts 
worked on metal-cutting machines, jigging conveyors, etc. 

In certain cases vibrations impede the normal service or even 
directly endanger the strength by gradually promoting fatigue 
failure; in such cases the theory may indicate ways of reducing de¬ 
trimental vibrations. At the same time it enables one to substantiate 
and optimize the manufacturing processes which use vibrations pur¬ 
posefully (as in jigging conveyors). 

For all the variety of problems treated in the theory of clastic 
vibration there is a deep intrinsic connection between outwardly 
different problems. The existence of common laws forms the funda¬ 
mental basis for the general theory which enables one to consider 
simultaneously wide classes of phenomena covering a host of parti¬ 
cular problems. 

We may distinguish at least the following live sufficiently inde¬ 
pendent categories of vibratory processes differing in their nature: 

free vibrations, i.c., vibrations which aro performed by a mecha¬ 
nical system having no energy supply from outside if the system 
is disturbed from its position of equilibrium and then released; 
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critical states of rotating shafts and rotors which consist in a 
sudden increase in the deflections of their axes at definite speeds of 
rotation (or in definite ranges of speeds); 

forced vibrations which result when the mechanical system is acted 
on by fluctuating external forces (driving forces); 

parametric vibrations caused by periodic variations of the para¬ 
meters of a system (for example, its stiffness); 

self-excited vibrations, i.e., vibratory processes which are main¬ 
tained by constant sources of energy of a nonvibratory nature. 

Each of these categories of vibratory processes is discussed in the 
appropriate chapter. 



CHAPTER 


FUNDAMENTALS 


1. Number of Degrees of Freedom of an Elastlo System 

The complexity of a theoretical analysis of vibration depends 
largely on the number of degrees of freedom of the mechanical sy¬ 
stem in question. The number of degrees of freedom of a mechanical 
system is defined os the number of independent co-ordinates which 
determine uniquely tho positions of all particles of the system. 

In dynamic problems, particularly in vibration problems, the 
positions of the particles of a system vary with time so that the 
above co-ordinates are functions of time. The fundamental problem 
of dynamic analysis is to find these functions, i.e., to determine the 
motion of the system. It is an easy matter then to find strains, stres¬ 
ses and internal forces in the constraints of the system. 

Every mechanical system involves an infinite number of particles 
and consequently the number of degrees of freedom is always in¬ 
finite. However, in solving practical problems use is generally made 
of simplified schemes which are characterized by a finite number of 
degrees of freedom. In such design schemes some (the lightest) parts 
of tho system are assumed to be massless and are represented as de¬ 
formable incrtialess constraints; the bodies for which the property 
of inertia is retained in the design scheme are then considered to be 
particles ('concentrated masses") or absolutely rigid bodies. 

In an endeavour to simplify the design scheme one should re¬ 
member that the neglect of all inertia properties of a given system 
deprives the problem of dynamic specific features. 

Consider, for instance, a massless spring (Fig. la) with a force P (/), 
given as a function of lime, applied to its end. If k is the stiffness 
of the spring, the displacement x of its end is defined by the ordinary- 
static formula 



This formulation of the problem is not really dynamic though the 
displacement thus found is not constant but represents a function 
of time. The true dynamics of processes in real mechanical systems 
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is associated with the properly of inertia and this properly must he 
reflected in one way or another in the design scheme. 

A simple example of a dynamic system with one degree of freedom 
is represented in Fig. 16. Here we can no longer work with purely 
static relationships; thus, we observe that the reaction R of the 
spring is not equal to the external force P. 

|-wmv^ 

(a) M 

(b) (*) 

Fig. 1 

The differential equation of motion of the mass in the x direction 
(Fig. lc) is of the form 

P + R x = mx, (1.2) 

where R x = — kx is the projection of the reaction of the spring on 
the x axis. Thus we obtain 


mi'+fcr = />(<). (1.3) 

Unlike expression (1.1) which serves to calculate x directly, re¬ 
lation (1.3) represents a differential equation in the function x. To 
find the form of this function it is necessary to integrate the diffe¬ 
rential equation (1.3). After solving Eq. (1.3) the function x — x (<) 
is used to find internal forces, stresses, etc. 

It may be said that in the above example the function x alone 
delines completely all the elements of the stale of strain at any in¬ 
stant. Such systems possess one degree o\ freedom. 

The systems shown in Fig. 2 fall into this type. The characteri¬ 
stic co-ordinate for the diagram of Fig. 2a is the ordinate y of the 
mass, while for the diagram of Fig. 26 it is the angle of rotation <p 
of the rigid body (in both cases the clastic constraints arc assumed 
to be massless). 

The systems represented in Fig. 2c, d, e, / each have two degrees of 
freedom. In the diagram of Fig. 2c there are two concentrated masses 
and the motion of the system is completely determined by two func- 
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tions 

vt=«t(t)' yz=y *(<)• 

The same is true for the diagram of Fig. 2d. 

For the two-dimensional system of Fig. 2e it is necessary to take 
into account that the point mass is capable of motion in two direc¬ 
tions and it is natural to choose the co-ordinates as 

*=*(*). y=v(t)- 

A feature of the diagram shown in Fig. 2/ is that the dimensions 
of the mass attached to the beam are finite; in this case it is necessary 
to take into account the rotary inertia of the mass as during vibration 
the beam will be loaded at its end not only by the inertia force of 
the mass but also by the moment of the inertia force. The motion 
of the system is defined by the displacement y = y (<) and the angle 
of rotation q> = q> (t). 

The system represented in Fig. 2 g has three degrees of freedom and 
its motion is defined by the functions 

x = x(t), y = y(t), <p = <p (0* 

In the diagrams of Fig. 2h to l the masses are suspended in diffe¬ 
rent ways but are capable of executing vibrations along a single 
fixed straight line; therefore, regardless of the differences in the 
arrangement of the elastic constraints each of these systems has one 
degree of freedom. 

The system shown in Fig. 2m has one degree of freedom if rolling 
is not accompanied by slipping. Figure 2 n shows a perfectly rigid 
beam whose position at any instant is determined by a single quan¬ 
tity—the angle of rotation about an immovable hinge support; 
regardless of the number of masses and springs this system also has 
just one degree of freedom. The system shown in Fig. 2o can execute 
torsional vibrations about the shaft axis and hence is basically the 
same as the system represented in Fig. 2b; if only the mass of the 
disk is taken into account, the motion of the system is completely 
determined by the function q> (/). 

The system presented in Fig. 2 p has, strictly speaking, not one 
but two degrees of freedom since its motion is described by two 
functions, <p, (t) and q> 2 (f), which express the angles of rotation 
of the disks about the longitudinal axis of the system. However, 
the elastic vibrations are defined by just one function—the relative 
angle of rotation of the disks, <p = <p 2 — <p,; in this sense the system 
has only one (vibratory) degree of freedom. The same feature is 
inherent in the system shown in Fig. 2 q. 

In all the examples above the number of degrees of freedom is 
finite (and, besides, not large) due to the usual simplifications: it 
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was assumed that the deformable parts of a system were massless 
while the bodies possessing mass were absolutely non-deformable. 
In actual fact the properties of deformability and inertia always 
accompany each other, hence every mechanical system, as already 
stated, has an infinite number of degrees of freedom. 

Sometimes it is recognized that the properties of deformability 
and inertia are distributed throughout the volume of a system but 
by specifying a priori (and arbitrarily to a certain extent) the 
configuration of the system during vibration (the mode of vibration) 
wo form a design scheme 
which has a finite number 
of degrees of freedom. 

Thus, if we assume that 
the deflection curve of 
a vibrating simply suppor¬ 
ted beam with distributed 
mass is a sine curve (Pig. 3) 

ij ( x . <) = asin-^- , 



Fig. 3 


the configuration of the system at any instant is completely deter¬ 
mined by a single quantity—the deflection a = a (() at mid-length; 
the system has only one degree of freedom. 

If a more complex representation of the deflection curve is assu¬ 
med for the same beam 

y (i, t ) = a | sin + a 2 sin , 

the position of the system at any instant is determined by the func¬ 
tions a, (<), and a 2 (<). i.e., the system has two degrees of freedom. 

It should be remembered that although the accuracy of dynamic 
analysis may be improved by adding "recognized" degrees of freedom, 
it is generally sufficient for practical purposes to consider a small 
number of the most important degrees of freedom. 

In conclusion we note that in some cases it is possible to obtain 
the exact solution of vibration problems for elastic systems without 
recourse to any simplifications whatsoever, i.e., to allow for the 
actual infinity of the number of degrees of freedom; true, this can 
be done only for systems of simple structure, such as straight beams 
of constant section and uniform mass distribution. 


2. Classification of Forces 

The forces acting on a mechanical system from outside and also 
the internal forces developed in its constraints are widely different 
both in their nature and in the part they play in the vibratory process. 
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Restoring Forces. These forces occur when the system is displaced 
from its equilibrium position and tend to restore the system to that 
position. It may be said that the vibratory properties of mechanical 
systems result from the action of these very forces. 

The basic type of restoring forces are elastic forces. In the simplest 
case of a linearly deformable system the clastic restoring force is 
proportional to the deflection of the system; the property of the 
elastic constraints is then completely determined by a single num¬ 
ber—the spring constant. The spring constant or spring stiffness k 
is the factor of proportionality between the force P acting statically 
on the system and the displacement it produces; if this displacement 
is denoted by y. then 

P = ky. 

However, not infrequently the relation between the force and 
the displacement is not linear and the elastic properties of the con¬ 
straints cannot be determined by a single number. In such cases 
the above properties are determined by a spring characteristic whose 
equation 

P = P(y) 

is usually plotted in the co-ordinate system y, P. The spring cha¬ 
racteristic is plotted (by calculation or experimentally) for static¬ 
loading conditions of the system. 

Figure 4 presents several simple systems and the relevant spring 
characteristics. 

A distinction is made between soft and stiff non-linear spring 
characteristics. Soft characteristics are those with gradually de¬ 
creasing inclination (Fig. 4a) and still characteristics have gradually 
increasing inclination (Fig. 46). 

In some constructions the spring characteristics change abruptly 
or have discontinuities. Thus, the spring characteristic of the me¬ 
chanical system represented in Fig. 4c is bilinear, and part of the 
spring characteristic of the mechanical system shown in Fig. 4 d 
(system with a clearance) coincides with the axis of abscissas. To the 
system with on initial compression (Fig. 4e) corresponds a discon¬ 
tinuous spring characteristic. 

For systems whose deflection is characterized by an angular dis¬ 
placement <p. the spring characteristic represents the relation between 
the moment M acting statically on the system and the above dis¬ 
placement (Fig. 5). The spring characteristic may be of the form 
of any one of the graphs shown in Fig. 4 (with the axes y and P re¬ 
placed by the axes q> and M, respectively) depending on the pro¬ 
perties of the elastic constraints. 

A buoyant force, as well as elastic forces, possesses restoring pro¬ 
perties. Figure 6 represents a floating body (float, pontoon, vessel), 
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the solid line indicating the equilibrium position and the dashed 
line the displaced position. If the vertical displacement is of a purely 
translational nature (Fig. 6a), a vertical restoring force is developed; 
when the body is inclined (Fig. 66), a restoring couple (moment) 
comes into action. The 

linearity or non-linearity of |P p 

the characteristic depends >1 t 

on the outline of the walls S 

of the body. Thus, for ver- jgjX _ / 

tical displacements y of ~7 o y 

a wall-sided body the / 

characteristic is linear (see P . 

Fig. 6a). When angular p / 

displacements, or vertical I / 

displacements of a body v 

which is not wall-sided, are '^\ f U 1 

involved, the characteristic (b) j 

is a nonlinear and soft one ' 


(sec Fig. 66). 

The restoring action may 
be exerted by a gravity force 
such as that of a liquid in 
connecting vessels (Fig. 7a). 
T he moment of a gravity 
force often possesses resto¬ 
ring properties; a simple 
example is provided by 
a pendulum (Fig. 76). The 
deflections of the system 
arc determined by the angle 



<( while the measure of the 
restoring action is the mo¬ 
ment of the gravity force 
about the hinge axis. The 
characteristic of this system 
is of the same form as the 
graph in Fig. 66. 



In some cases restoring Fig. 4 

forces are of the mixed 


type: thus, for the pendulum in Fig. 7e the restoring action is 
exerted both by the weight and the elastic force. 

The characteristics of the systems represented in Figs. 6 and 7 
are often referred to as quasi-elastic emphasizing thereby the simi¬ 
larity of all types of restoring forces to the elastic force. 
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Dissipative Forces. During vibration, friction forces inevitably 
develop in mechanical systems as well as restoring forces. They do 
irrecoverable work, and the result is a dissipation of mechanical 
energy; accordingly such forces are called dissipative forces. Among 
these are friction forces at supports and connections of a mechanical 
system, the resistance of a medium (either fluid or gaseous) in which 
vibrations take place, internal friction in the material of the 
elements of a system, and, finally, forces which arc produced in 
energy absorbers (dashpots). 



(t) (f) 

Fig. 8 


Whatever the nature of friction, the direction of dissipative forces 
at any instant during the motion is opposite to the velocity, the 
magnitude of the force being related in one way or another to the 
magnitude of the velocity v. 

Dissipative properties are described by means of /riction charac¬ 
teristics. Thus, Fig. 8a shows the simplest friction element—a 
viscous dashpol whose resistance is proportional to the velocity of 
the piston along the cylinder and Fig. 86 represents the linear cha¬ 
racteristic of the dashpol, i.e., the graph of the relation 
R=cy, 

where R implies the force applied to the dashpol. 

In some cases the friction characteristic may be nonlinear (Fig. 8c), 
and in the case of dry friction it is discontinuous (Fig. 8 d and e). 
Figure 8 d shows the friction characteristic corresponding to the cle- 

2» 
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menury AmoMora-Coglomb l>« .cording 10 which Ujt m.gnilude 
of the friction force is independent of the velocity. Figure 8c pre¬ 
sents an improved dry friction characteristic. .. 

Driving Forces. The characteristics of restoring and dissipative 
forces are determined exclusively by the properties of the system 
itself, and the corresponding forces not only affect the motion but 
are themselves governed by this motion since they depend on the 
displacements y and the velocities y. 



\m(o z ecosut 
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Another important category of forces acting on mechanical systems 
arp driving forces , i.e., forces which are given as explicit functions 
of time and therefore are independent of the motion but, of course, 
materially affect it. 

An example of a driving force is provided by the vertical com¬ 
ponent of the force transmitted from an unbalanced rotor to the 
foundation of a machine (Fig. 9a). Let u> be the angular velocity 
of the rotor, m its mass and e the eccentricity. Then the magnitude 
of the centrifugal force is constant and equal to m«o*e but the direc¬ 
tion of the force and correspondingly both components of this force 
as well as its moment about the middle of the bearing area vary 
continuously (Fig. 96). Thus, the vertical component of the centri¬ 
fugal force is 

P = mare sin o)t; 

such forces (and couples) may be the cause of vibrations of the ela¬ 
stic system on which the machine is mounted. This type of exci¬ 
tation is known as an inertial one. 

In some cases driving forces may develop due to other causes, 
such as periodic variations of pressure in cylinders of the internal- 
combustion engines or periodic variations of the forces of attraction 
exerted by alternating electromagnets (in electric shakers). 
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The laws of variation of driving forces 
rent. We shall list some of the most 
important cases: 

harmonic driving force (Fig. 10a) 

—machines with unbalanced rotors; 

periodic driving force (Fig. lOfe)— 
machines with slider-crank mecha- 

periodic impulses of short duration 
(Fig. 10c)—vibration and shock moul¬ 
ding machines; in some cases the 
duration of each impulse is so short 
that they can be considered momen¬ 
tary (forging die hammers, impact 
devices, etc.); 

non-periodic driving forces (Fig. 

10d)—the engines of a rolling mill 
in one of the first runs of a blank, 
a tractor parsing over an obstacle. 

It should be noted that driving 
forces acting on certain mechanical 
systems cannot lie considered as specified i 
and their action should be treated as a random process (for example, 
the effect of the road on a travelling automobile). 

Forces of a Mixed Nature. Complex mecha¬ 
nical systems may involve forces of a mixed 
nature, which are not resolvable into the sum 
of forces of the type of P (y), P (y), P (t). 

Figure 11 presents an example of a parametric 
system—a pendulum acted on by a vertical force 
P = P 0 sin col. The moment of external forces 
about the hinge axis is provided by the sum 
of the weight mg and the force P 


Fig. 10 
i definite manner. 



Fig. II 


jW = — (mg-r- P 0 sin <ot) l sin cp. 


As is seen, this restoring moment depends 
not only on the displacement cp but also on the 
time t. and the expression M (cp, t) cannot be represented as the 
sum A/, (cp) + M 2 (/), i.c., it is impossible to soparate the restoring 
and driving components from the total moment. 

There arc cases where forces of the type of P (y, y) arc developed 


which are not representable as the sum P, (y) |- P 2 (y) (as in sell- 
excited vibratory systems ). 
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3. Methods for Setting Up Equations of Motion In 
the Beneral Case 


The most general form of equations of motion are Lagrange's 
equations 

-LtHL)-lL = Q l (i = 1,2. n ), (3.1) 

* ' dm ' Oqi 


where n = number of degrees of freedom of mechanical system, 
i = serial number of generalized co-ordinate, 
q, = generalized co-ordinate, 


q t = generalized velocity, 

Q | = generalized force, 

T = kinetic energy of system, 
t = time. 

For systems of several degrees of freedom, Eqs. (3.1) can be used 
to obtain important relations of a more special nature which provide 
convenient methods for investigating vibratory systems of particu¬ 
lar types. However, such methods can also be formulated indepen¬ 
dently of Eqs. (3.1). 

The following three methods are the most common. 

Direct Method. In this method, we imagine the masses to be sepa¬ 
rated from the elastic framework of the system and write the diffe¬ 
rential equations of motion for each of the masses, the action of the 
clastic constraints being replaced by their reactions. This method 
is convenient in cases where the reactions of constraints (spring 
and damping forces) arc not too difficult to express in terms of cha¬ 
racteristic displacements and velocities, particularly for the ana¬ 
lysis of free and forced vibrations of multimass in-line systems. 

Thus, for the system shown in Fig. 12a, the spring forces acting 
on the tih mass are expressed in terms of only three displacements, 
*i-i, *i and x,+|. Likewise, the moments of spring forces acting on 
any one of the solid disks of the torsional system represented in 
Fig. 126 nre determined in terms of three angles of rotation, 

(pi and (pi+i- 


Inverse Method. The idea of this method is to separate all the 
masses of the system from its elastic framework and to consider 
the deformation of the latter under the action of the given external 
forces (couples) and the inertia forces (moments of inertia forces) 
of the separated masses. 


As applied to the simplest system (Fig, «), [h e direct method is 
illustrated by Fig. le and the inverse method by Fig. Id Here R’ 
represents the act,on ol the mass on the spring, the projection ol 
the force ft on the x axis being equal to the sum 


R' = f‘ — mx. 



11 may be said that the mass transmits to the spring the sum of 
the external force P and the inertia force —mx. Here, of course, 
we mean the real inertia force that is applied, however, not to the 
muss (Fig. lc) and not to tho given system (Fig. 16) but to the spring 
which serves in this case as the clastic framework of tho construction. 


if if Jr 



Fig. 12 


Sometimes a confusion (or ambiguity) may arise in reasoning 
because of mixing up two different objects—the given system and 
its clastic framework. When speaking of inertia forces one should 
remember that they are applied to the elastic framework, i.o., to the 
system of constraints from which all the masses of the given system 
have been separated. 

Energy Method. This method, is based on the law of conservation 
of energy according to which the sum of the kinetic and potential 
energies is constant during vibration. It is convenient in the ana¬ 
lysis of free vibrations of some conservative systems of one degree 
of freedom, such as shown in Fig. 12d, e, /. Figure 12d presents a 
cylindrical body of radius r resting on a cylindrical surface of radius /{, 
Fig. 12e shows a system consisting of two solid disks connected by 
two axlo shafts and a geared drive. Fig. 12/ shows an clastic beam 
the mode of vibration of which is assumed to be known. 
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FREE VIBRATIONS 


4. Linear Systems of Ono Degree of Freedom Without 
Inelastic Reslatanoes 


Standard Equation 

Consider again the single-mass system shown in Fig. 16. This 
simple system is typical of a wide class of single-dcgrce-of-freodom 
systems without dissipation. 

Supposo that the driving force P (I) is absent hut the stale of equi¬ 
librium was disturbed and the system was then left alone. The motion 
occurring under these conditions is a free vibration. The initial 
disturbance of the equilibrium position is characterized by the 
initial conditions: x = x 0 . v — u 0 at ( = 0; the initial displace¬ 
ment x 0 and the initial velocity v 0 arc assumed to be given (other¬ 
wise the motion will not be completely determined). 

At any instant during vibration the moss is acted on by the hori¬ 
zontal reaction of the spring — kx ; the value of the spring constant k 
is determined by the known formulas of the theory of strength of 
materials. The differential equation of motion (1.3) becomes 


-/?• 


(4.1) 


(4.2) 


Many of the vibration problems involving quite different me¬ 
chanical systems reduce to an equation of the form of (4.1): we shall 

' rL jLr ‘ % S p n ^ r /A ? “ a 'T and consider solution in detail. 
The solution of Eq. (4.1) can be represented as 


or in an equivalent form 


x — C, sin pt -f C 2 cos pt 


= a sin (pi-fa). 



The constants C t , C 2 arc doierminod from the initial condi¬ 
tions as 

C, = -£S-; C 2 = x a 

so that 

x = x 0 cos pt + sin pt. (4.4> 

For the constants a and a. wo obtain from the same condi¬ 


tions 



From the law of motion (4.3) 
shown in Fig. 13a it is seen that 
the motion is a harmonic vibra¬ 
tion. The process repeats itself 
after an interval of lime T (period 
of vibration) in which the argu¬ 
ment pt -, L a (phase) is increased 
by 2ji 

pt-\-a+2n = p(t+T) + u. 

Hence we find 



and the number of cycles per 
second is 

I p 

" = T = IF' 
Consequently, p = 2nn. 

Hence the physical meaning of 
the constant p—this is the num¬ 
ber of cycles per 2 ji sec. The 



constant p is known as the circu¬ 
lar (angular, cyclic) frequency of free vibration or simply the frequ¬ 
ency of free vibration. As is seen from formula (4.2), the frequency 
p depends on the parameters of the system but is independent of 
the nature of the initial disturbance which caused the vibratory- 
process (of course, this is also true of Hie period of vibration T); 
for this reason the frequency of free vibration is called the natural 


frequency. 







plane, i.e., Ihe displacement-velocity co-ordinate system may con¬ 
veniently be used to describe and study the motion. 

At any given instant the stale of a system is characterized by 
the displacement x and the velocity v; to this state corresponds a 
generic point of co-ordinates x, v in the phase plane. The generic 
point will move with time on the phase plane describing a phase 
trajectory. 

In the above case of harmonic vibration we have 

* = «!(„(/>! + «). 1 (4 . 5) 

v = ap cos (pt + a). J 

This set of equations may be regarded as a phase trajectory pres¬ 
cribed in parametric form (with the time t as a parameter). To ob- 



Fig. W 


tain the equation of the phase trajectory in explicit form, it is ne¬ 
cessary to eliminate the time t from system (4.5); we obtain 



i.e., the equation of an ellipse (Fig. 14a). 

To the initial conditions x = v = v 0 corresponds the initial 
generic point of the phase trajectory from which the motion is 
started. The periodicity of the process expresses itself in tho fact 
that the generic point will run round one and the same elliptic 
orbit. 

When the initial conditions are changed, the phase trajectory 
is found to be a different ellipse; the set of all possible states of 
the system is described by a family of ellipses embedded into ono 
another (Fig. 146). The set of phase trajectories forms the phase 
diagram of the system. It may be said that the parameters of the 
system determine the phase diagram and the initial conditions 
fix a particular trajectory. 




The origin of co-ordinates corresponds lo the state of equilibri ui )). 
If Xo = 0, = 0, the generic point is always at the origin and 

describes no trajectory; the points of equilibrium are called singular 
points. If a singular point is surrounded by a system of closed trajecto¬ 
ries (as in the case under consideration), it is called a singular point 
of the centre type. 

The above system is a typical example, since free vibrations 
of any linear systems of one degree of freedom (without damping) 
are described by exactly the same differential equation. 



(C) 


Fig. 15 


Note that the natural frequency of the system is independent 
ol the orientation of the spring axis. In particular, consider the 
case when the spring is suspended vertically (Fig. 15a). 

Let point 1 define the equilibrium position of the mass (Fig. 156). In 
this position the mass is acted on by its weight mg and the reaction 
fnii« Pk'" 8 ! he stalic exlension of ‘he spring correspond- 

mg to the weight of the mass mg). The condition of equilibrium 
ot the mass at rest is 

mg—kf„= 0, 


k/tt = mg. (4.6) 

eny < " St " btd ,nd lh « "*» i> i" motion, •> 

re.X™ ™ £7 “ “7“ kJ i« weight end the 

»“ "«» !•» .qhiltouS'pLtn''^ l " [ " C,i0n 
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The differential equation of motion 

-k(l,t + y) + mg = my 

with condition (4.0) taken into account, assumes again the standard 
form (4.1) if x is substituted for y. 

The coincidence of the differential equations moans that the 
whole vibratory process occurs in the same way as in tho case of 




the horizontal position of the spring axis (of course, provided the 
initial conditions are similar); the centre of oscillation is located 
at the equilibrium position (point 1). 
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The same results are obtained if the mass is suspended from any 
other elastic structure (provided it executes vibrations along a 
straight line and the structure can be considered weightless). The 
features of each particular case are accounted for only by a spring 
constant k, which depends on the elastic system at hand. The values 
of k for some simple cases are given in Table 1. 

Consider cases 10 and 11. These diagrams correspond to the condi¬ 
tions involved in the rotation of a cantilever beam about an axis 
through the centroid of the root section when the centrifugal force 
mu>H is developed (o> is the angular velocity). If the axis of rota¬ 
tion coincides with the y axis (Fig. 16a), the direction of the centri¬ 
fugal force remains constant and we have to use diagram 10. If, 
however, the axis of rotation is perpendicular to the xy plane, the 
centrifugal force must pass through the centroid of the root section 
(Fig. 166) and the spring constant k is determined according to 
diagram 11. 

Let us now turn to systems containing rigid bodies which execute 
angular vibrations about a fixed axis (Fig. 17). The first system 


Table 1 



Table 1 ( continued ) 
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(Fig. 17a) represents a disk mouted on an clastic rod, and the second 
one (Fig. 176), a two-dimensional elastically suspended rigid lever 
having one point fixed. The third system (Fig. 17c) consists of a 
heavy flywheel connected to the shaft by a flexible spiral spring; 
this system is basically the same as the first one. 

In all the foregoing cases we proceed from the differential equa¬ 
tion of motion of a body rotating about a fixed axis 

M = /<p, (4.7) 

where M = moment of forces applied to body about axis of rota¬ 
tion, 

J = moment of inertia of body about the same axis. 

In the Grst of the above systems the moment M (restoring moment) 
is produced by the elastic forces of the rod and is equal to — k<p, 

a. 


Y c) 
W 

Fig. 17 




where k - GUI is the torsional ttiff ness ( GI„ is the torsional rigidity 
ol the material, l is the length of the twisted rod). Consequently, 
according to Eq. (4.7) 


P-V T- ( 4 . 9 ) 

" o' ths * l *"4*'4 e™ (41): (• 

Inqiunt, oj Mbralkn. h ' ,0r "" 1 * I 4 - 9 ) itaWrminw the natural 
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If the angles of rotation <p of the beam shown in Fig. 176 are 
measured from the equilibrium position, the small additional exten¬ 
sion of each of the springs during vibration is written as a,if (a< is 
the distance from the point of attachment of the spring to the hingo 
support), and the additional reaction of the spring is written as 
—fc|«i<p (k, is the stiffness of the Zth spring). Accordingly the 
moment produced by one spring is —and the total moment is 
M — — 2 (p -= — <fZk jo} = — kif (4.10) 

with the sum 

A = 2fr*»? 

as the combined spring stiffness of the system. 

Substituting expression (4.10) into the differential equation (4.7), 
we arrive again at the standard form of writing (4.1). 

Consider now the two-mass system represented in Fig. 2p, the 
features of which have already been mentioned. The onset of the 
vibratory process can be imagi¬ 
ned, for example, as follows. Let 
th6 disks be acted on by two 
equal and opposite torques which 
are suddenly released at a certain 
instant (taken as the origin of 
time). At a time(>0 the angles 
of rotation of the disks are <p ( 
and q>2 so that the relative angle 
of rotation is — q>i. The mo¬ 
ment of the elastic forces of the shaft is equal to k (q>* — q>,) and 
acts on either of the disks as shown in Fig. 18. Denoting by J, and 
J z the mass moments of inertia of the disks about the shaft axis, 
we obtain the equations of motion 

^(9s—<Pi) = A<Pi. 

— k (<p 2 —9,) = J 2 <Pj. 

The minus sign on the left-hand side of the second equation is 
introduced because the elastic moment is directed clockwise (nega¬ 
tive moment) for the second disk. Dividing the first equation by 
the second equation by J 2 and subtracting the first equation from 
the second, we obtain 

— (7^+7^-) (<Pi— <Pi)=<Pa—<P« 

Introduce in the equation the'relative angle of rotation of the disks 
9 = ?’*—91- 



Fig. 18 
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Then the equation takes the earlier form (see Eq. (4.8)1, with 
the natural frequency _ 

, 4 . 11 , 

The results will remain unchanged if, in addition to elastic vibra¬ 
tions, the whole system rotates as a rigid body. 

When 7, oo, we arrive again at the formula (4.9) derived for 
the shaft with the left end fixed. For finite values of 7, and J 2 a 
certain intermediate section, called a node of vibration, does not 



Fig. 19 Fig. 20 


imrticipate in vibration. To locate the node of vibration we note 
that no external moments act during vibration; hence, at any instant 
the sum of the moments of the inertia forces of both disks about 
the shaft axis must be zero, i.e., 

—^i<Pi—7 2 q>2=0. 

Denoting by a t and a, the amplitudes of angular displacements, 
we obtain the accelerations 


therefore 

whence 


<Pi= — o,p* sin (pt- |-a), 
— ajp* sin (pH-a), 
/,a, + /ja 2 = 0, 

fli___ 

<H /| ’ 


i.e., tho amplitudes of vibration of the disks are in the inverse ratio 
of their moments of inertia; the minus sign indicates that the disks 
rotate in opposite directions during the vibration. This result is 
shown in Fig. 19 from which it is seen that the distances from the 



node to the ends of the shaft are 
-l, b 


*“ /i+/» ‘ 


(4.12) 


Example 1. Determine the natural frequency of torsional vibration of a two- 
mss system (Fig. 19) when tho following data are given: diameters of disks 
re <f| = 30 cm and d } = 20 cm; thicknesses of disks b, = 2 cm and b, = 
= 1.5 cm; diameter of shaft d 0 = 1 cm; length of shaft f = 80 cm. 

The material of the disks and shaft is steel (v = 0.0078 kgf/cm 3 , G = 0.8 x 
< 10* kgf/cm*). 

The mass momonts of inertia of the disks are 


/, = b, 


32 r 

nd.j 


- = 1.5 


3.14 x 20* X 0.0078 


262 kgf-cm-sec 2 , 
0.187 kgf-cm-sec*. 


32x981 

Tho polar moment of inortia of the cross section of the shaft it 

The torsional stiffness of the shaft is 


The natural frequency, by formula (4.11), i 


do is located n 
0.187 

“0.187 + 1.262 


= 78 sec-*, 
car tho larger disk; by formula (4.12) 
°° 0.187 4^1.282 °° = °°‘° 


Of great practical significance is the problem of oscillation of a 
pendulum in the centrifugal field. 

Consider a disk rotating with a constant angular velocity o> 
(Fig. 20). To a point A of the disk is attached a weight B by means 
of u weightless rod AB. Let the pendulum AB be displaced from 
its equilibrium position through a small angle <p. Determine the 
frequency of oscillation of the weight about the equilibrium position 
AC. The weight B participates in two motions—in base motion 
with the disk and in relative motion about the centre of oscilla¬ 
tion A. Denote by i|> the angle that the direction OB makes with 
the direction OA, by R the distance from the centre of the disk O 
lo the centre of oscillation A, by l the length of the pendulum AB. 
by L. the distance OB, by m the mass of the weight B. 

3* 
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Then 



In analysing the relative motion of the pendulum AB it is neces¬ 
sary to consider the base and Coriolis inertia forces. The base inertia 
force is directed along the straight line OB and is equal to 

(4.13) 

The Coriolis inertia force directed along the straight line AB 
need not be determined as we propose to set up the moment equa¬ 
tion with respect to point A. The differential equation of relative 
motion of the pendulum is 

— PR sin t|> = ml’<p. 

Substituting expression (4.13), we obtain 

nwPR (fl-t-Zcos<p)tatii|>-|-/ni ! <p = <i. (4.14) 

Since 

ai, <• 

where x is the distance of point B from line Oi4, Eq. (4.14) may 
be written as 

< i>*Rz + i*q> = 0. (4.15) 


If the oscillations are small enough, it may be taken that 
<p stxll, and Eq. (4.15) will be 


Here, as in the foregoing cases, it is sufficient to carry the compu¬ 
tations to the differential equation of the standard form, whereupon 
from the coefficient of the co-ordinate (co-ordinate x in the present 
case) we determine immediately the natural frequency 

(4.16) 

Note that the natural frequency is proportional to the angular 
velocity of the disk. 

The above result may be used to determine the natural frequency 
of oscillation of a bifilar-type pendulum (Fig. 21a). The suspension 
is accomplished by means of two rollers of diameter d z inserted in 
somewhat larger holes of diameter d t which are provided in the 
pendulum and the rotating disk. With this method of suspension 
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the relative motion o! the pendulum (with respect to the rotatini; 
disk) is a translation and all its points describe circular arcs of 
the same radius. This radius is equal to the difference between the 
diameters of the hole and roller, i.e., l = d t — d,. Also, the deeign 
dimension R in this case is R x — l, where R t is the distance from 
the centre of the rotating disk to the centre of gravity of the pendu¬ 
lum. Thus, the natural frequency of oscillation of the pendulum 
is given by the formula 

'-»/ <, ' m 

It is well to recall here that in deri¬ 
ving formula (4.16) it was assumed that 
the ratio of the displacement* to the length 
l of the pendulum was small. In the present 
case the design length of the pendulum is 
itself small; this imposes particularly severe 
restrictions on the magnitude of the amplitudes of oscillation of 
the pendulum, and if the ratio xll cannot be considered small-in 
comparison with unity, the linear theory should not be used at all. 

The identity of the differential equations for various kinds of 
systems is not coincidental. The fact is that for small vibrations 
of mechanical systems of one degree of freedom the kinetic and 
potential energies are defined by the expressions 

T =»y a<? a , £/ = -j-Arq ! , 

where a is the inertia coefficient, k the elastic coefficient (the total 
spring stiffness), q the generalized co-ordinate. Accordingly, from 
Lagrange’s equation is obtained 

aq + kq = 0 

which equation is of the same type as the standard equation (4.1) 
(with />* = ■£■). 

Energy Method. Rayleigh's and Grammel's Formulas 

Apart from the simplest system of Fig. 1, in all the foregoing 
cases the computations were not carried beyond the derivation 
of the differential equation of motion of the system. After reduc¬ 
tion of this equation to the standard form, it was possible, with 
the expression for the coefficient of the co-ordinate, to write down 
immediately the formula for the natural frequency of vibration 



Fig. 21 
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In some cases it is more expeditious to use an alternate method 
ot determining the natural frequency; this method requires no deri¬ 
vation of the differential equation of motion and is based on energy 
considerations. Assuming that the motion defined by the co-ordinate 
. is harmonic and is described 
by the expression 

y = asin(pt + a), 
it is possible to determine the 
velocity 

y = ap cos (pt + ct). 

The maximum potential 
energy U mai of the system is 
attained at the time of maxi¬ 
mum deflection of the system 
from its equilibrium position 
and is determined by this 
Fig. 22 deflection, equal to a. Accord¬ 

ingly the maximum kinetic 
energy T mtz is determined by the raaxium velocity i> m4x = ap 
which is reached when the system passes the equilibrium position. 

If the potential energy is reckoned from the equilibrium position, 
the following equality must be fulfilled 
Umti = ^raax 

from which the natural frequency p may be determined. 

Considor two cases where the natural frequency may be found 
most conveniently by the energy method. In the first case the restor¬ 
ing force is produced by an elastic spring (see Fig. 2m), in the second 
by the gravity force of a cylinder (Fig. 22). 

Consider first the vibration of a solid cylinder which may roll 
freely and without sliding on a horizontal plane (see Fig. 2m). Let 
r be the radius of tho cylinder, m its mass, p the radius of gyration 
and k the spring constant. 

The maximum potential energy is 

• (4.18) 

The kinetic energy should be calculated with due allowance for 
rotation 



w mai-—— , Umax = up, 



Replacing 



Sec.J Systems oj One Degree o / Freedom 


we obtain 


ma»p* , ma«p»p* _ mn*p* I, p* \ 

2 ' 2r» _ 2 V 1 r* j ' 


(4.19) 


Bquating expressions (4.18) and (4.19), we find the natural fre¬ 
quency of the vibration _ 


P = 


/Sr 


(4.20) 


From formula (4.20) it is seen that the natural frequency is reduced 
due to the rotary inertia df the cylinder. 

If the cylinder is homogeneous, then p* — 0.5r* and the natural 
frequency is 18 per cent less than in the case of the same mass having 
only a motion of translation, but no rotation. 

We now turn to Fig. 22 representing a solid cylinder which may 
roll freely along a cylindrical surface of radius R; the radius of 
the cylinder is r. Let i|> be the maximum angle of deflection during 
vibration of the segment OA drawn from the centre of curvature 0 
to the centre A of the section of the cylinder. 

The maximum height h to which the centre of gravity of the 
cylinder rises is then 

h ~ ( H—r ) (1 — cos ip). 

For small angles ip it is permissible to put 


cos ip s* 1 —, 


the maximum potential energy is 

t'.„- ° lll 2 ~ r> <1* (4.2)) 


where G is the weight of the cylinder. 

To determine the maximum kinetic energy we shall first find the 
maximum velocity of the centre A of the cylinder 


tW = ip p(R—r) 

and the corresponding maximum angular velocity of the cylinder 
_ "max _ 'tP(ft-r) 


Consequently, 

+ (4.22) 

where p is the radius of gyration of the cylinder about its axis. 
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Equating expressions (4.21) and (4.22), we obtain the natural 
frequency 



If the cylinder is homogeneous, then p* = 0.5r* and accordingly 



By varying the difference of the radii R—r the frequency may 
be changed from the minimum value 

*-/¥ 

(for a vanishingly small radius of the cylinder) to infinity. 

As already noted, specifying a particular mode of vibration of 
a system with distributed mass and elasticity, we thereby assign 
one degree of freedom to it. The natural frequency of vibration 
of this schematized system may also be conveniently determined 
by the energy method (called Rayleigh's method in this case). 

Of course, the results will then depend on the choice of mode 
of vibration, and the solution will no longer possess uniqueness, 
as was the case in the preceding two examples. 

Consider the most general form of Rayleigh's method as applied 
to the problem of transverse vibration of a beam. Assume,that the 
displacements of the points of the beam axis are described by the law 
>J (*. <)*■/(*) sin (pt + a), (4.23) 

i.e., the vibrations of all the points of the axis have the sanio frequ¬ 
ency and are in phase (all the points pass through the equilibrium 
position simultaneously, reach the maximum deflections at the 
same instant and so on). 

The function / («) represents the mode of vibration, i.e., it defines 
the configuration of the elastic curve when the deflections reach 
thoir maximum values 

(*) = /(*)• 

According to law (4.23), the velocities of the points of the Ivam 
axis are given by the relation 

•»(*• *)-=-|r “/>/(*) cos (/* +a) 

and the maximum velocities (when the system passes through 
the equilibrium position) are 

Vm»* (*) - pf (x). 
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The maximum potential energy is 

—r j j auyex. (4.24) 

The maximum kinetic energy is 

Tmu — 4p j mv l ma dx*=~Y j mpdz, (4.25) 

where m = m (x) is the intensity of the distributed mass of the beam. 

Equating expressions (4.24) and (4.25), we obtain Rayleigh's 
fundamental formula for the case of transverse vibration 

J El (/•)*<** 

p- = —, -. <4.2fi) 

\mpdx 

If, in addition to the distributed mass, the beam carries concentrat¬ 
ed masses m ( at sections x,, tho kinetic energy expression will then 
include terms of the type -5- mjip*, where /j is the value of the func¬ 
tion / (x) at tho point with abscissa x,\ formula (4.26) then becomes 

(/*)** 

= —r~-• (4-27) 

J" m/ : rfx + Sm//) 

Tho foregoing variants of Rayleigh's formula give exact values 
if the true mode of vibration / (x) is substituted int< the formula. 
However, this mode is not known in advance and hence, when 
using Rayleigh's formula in practice, one should assign the mode 
of vibration; this introduces some inaccuracy in the results. 

Not only did Rayleigh proposo the energy method but he also 
proved an important theorem: the value of the natural frequency 
obtained by the energy method is always higher than or equal to 
the true one (see below, pp. 139-141). 

The scale of the function / (x) is unimportant; the multiplication 
of / (x) by any number will not change the result, as is seen from 
the structure of formula (4.26). Care must be taken only to reflect 
the expected mode of vibration as best as possible and in any case 
to ensure the fulfilment of the boundary conditions corresponding 
to the prescribed end conditions for the beam (geometric boundary 
conditions). 
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_ r .e 2. Determine the natural frequency of vibration of a simply sup. 

ported beam carrying three oqual masses m (Fig. 23). 

We assign the mode of vibration as 


this expression satisfies all the boundary conditions (/=■/ = 0 for z = 0 
and x = l) and defines a symmetric curve. The quantity o remains undetermined 
[a will appear as a factor in both the numerator and denominator of expres¬ 
sion (4.27) and will cancel out 
without affecting the results of 
calculations). 

We find 


fias 


U-i 


r=- tt ir «" — • 

(/*)*=«*-Tr*in*-T-. 


F *- 23 j snn^^L. 

To find the denominator we calculate the deflections under the masses 


The denominator in formula (4.27) consists of only the second term 

2 "(y)'+'"<» 2 +'» ("5")" = T ,na *' 

The square of tlie natural frequency is, by formula (4.27), 

„ n*EI 
P ' = 3ml* 

giving the natural frequency as 

5.69C -./HT 

p ——V -fir- 


We note that this result differs only slightly from the exact value 
5.692 - /~ET 

P ~ l V fiT • 


One popular procedure of using Rayleigh’s formula is to assign 
a fictitious load qftx) rather than a function / (x); the static-deflcction 
curve due to this load q{x) is substituted in Rayleigh's formula. 
The advantage of this procedure lies in the fact that the boundary 
conditions are automatically satisfied and, besides, the calculation 
of the maximum potential energy by formula (4.24) can be replaced 



by a simpler calculation of the work done by the static load 


W = ^^qfdx (4.28) 

as the quantities W and U m „ are equal. Formula (4.27) then 
becomes 


Of course, the fictitious load may also include concentrated 
forces Pi; formula (4.29) is then written as 

$ vldx+ZPifi 

P* = ^-. (4.30) 

)' m/Sdx+Sm,/} 


It should be noted that the quantities m, and Pi are not related; 
the former represent the actually existing concentrated masses while 
the latter represent the forces constituting the "imaginary" load; 
similarly, the functions m (x) and q (x) are uot related. 

The last variants of Rayleigh's formula are basically equivalent 
to formula (4.27) but, involving no operation of differentiation, 
they generally provide better accuracy. 

The fictitious load defining the mode of vibration is most com¬ 
monly assumed according to either of the following variations: 

a concentrated force applied at some characteristic point of the 
beam axis; 

actually acting forces of weight of the beam. 

Consider the first variation. Let some characteristic point be 
chosen and / 0 be the deflection of this point ("point of reduction"); 
the maximum potential energy due to bending can then be expres¬ 
sed by 



where k is the spring constant (corresponding to the chosen point 
of reduction). 

Consequently, in place of formula (4.29) we can write 
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) then obtain the familiar form of writing 


(4.31) 


(4.32) 


as if the mass m 0 were concentrated at the point of reduction; the 
quantity m 0 may be called the reduced mass. 

If, in addition to the distributed mass, there are also concentrated 
masses, the expression for the reduced mass becomes 


J m/ 1 dx -r lniil\ 

m ° ~ -- 7 ! ■ 


(4.33) 


After determining the reduced mass by formulas (4.31) or (4.33), 
we find the natural frequency of vibration by formula (4.32). 

Of course, / ( x ) can no longer be chosen arbitrarily in expressions 
(4.31) and (4.33); / (z) is the function defining the deflections of the 
axis due to the concentrated force (the scale of this function is unim¬ 
portant as is seen from the structure of the formula for m 0 ). 

The concept of the reduced mass eliminates to some extent the 
arbitrary choice mentioned above (true, the choice of point of reduc¬ 
tion remains arbitrary). However, in distinction to formulas (4.27) 
or (4.30), formula (4.32) can never yield the exact solution as the 
deflection curve due to the concentrated force does not coincide 
with the true deflection orm during vibration. 

Example 3. Determine the reduced mass for the beam represented 
a Fig. 23 and find the natural frequency of vibration. Choose the point 
• ‘ niddlle of 


of reduction a 
the beam. 

Formula (4.33) becomes ii 
this case 




.. --TT' (4M> 

Referring to Fig. 24 we find 
h=ls = ^ln. /i = /o 

e unimportant). 


The spring constant for the s; 
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o square of tlio natural frequency is, by formula (4.32), 
. 48 El El 

1.4836m J* 32,79 ~miF ' 


Consequently, 


5.726 , fTT 
' / V ml 


Better results are obtained if use is made of the tecond variation 
assuming the fictitious load in formula (4.30) to be the forces of weight 
of tho beam, q(x)=m (x) g, 
and the forces P, to be the 
actual weights m,g of the 
concentrated masses. This 
variation corresponds to 
the assumption that the 
mode of vibration coinci¬ 
des with the static-deflection curve due to the weight of the beam 
itself and the masses attached to it. Formula (4.30)]is then written as 



j ml dx+Zmii, 

P s = g-f -. (4.35) 

$ mPdx+Sm,f] 


When using this formula, the function / (x) is no longer chosen; 
it represents the well defined static-deflection curve, therefore the 
last variant of Rayleigh's formula possesses complete^definiteness 
but, as with formula (4.32), it can never give thejeract value of the 
frequency p. 


Example 4. Determine the natural frequency for the (beam represented 
in Pig. 23 by Rayleigh's formula (4.35). 

fn this caae Rayleigh's formula takes the form 


Ik. 
m ' 


After finding the static deflections under the masses ,Fig. 25) 
mgl* _ 53mg/» 

'* ,3 ~ 48 El' 1.296 El ' 


we calculate the numerator and denominator of the expression for pJ 
y, rngl» ( 1 I 53 , 1 \ 107mgf» 

i/,= ei U8+T25C+48J” 135527 ' 

"i-WtfiMTSrV+^-aBSf. 
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The square of the natural frequency is 

. 107 x 1.296 El 
4,267 ml» ’ 



A useful modification of the energy method was proposed by 
Grammel in the following form. Let / ( x ) be the assigned mode of 
free vibration of the bar; then the intensity of the corresponding 
maximum inertia forces is given by the expression mp 2 /, where 
m = m(x) is the intensity of the distributed mass as before. 

We write the expression for the maximum potential energy due 
to bending in terms of the bending moments produced by the 
maximum inertia forces 


f/innx 


M\dx 
El ' 


(4.36) 


Here M b = M h (x)_are the bending moments produced by the load 
mp 2 /. Denote by M b the bending moment produced by an assumed 
load mf (i.e., by a load p 2 times smaller than the inertia forces); 
then M b = p*M b and expression (4.36) may be written as 

-f{3r- <«> 

The maximum kinetic energy is defined, as before, by the 
expression 

5-j »/*<*». (4.38) 

Equating expressions (4.37) and (4.38), we arrive at Grammel's 
formula 


mf*dx 



In using this formula first assign an appropriate func¬ 
tion / (x) so as to approximate the expected mode of free vibration 
as closely as possible and to satisfy the boundary conditions. Next, 
determine the assumed load m/ by multiplying the function / (x) 
by the function m (x) known from the conditions of the problem, 



and then find the bending moments M b produced by the load assumed 
above using the well-known methods of strength of materials. It 
now remains to calculate the expressions appearing in the numerator 
and denominator of formula (4.39). 

Grammel's formula involves a somewhat greater amount of nume¬ 
rical work than Rayleigh’s formula but gives a closer approxima¬ 
tion with the same choice of mode of vibration / (x). 

This can be illustrated by a simple example of free vibration of 
a cantilever beam of uniform section. Let the left end of the beam 
be fixed (place the origin of co-ordinates there) and the right end 
free. Assume the mode of vibration to be 


where x = co-ordinate of section, 

a = a constant (its value is immaterial as it cancels in final 
expressions). 

This function satisfies the geometric boundary conditions and 
can be used as the basis for calculations by either Rayleigh's or 
Grammel’s formula. 

To use Rayleigh's formula we first find 


j El (fydx^iaHEI, j 


Now determine the square of the natural frequency of vibration 
by formula (4.26) 

. 20 El 

P ml* 

Note that this result differs markedly from the exact value 
, 12.365/ 


To calculate the natural frequency by Grammel's formula we 
choose the assumed load as max * and find the corresponding ben¬ 
ding moments due to this load 

M b = ^(x*-4xl 3 +Zl*). 

Wc now determine the denominator of expression (4.39) 


(4.41) 
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The numerator of expression (4.39) has already been found 
as (4.40). Dividing the second of formulas (4.40) by (4.41), we find 
, _12.46£/ 

p “ ml* 


which value is considerably closer to the exact value than the result 
obtained by Rayleigh's formula. 

The better accuracy of Grammel’s formula is due to the fact that 
it involves no operation of differentiation, which operation always 
accentuates the error of approximate calculations. 

The energy method enables one not only to obtain immediately 
satisfactory results but also to make them as accurate as desired 
by means of successive approximations. Consider the case of flexural 
vibration and assume that there is a beam carrying n masses, m t , 
m 2 , .... m n . The law governing the vibration of any point is 
y, = a ( sin (pt+a). 

The corresponding inertia forces are 

— m t y, = m,a,p > sin (pt + a). 

In the extreme deflected position these forces [take the /values 
F i = ffiiOip 3 . 


The state of extreme deflection, when the velocities are zero, 
may be regarded as a result of the static action of the forces F,. 
If these forces’were known, it would'be possible to find the exact 
mode of vibration and subsequently the natural frequency. However, 
these forces, as is ‘seen from the formula, depend themselves on 
the frequency and are not known in advance; yet the problem 
can be solved by making successive approximations according to 
one of the following schemes. 

First scheme of calculations. Taking the static-deflection curve 
as the mode of’vibration, find a first approximation to the natural 
frequency pi by formula (4.30) Next calculate the inertia forces 
for the first approximation 

^n = m,a„pj. 


Taking them as the load, determine the corresponding displace¬ 
ments am and then find a second approximation to the frequency 
by formula (4.30) 


Pit — 


- F n "in 

Sm l a ?IT 


Since 'all the forces F„ can be changed simultaneously in the 
same ratio (this will not affect the value of p l ), they can be taken 
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approximation to the square of the frequency is then 



The process is repeated until the ratios Ok mnJ a k+t max arc the 
same to a sufficient degree of accuracy. 


Decomposition into Simpler Systems 
In contrast to Rayleigh's method the methods to be developed 
lielow give too low values of the frequency. Therefore, they may be 
used to advantage in conjunction with the energy method; two- 
sided estimates are then obtained for the true value of the frequency. 
j __ Method of decomposing masses. 

Jr,} Assume that there is a concentra- 
a led mass m, at a certain point of 

an elastic system (Fig. 20a) and 
the natural frequency of the sys- 


(b) 


&r 


(C) 




rl|t ii( At some different point 0, 

chosen as the point of reduction 
(Fig. 26b ), plac e a mass m so that the natural frequency of the new 
system V kjm will be equal to the frequency />,. Equating the fre¬ 
quencies, we find the reduced mass 

m-h-m,. (4.42) 


Thus, the transfer of the mass m, to point 0 will leave the frequency 
unchanged if the mass being transferred is multiplied by the reduc¬ 
tion factor kjk,. 

We extend this procedure to the case when the system contains 
several masses, m„ m 2 , . . ., m„ (Fig. 26c). To each of these masses 
corresponds an appropriate reduction factor, as is seen from for¬ 
mula (4.42). The total reduced mass is 

+ . .. + -g-»v <•'.-43) 

Dividing both sides of the above equality by At* and noting that 
mjk 9 = 1 Ip 2 , where p* is the square of the frequency of the reduced 
system, we obtain Dunkerley's approximate formula 
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Though the transfer of a single mass according to formula (4.42) 
is undoubtedly legitimate, the extension of this procedure to several 
masses is not rigorous and is based on the assumption that these 
masses have no influence on each other. Therefore, the frequency 
p 1 as determined by formula (4.44) does not give the exact solution 
to the problem. 

However, in most cases this formula, being very simple, provides 
acceptable accuracy. To determine the natural frequency it is 
necessary only to calculate the frequencies p,, p 2 , . . ., p n each 
of which relates to a ■particular' - system of one degree of freedom; 
and the point of reduction need not be chosen and fixed, which 
makes the solution completely determinate. 

When there is a distributed mass m = m (x) in place of concentrat¬ 
ed masses, formula (4.43) becomes 


m 0 = ko 


m(z)ds 

k(z) 


and, consequently. 



whero k (x) is the spring stiffness corresponding to the point with 
abscissa x. 

Based on Rayleigh's theorem, it may be verified that Dunkerley's 
formula always gives too low values for the frequency. 

Consider the first ‘particular" system containing a single mass 
m, and determine the natural frequency by formula (4.27). If the 
mode of vibration corresponding to the single-mass system is substi¬ 
tuted into this formula, the exact value of the frequency p, will 
he obtained. Assume, however, that the mode of vibration of the 
given multimass system is substituted into this formula; the formula 
will then give the result exceeding the true value of the square of 
the frequency p, 


S ei <n*d* 



Further, analogous inequalities can be written for the other 
■particular" systems 

l El (T)*rfx J £/(/-)« rf* 

* -A >pl - -Ol >Pl . 
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Inverting the fractions, we find 

m,a] 1 m a n i 


\Bi{n*dz 


S «/(/*)* d* 


Add the left-hand and the right-hand sides of the resulting 
inequalities 

^ 1 , 1 _L _|__L 

7 - < 7r + if + - ,, + '*' 

S £/(/*>»* 

Since / (x) is the true mode of vibration of the given multiinass 
system, according to formula (4.27) the left-hand side is exactly 
equal to-^, where p 0 is the true frequency; consequently, 

P ° 'tt l 

r+-£- + ■ 


Comparing this inequality with formula (4.44), we s< 


i thatp < p 0 , 


Kxample 5. Using Dunkerley's formula find tli 

represented in Fig. 23. 

Consider the given system three times taking into 
in succession. For the first scheme (see Table 1) 
3x 1,296£/ E. 

ss— 1S5S a 

The same result is true for the third scheme 


i frequency for the beam 


For the second schomo 


r -■/ EI _ 5.449 ^/TT . 

P V 0.03388 ml* ~ l V ~£T • 

this result differs from the oxact value by 5.5 per cent and involves an error 
of opposite sign, as compared with all the results obtained by Rayleigh’s fonnu- 
a. Based on tho results of the two obviously approximate calculations by formu¬ 
las (4.27) and (4.44). it may bo stated that the true value of the frequency lies 
within relatively narrow limits M 
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Method of decomposing restoring forces. This method was proposed 
for the case of transverse vibrations of a bar subjected to tensile 
forces. 

In some practical cases (turbine blades, propeller blades, etc.) 
a bar executing transverse vibrations undergoes a simultaneous 
action of a distributed longitudinal load. In these cases the potential 
energy is due not only to the bending deformation of the beam but 
also to the longitudinal forces (Pig. 27) 


£W 


j 


(£7 (/•)* +IV (/')*1 dx. 


where N = N (x) is the longitudinal force at the section of the bar. 

The approximate value of the natural frequency can be obtained 
by the energy method using 
the formula |_ 

J El (/*)* dx \ .V (/')* dx I 


J "‘I 3 

(4.4 


Substituting a suitable expression for the mode of vibration, we 
obtain an approximate value of the frequency that is too high. 
However, formula (4.45) enables one to construct a different appro¬ 
ximate solution giving a too low value of the frequency. 

Consider the first term on the right-hand side of formula (4.45). 
It determines the square of the frequency of vibration of the bar 
with no longitudinal load, p\. If the true mode of vibration of the 
beam subjected to the longitudinal forces is substituted into this 
expression, the result will be too high, as is always the case when 
using the energy method 

l Enn* d x 

■2-r- >p\. (4.46) 

j m/ s dx 


Consider the second term on the right-hand side of formula (4.45), 
which corresponds to the case when the bar has no flexural rigidity; 
this term determines the square of the frequency of vibration 
of an inextensible string. Using the corresponding exact mode of 
vibration, we obtain the exact value of the square of the frequency 
of vibration of the string, p\. With any other mode f (x) the result- 
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ing frequency will be too high; if this mode is again the true mode 
of vibration of the given beam, the following inequality will 
fulfilled 

)'<v </')** 

- >P\■ (4- / «7) 

( mf i dx 

It should be emphasized that / (*) in inequalities(4.46) and (4.47) 
is one and the same function, the true mode of vibration of the 
given system. Adding together the left-hand and the right-hand 
sides of the two inequalities, we obtain 

j £7 (/*)«</*+S *(/')*<<* 

--;- 2 -> p\ + p\- 

$ m/2 dz 

According to formula (4.45) the left-hand side of this inequality is 
equal to the square of the true frequency pj, since / (x) is the true 
mode of vibration, and hence pj > p; + p\. The sum p; + p\ = p* 
can be taken as an approximate value of the square of the frequency; 
as is seen, it is less than the true value. 

Thus, the determination of the natural frequency of a stretched 
bar calls first for the calculation of the frequencies for two "parti¬ 
cular" systems: an inextensible beam and a flexible string. The 
first problem can be solved by any of the foregoing methods; the 
solution of the second problem is very simple if we take into account 
that the exact mode of vibration of a string is a straight line 

/(*)^<i j , 

where a is the displacement of the end of the string. 

Then 

/'(*)=! 

Wt)* 
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If the longitudinal forces N result from the rotation of a bar 
of uniform mass distribution (Fig. 28), then 
q = mtcflx, 


V- j .2* (!■-«■), 


Consequently, pi = to*; this leads to the Lamb-Southwell formula 
/>* = /»?+<■>*, (4.48) 

i.e., the square of the natural frequency of a rotating bar is approxi¬ 
mately equal to the sum of the square of the natural frequency calcu¬ 
lated without regard to rotation and the square of the angular velocity 
(the resultant frequency is too low). 

This formula is also valid in the - 
case shown in Fig. 28 since CP <y 


. h*)’. 


but N = which leads again Fi S- 28 

to formula (4.48). 

Example 6. Compare the results obtained for the schematic diagram shown 
in Fig. 28 by the Lamb-Southwell formula, the energy method and the spring- 
constant formula (see Item 10. Table 1). 

Using the Lamb-Southwell formula we find 


niformly distributed load 


e assume for f (x) the deflection curve due ti 


We then obtain 


'•[t(t)‘—t(t)1 

j Cl (/■)■*. a , 

t I 

| N (/*)*</x= mafll J (/')*<!*- 
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Using formula (4.45) we find (the result is too high) 


) value of the natural frequency lies in a relatively narrow 


The exact solution of the problem can be obtained by the use 
spring-constant formula 

k a* El cosh al 
~at cosh al—sinh al 
with _ 

/ .N ,/ml 

W~“V Tr¬ 

ibe natural frequency is then determined from the formula p{ = */ni. 


5. Effect of Inelastio Resisting Forces on Free Vibrations 
of Linear Systems of One Degree of Freedom 

General Considerations 

So far it has been assumed that no energy is dissipated in vibration 
and the process of free vibration is of an undamped type. Experience 
shows, however, that the vibrations of an elastic system induced 
by a single disturbance are gradually 
damped out. The cause of damping is 
that dissipative inelastic resisting forces 
develop as well as elastic forces during 
vibration. Energy is being continuously 
and irreversibly expended in overcoming 
inelastic resistances, with the result 
that the total energy reserve gradually diminishes and the ampli¬ 
tudes of vibration decrease. 

To describe inelastic resisting forces it is customary to use the 
following simplified representations, according to the nature of 
these forces (see also Fig. 8). 

Viscous resistance. It is a resistance proportional to the velocity. 
If, as usual, the velocity is denoted by v, the viscous-damping force 
is defined by the expression 

R-cv, (5.1) 

where c is the proportionality factor. 

An example is provided by a system with a hydraulic shock 
absorber (Fig. 29) which produces a resistance to the motion of 
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a piston depending not on the displacement (as in the case of elastic 
constraints) but on the velocity and proportional to its first power. 
Such devices are employed, for instance, in automobile suspension 
designs. The hydraulic damper consists of one or several 
cylinders with pistons or of a chamber with a rotating impeller. 
The cylinders and chamber are filled with a damping liquid. As 
the pistons or impeller move, the liquid is forced through sized 
orifices; this produces a resistance of a nearly viscous type. 

In formula (5.1) R implies the force acting on the damper-, the 
viscous reaction of the dampers on the vibrating body has the 
opposite sense. 

Resistance proportional to the nth power of the velocity. In some 
engineering devices, such as hydraulic dampers, the dependence 
of inelastic resisting forces on the velocity 
may be stronger. Such forces are often 
written as 

fl-enlpr*. < 5 - 2 ) 

where c is a constant. 

Coulomb friction. In this case n = 0, 
i.c., the inelastic resisting force is assu¬ 
med to be constant in magnitude but 
opposite in direction to the velocity 
R = ±c=cv\v\-'. 

Hysteresis. For mechanical systems subjected to cyclic loading, 
the force-displacement curve deviates from Hooke’s law due to 
inelastic resistances and assumes the form of a hysteresis loop 
(Fig. 30). If to a displacement x corresponds an elastic resisting 
force P from Hooke's law, the total force will be greater or less 
than P, depending on the direction of motion (the sign of the velo¬ 
city). During loading the force will be P + R (the upper branch 
of the loop) and during unloading it will be P — R (the lower 
branch of the loop); in Fig. 30 the arrowheads indicate loading 
and subsequent unloading. 

In real mechanical systems the hysteresis phenomena are due 
to the internal friction in the material and, mainly, the friction 
in fixed connections (press fits, bolted joints, riveted joints, etc.) 
because of the slipping between the surfaces in contact. The intensity 
of this kind of inelastic resistance is indicated by the area inside 
the hysteresis loop which determines the energy dissipated in the 
structure during one loading-unloading cycle. 

Based on an analysis of numerous experimental data, it has been 
found that for a number of structural materials the velocity has 
no effect on the area V of the hysteresis loop and this area may be 



Fig. 30 
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represented as 

V-fa" w . (5.3) 

where k and » = constants depending on the type of structure and 
material, 

a = amplitude of vibration. 

Consider successively the processes of damped free vibration for 
various types of inelastic resistance. 


Free Vibrations with Viscous Resistance 
Consider the diagram shown in Fig. 29. If the viscous-damping 
forces are taken into account, the differential equation of motion 
of the mass (Fig. 31) assumes the form 

—kx — cx--mi. 


Denote c/2m = n, klm = p*; here the coefficient n characterizes 
the viscosity of the system (not to be confused with the coefficient r 
on p. 57). Now write the differential equation in standard 
form 

x + 2nx p*x = 0. (5.4) 

When p t >n i , as is usually the case, 
the general solution of Eq. (5.4) can be 
Fig. 31 represented as 

x -ae'"‘sin(K’ p* — n*f-j-a). (5.5) 

The constants a and a are determined by the initial condi¬ 
tions. In place of expressions (4.4a) we obtain 



a — arc tan 


*0 Vfh—n* 
«0+"*9 ‘ 


Solution (5.5) can also be rewritten in a form similar to expres¬ 
sion (4.4) 


x (r 0 cos V p’-n* t + sin VfF-n* f) . (5.5a) 

The vibration curve is represented in Fig. 32, where the damped 
nature of the process is clearly seen. 

As is apparent from expression (5.5), the frequency of the vibra¬ 
tion is given by the formula 

P. - (5.5k) 
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and generally differs only slightly from the frequency of undamped 
vibration of the same system with no damping. 

Consider the successive amplitudes corresponding to the instants 
when sin (Vp 1 — R* t + a) becomes equal to unity 
a, = ae~ nl ‘, a^ = ae -n <'i+ r >, oj = ae — 

where /, is the time corresponding to the first maximum deflection; 
T = 2 jilVp * — n* is the period of vibration (it should be borne 
in mind that this term is conventional as, strictly speaking, the 
motion is not periodic). 



The ratio between any two consecutive amplitudes (decrement) 
remains constant at all times 


i.c., the sequence of amplitudes forms a geometric progression. 
Consequently, for any value of t the following equality holds 

(0.6) 

Expression (5.6) determines the rate of damping and is called 
the logarithmic decrement. 


Using formula (5.6) v 


A = nT - -In 2 = 0.693, 
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Solving this equation 
with p* 


T 2n 

i find that n> is very small 

n*-0.012p». 


comparison 


The natural frequency of vibration 

p.-Vp* —n» = Vp» — 0.012p 1 =0.904p 
differs from the frequency of the corresponding undamped vibration by only 
0.6 per cont. 

The effect of a small amount of viscous damping on the frequency 
is negligible; at the same time even a slight resistance damps free 



vibrations intensively. This makes it possible, on the one hand, 
to ignore viscous damping in the calculation of the frequency and, 
ou the other hand, to consider the free vibrations practically vanished 
after a certain length of time. In the above example the amplitude 
is only (0.5) ,# s* 0.001 of its initial value after 10 cycles. 

In order to construct the phase diagram of a damped system it 
is necessary to consider the set of equations 
x — ae~ nl sin (p.t + a), 
x — ae-”' [p, cos (p,t + a) — n sin (p.t + a)) 
as the equation of the phase trajectory in parametric form. 
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A typical phase trajectory is shown in Fig. 33. It represents a 
spiral wound around the origin. The phase diagram is formed by 
a system of such spirals surrounding the singular point O ; the latter 
is called the stable focus in this cose. 


Free Vibrations with a Resistance Proportional 
to the nth Power of the Velocity 

In this case, in place of Eq. (5.4) we obtain a non-linear differen¬ 
tial equation of motion in the form 

nli+cT.\x\"-'+kx~0\ 

this equation cannot be solved in closed form. For practical purposes 
use may be made of the approximate method of energy balance. 

The idea of this method is to equate the energy lost by the system 
to the work done by the inelastic resisting force during one cycle 



of vibration; the two quantities arc expressed approximately (accu¬ 
rate determination would require knowledge of the law of motion). 

Let us first estimate the change in energy for one cycle (Fig. 34). 
The potential energy at two consecutive positions of maximum 
deflection (points i and i + 1) is 

l’i = y M. CF|-i =-g-*a? +1 , 

where * is the spring constant of the system. The increment 
(negative) of energy for the cycle under consideration is 



For moderate damping the latter expression can be written in 
a simpler form 

AI/ j = -j- (aj + i -j- a,) («i +1 — <Ji) kai&ai, (5.7) 

where Aai = «j +1 — aj represents the increment (negative) of the 
amplitude for one cycle. Referring to Fig. 34 it may be taken 


where T is the period of the vibration which may be considered 
coinciding with the period of free vibration of the undamped sys¬ 
tem. Leaving out (he subscripts, we finally have 


Determine now the work done per cycle by the inelastic resis¬ 
ting force —H = — cilxl"' 1 ; assume that during this cycle the vib¬ 
rations are defined approximately by a sinusoidal relation 


(it is assumed here that the frequency of damped vibration is no 
different from the natural frequency of vibration of the undamped 
system). 

The expression for the work is 

T T T 

V= - j Rxdt = — |ci»|i| n -‘<a=-c j |i| n «dt. 

Substituting according to relation (5.10) 
x = —ap sin pt, 


'V = — ea"* , p B41 \ | sin pt l"* 1 dt 


where the integral 


jsin v|* +1 <f7 


(5.12) 




depends only on the power n 

n .0 0.5 1.0 1.5 2 2.5 3 

S .4.000 3.500 3.142 2.874 2.666 2.498 2.356 

Equaling the expressions for A U and V [formulas (5.9) and 
(5.11)|, we obtain the differential equation for the upper envelope 

(S.13) 

where the coefficient 


depends only on the parameters of the system. 

Consider the case when n=l, i.e., the cast 
tance. In place of Eq. (5.13) we have 


expression (5.14) becomes in this c 


Separating the variables in formula (5.15) 


and integrating from < = 0 to t, 


a — a^e = a# - m . 

We have thus obtained the earlier expression for the damped- 
vibration envelope. 

Let us turn to the case when n 1. Separating the variables 
in Eq. (5.13), we have 

-bdt = £. 

Integrating between the limits (0, t) we obtain 


whence 


(5.16). 
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This expression determines the law of damping of free vibration 
for any value of n different from unity. Of course, this solution 
cannot provide any details of the process of damped vibration x (t) 
but such details are unimportant. 


Case n = 6 (dry friction). In 



Fig. :>r, 


Case n = 2 (hydrodynamic or 
mental expression (5.16) we hi 


this case we obtain from expres¬ 
sion (5.16) 

a = ao—bt, (5.17) 

i.e., the envelope is a straight 
line. According to formula (5.14), 
for n = 0 

‘-it; ( 5 - 18 > 

this expression determines the 
rate of damping. 
bulent damping). From the funda- 
the equation of the envelope 


i.e., the envelope is a hyperbola 
Figure 35 shows schematically the envelopes for the cases 
n = 0, 1, 2. 


Free Vibrations with Coulomb Friction 
In the case of dry friction the equation of motion is written as 
m.e+fcr±e = 0; 

the sign of the last term is to be chosen according to the sign of 
the velocity (the direction of motion). Let, for example, the motion 
be started at a time t = 0 when x = a„, x = 0. Then the velocity 
is negative in the first interval of motion and the minus sign should 
l>e adopted in the equation. 

Denoting a = elk and p * = Mm, we obtain the equation 
.t + p’x— p*a= 0. 

The solution of this equation with the above initial condi¬ 
tions is 

x = (oq —at cos pt + a. (5.19) 

For the velocity we obtain the expression 
x = — (at—a) p sin pt. 
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When the argument pt becomes equal to n, the velocity vanishes 
again, i.e., the system reaches its extreme deflection on the other 
side of the origin; this deflection, according to Eq. (5.19), is 
a, = (<7 0 —o)cosn + a= —Oo+2a, 

i.e., it is 2a less, numerically, than the initial deflection. 

If the absolute value of a, satisfies the inequality k \ a, | > e 
(or | a, | > a), the elastic force is larger than the friction force 


H 

EH 


I 

wm 




and the system starts moving in the direction of positive values 
of x. The equation of motion is now written as 

x-\- p*x + p*a = 0. 

Shifting the origin of time, we assume the initial conditions: 
r = a, and u = 0 at t = 0. The solution is then written as 
x = (a, + a) cos pt a. 

Reasoning as above, we obtain for the next deflection 
oj= - a, 2a 

or, expressing a, in terms of a t , 

a* = a 0 - 4a. 

Thus, the amplitude diminishes the same amount 4a == 4 elk 
for each cycle, i.e., the sequence of amplitudes forms an . 
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line. The tangent of the angle that the line makes with the t axis 
is AclkT. 

Calculations can be continued only until the inequality | a, | > a 
is fulfilled. As soon as the deflection a t becomes less than a, the 
motion ceases completely since the elastic force ka, will not be 
large enough to resist the friction force. 

The graph of the vibration is given in Fig. 36. It consists of 
segments of sine curves with the same period but with different 
amplitudes. Two horizontal lines * = ±<x determine the “dead" 
zone: if the velocity becomes zero within this zone, the motion 
stops (point s). 

The same results could have been obtained immediately by 
treating the dry-friction force as a special case of the force R in 
expression (5.2) if n = 0 

R=cu M"'. (5.20) 

Indeed, the product 11» |“* is equal to +1 or —1 depending 
on the sign of the velocity v. Therefore the result (5.17) derived 
for b = 0 applies directly to the case of dry friction. That is why 
the slope of the envelope AcIkT found here is identical with expres¬ 
sion (5.18). 

Free Vibrations with Internal Friction 

As stated above, the energy dissipated per cycle is independent 
of the rate of cyclic straining and its absolute value is given by 
formula (5.3). On the other hand, this energy is expressed by formula 
(5.9). Equating A U = — 'V, we obtain the differential equation for 
the upper envelope of the damped-vibration curve 



As in the case of an inelastic resistance proportional to the nth 
power of the velocity, the solution of this differential equation pro¬ 
vides no detailed information on the process of damped vibration 
but it enables the envelope to be found easily. 

Pulling b = clkT, we arrive at the previously solved differential 
equation (5.13) but with a different value of the parameter b. The 
final result in this case is of the same form as (5.16); thus, 
for B---0 

a = a„—bl = a 0 — j^; 

for b = 1 

a = <i<,e~ tl = floe * T ; 




for n = 2 


1+&M . , ’ 

+ kT 

The envelopes corresponding to these cases arc shown schematically 
in Fig. 35. 

It is important to note that identical records of damped vibration 
may be obtained for different inelastic resisting forces. 

Suppose that the amplitudes diminish according to a law of geo¬ 

metric progression, i.e., the envelope is an exponential curve, as 
revealed from the test record of vibration. It does not follow, howe¬ 

ver, that the damping of vibration is duo to viscous friction. The 
same type of damping may be caused by hysteresis when energy 
losses due to internal friction arc totally independent of the velocity. 

In order to ascertain the true nature of friction forces, the record 
of vibration alone is insufficient. Some additional experiments 
should be made. 


Generalization of the Concept of Logarithmic Decrement 

The concept of the logarithmic decrement given above can be 
extended to any processes of damped vibration assuming that in 
all cases the logarithmic decrement 6 is the natural logarithm of 
the ratio between two consecutive amplitudes. This ratio is generally 
variable so that the logarithmic decrement is not a constant number 
for the whole process of vibration but gradually varies; exceptions 
are the cases of viscous resistance and hysteresis (for n = 1) when 
6 = constant for the whole process of vibration. 

Thus, wo assume 

8 = 11 ^. 

If the damping is moderate, then 0|/0| tl differs only slightly 
from unity and we may assume 



consequently. 



(5.21) 


This expression can 
dissipated per cycle is 
potontial energy is 


be given another interpretation. The energy 
defined by formula (5.7); the maximum 
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Setting up the ratio between the two energies, we obtain 
a quantity twice as large as (5.21) 

A V , Ao 
“iT = * ' 

Hence the following definition: for moderate amounts of damping 
the logarithmic decrement is the ratio of the energy dissipated per 
cycle to twice the maximum 
potential energy for the cycle. 

Taking into account expres¬ 
sion (5.8), formula (5.21) may 
also be written as 

«--■(5.22) 

The differential equation 
(5.13) holds for all the fore¬ 
going cases; using it, we ob- 
Fi 8- 3 " tain the following relationship 

between the logarithmic dec¬ 
rement and the amplitude of vibration (Fig. 37) 

6 = bTa B -K (5.23) 

Thus, in the case of n = l 

i.e., the logarithmic decrement is constant. 

For dry friction (n = 0) the logarithmic decrement increases 
with decreasing amplitude 


In the case of n = 2 

6 = bTa. 

i.e., the logarithmicdecrement diminishes with decreasing amplitude. 

Relation (5.23) can be used as the basis for the experimental 
determination of the parameter it. 



6. Undamped Systems of One Degree of Freedom with 
Non-Linear Restoring Forces 

Some Types of Non-Linear Characteristics 
An examplo of a non-linear elastic constraint is provided by the 
rear-axle suspension of a car (Fig. 38a) where, besides the main spring, 
there is an additional spring (dual-rate spring). For small displace- 
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raents of the body, the ends of the second spring do not touch the 
stops and only the main spring is working; the relation between 
the pressure P on the spring and its deflection ij can be considered 
to be linear (portion ab). For large displacements of the body, the 
ends of the second spring press against the frame brackets and the 
combined spring becomes stiller (portion be). Thus, the overall 
spring characteristic P (y) is non-linear. 

Figure 386 shows a schematic diagram, which is basically equiva¬ 
lent to the automobile suspension, and the corresponding characte¬ 
ristic. The position of the zero point, about which the system is 
vibrating, depends on the static load; as the static load increases, 
the zero point moves successively to positions 0,, 0 2 , etc., and 
as the load decreases it moves to positions 0 3 . O k , etc. 

Figure 38c shows a non-linear coupling which serves to connect 
the two parts of a shaft. Threads 4 on half-couplings 1 and 3 are 
wrapped with a zigzag steel strip 2. As the transmitted torque M 
increases, the strip lightens and the coupling becomes stiffer. The 
relation between the angle <p of relative rotation of the half-couplings 
and the torque M is shown in the same figure. 

Similar characteristics are found in the systems shown in Fig. 38d. 
A gradual increase in stillness is indicated by increasing steepness 
of the characteristic. 

A schematic diagram of a non-linear spring coupling with an 
initial compression is shown in Fig. 38e. When the torque is small, 
the relative rotation of the half-couplings is zero. As the torque 
reaches a value M 0 (determined by the amount of the initial 
compression of the springs), the springs begin to deform, making 
it possible for the half-couplings to rotate with respect to each other. 
The characteristic of this coupling contains a vertical section coincid¬ 
ing with part of the axis of ordinates. 

Figure 38/ shows a coupling with clearances A 0 and its characte¬ 
ristic. Up to an angle <p 0 = A 0 /2r the half-couplings can rotate 
freely with respect to each other and only at larger angles can the 
torque be transmitted. 

Reliable spring characteristics can usually be obtained only 
experimentally from static tests, but for simple diagrams they 
can be constructed analytically by calculation. 

Consider the construction of the characteristic for the system 
shown in Fig. 38d. We shall first assume that, when the mass is 
at mid-position, the spring is unstretched. 

When the m ass is d isplaced a distance i, the spring elongates 
an amount |/x* + P — / and the corresponding spring force is 

N = K<y"*+T-l). 



The horizontal component of this force, which determines 
the spring characteristic of the system, is 

P = N * =kx fl- v-‘ -— 1 . 

Assuming that the displacement x is small in comparison with 
the length l, we can write 

V'+IT 

and, consequently the restoring force is purely non-linear 


N = N t + k(V r P + ± t -l) 
and its horizontal component is 


This expression diflers from expression (6.1) by the presence of 
the linear term. From this it follows that the initial tension may 
have an appreciable effect on the spring characteristic of the system. 

Let us construct the characteristic for the coupling with an initial 
compression (see Fig. 38e). If, when the coupling is subjected to a 
torque, each spring is acted on by a force smaller than the initial 
compressive force /%, the relative rotation of the half-couplings is 
impossible. Denoting the number of springs by n and the radius of 
the boundary circle by r, we can write that as long as the torque 
is less than M a = nPf, the angle of relative rotation is zero (por¬ 
tion Oa in Fig. 38e). If the torque M becomes larger than M 0 , the 
springs begin to deform; each spring will carry an additional force 
(above the initial force P 0 ) Mlnr — P 0 and therefore will deflect 
an amount ( Mlnr — P 0 )lk ( k is the stiffness of one spring in compres¬ 
sion). The corresponding angle of relative rotation of the half-coupl¬ 
ings is 

M/nr-P t 

<p=-^-• 

Hence we find that for M>M 0 

M = knr 2 <f -f n/V; 
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this relationship is shown in Fig. 38e (portion ab ); in the portion 
under consideration the stillness of the coupling is knr 2 . 

In a similar way we can construct the characteristic for the coupl¬ 
ing with clearances (Fig. 38/). There is no torque if the angle of 
rotation is less than q> 0 = A 0 /2r (portion Oa in Fig. 38/). Only for 
<p > q> 0 is the torque transmitted. To a torque M corresponds a 
compressive force of one spring Mlnr and the compression of the 
spring by an amount A = Mlknr. Consequently, the additional 
angle of rotation (above the angle q> 0 ) is 
A M 
r knr* * 

The total angle of rotation, measuring from the mid-position, is 
. M 

and from this we find the equation of the spring characteristic 
for <p>«po 

M = knr* (<p—<p 0 ) 

(portion ab in Fig. 38/). 

Exact Solution 

The differential equation of free vibration of a non-linear clastic 
system of one degree of freedom should contain a non-lincar restoring 
force P (x) instead of a linear restoring force — kx; the specific expres¬ 
sion for P (x) is determined by the spring characteristic. The funda¬ 
mental differential equation of the problem becomes 

mx+P (z) = 0. 

For torsional systems, the mass m should be replaced by the 
moment of inertia J, the displacement x by the angle of rotation <p 
and the restoring force P (z) by the restoring moment M (<p). 

Dividing the equation by the mass m, we obtain 

i'+/(.r) = 0, (6.2) 

where 

/<*)--v 1 - (6.3) 

Since the solution of Eq. (6.2) presents difficulties, the problem 
is generally restricted to the determination of the frequency of free 
vibration without going into the details of the process of vibration; 
this will suffice for many practical applications. 



Expressing the acceleration x as 

do _ do iz do 

dt dr dt dx 

(v is the velocity), we obtain in place of Eq. (6.2) 

’£+1 w - o - 

Separating the variables, we find 

vdu= —!(x)dx. 

To integrate we choose as the origin the time of maximum 
deflection when the displacement x is a maximum (i n mi=< 1 ) and 
the velocity is zero (o = 0). Then 

, , fix. 

. .^L 

* f r * a * 

£-=-\f(x)dx=\f(x)dx; f r-—. 

i i / Direction 

' of motion 

this relationship expresses the law of 
conservation of energy: the left-hand p. 

side represents the kinetic energy accu- g ‘ 

mutated during the motion from the 

extreme position (x — a, v = 0) to the current position (x, v) 
while the right-hand side represents the potential energy lost during 
the same motion [this energy is represented by the cross-hatched 
area in the graph of the non-linear restoring force characteristic 
(Fig. 39)1*. By taking the root, wo find 


-£--]/ 2j/ 


Of the two signs before the root the minus sign is taken because 
the velocity is negative in the interval of motion under considera¬ 
tion. 

The integration of Eq. (6.4) gives the time t as a function of the 
displacement x 



• Both energies arc estimated per unit of mass. 
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If the integration is carried out from x = 0 to x = a, the time 
interval for a quarter cycle (quarter period) will be found for a 
system with a symmetric characteristic. Accordingly the period of 
the vibration is 



(6.5) 


this formula makes it possible to find the exact relation between 
the period of free vibration and the amplitude. 

Consider the symmetric characteristic defined by the law 

/(*) = **(i»=l, 2, ...). 

We find successively 


| 


Y\ 


J /(!)<!*— 


d% 

yr=F" 


(here f = x/a); and finally we obtain from formula (6.5) 

T-*Vl;ik\yg W - < 6 ' 6 > 

From this it is apparent that the period T is independent of the 
amplitude of vibration only for n = 1 (linear characteristic); in the 
other cases there exists a relationship between the period and 
amplitude. 

Consider vibrations of a system with a cubic characteristic 
/ (x) = ax*; then n = 2 and we find from expression (6.6) 



The elliptic integral above can be evaluated using tables of 
special functions; its value is 1.8541/^2. Consequently, 


T = -±=l.8Ml. 
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The frequency of free vibration is 

p = -y- = 0.8472a Ka, (6.7) 

i.e., the frequency increases linearly with increasing amplitude. 

It should be emphasized that the dependence (of one sort or another) 
of the frequency of free vibration on the initial conditions is typical 
of non-linear systems. For this reason the term “natural frequency" 
should be avoided when referring to non-linear systems. 

In conclusion we note that the exact solution of the problem is 
easy to obtain in cases where the characteristic of the system is 
piecewise linear, i.e., consists of line segments. In such cases a series 
of separate stages of motion are considered for each of which the 
differential equation is linear; the constants of integration are found 
from the initial and matching conditions (equality of displacements 
and velocities in the transition from one state to another). 

Let it be required, for instance, to analyse free vibrations of 
a system with a clearance when the characteristic is of the form 

( pi(x-a 0 ) for x > a 0 , 

0 for — t g <I<Og, 

Pl(x+n 0 ) for z < — Oo 

(see, for example, Fig. 38/). If the following conditions are specified 
at the initial instant 

*(0) = a, i(0)=0, 

then the differential equation (6.2) in the first stage of motion 
(for a; > do) becomes 

x + pl(x- Oo) = 0 

having the solution 

x = (a — a 0 ) cos p£ + a a 
and the velocity varies according to the law 
x= — (a-a^posin pot. 

It follows that the co-ordinate x reaches the value a„ at the time t, 
defined by the formula 



At this instant the velocity is 

i(t,)= -(a-flo)Po- 
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Referring now to the second stage, we write the differential 
equation as 

i*=0. 

The solution of this equation must satisfy the matching conditions 
X (t,) = flo. * (<|) = — (fl—flo) Po 

giving 

x=a 0 —(a—a 0 )po(t—t t ). 

Hence the length of time t 2 in which the origin x = 0 is reached 
is equal to 


t -t. I a ° 

2 ,+ («-««)/>» 

Clearly, the length of time t 2 determines the quarter period of 
the vibration so that the frequency of the vibration is given by 
the expression 


2n 2n 
P = - T = 477 



Representation of Motion in Phase Plane 
To construct phase trajectories, we represent the fundamental 
differential equation of the problem (6.2) as two equations of the 
first order 



and divide the second equation by the first one. We then obtain 
the differential equation of phase trajectories 

— — /(*) . 

dz v ’ 

the time t is not involved in this equation. The set of integral 
curves of the equation forms the phase diagram of the system. 
Since the variables are separable, we obtain 

"*—a J ti*)d*+c. 

The constant C is determined by one initial condition: v = v 0 
at x = x 0 , so that to each particular combination x^, v„ corresponds 
a distinct integral curve. 
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Let, for instance, f(x) = ax‘\ then 

i* = ~^- + C. (6.8) 

To determine the constant C we substitute x = x# and v = v 0 

c=-^+i* 

We now write Eq. (6.8) as 

**-T<**-**>+*«. 


A typical curve v(x) which 
represents a phase trajectory for 
particular initial conditions is 
shown by a solid line in Fig. 40. 

When these conditions are varied, the phase trajectories assume 
forms such as arc shown by dashed lines. 

The general character of the phase diagram is no diflerent from 
the one shown in Fig. 14 for a linear system; this similarity is due 
to the fact that both systems are conservative (linear elastic and 
non-linear elastic systems). 

Approximate Solutions 

Although formula (6.5) for the quarter period of free vibration 
is perfectly accurate, in practical problems it leads to cumbersome 
calculations which cannot be carried out in closed form. These 
difficulties can be avoided by using the following approximate 
methods for determining the frequency of free vibration. 

The simplest method. The simplest (though very inaccurate) proce¬ 
dure is the following. Assume that the vibrations of a system are 
defined by the law 

x = asin(pt + a) (6.9) 

as is the case in linear systems. Expression (6.9) is the exact solu¬ 
tion only if the characteristic / (x) is linear, but in the general case 
the substitution of expression (6.9) in Eq. (6.2) does not reduce 
it to an identity. Let us ease the accuracy limitations and require 
that Eq. (6.2) be fulfilled at least at the instants when the deflection 
x roaches a maximum, i.e., equals a. The acceleration x is then 
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also a maximum 


Consequently, at 
be fulfilled 


ima ,= -«/«*• (6.10) 

these instants the following equalily must 

— ap*+l(o)=0. 


The last formula determines the frequency of free vibration p 
as a function of the amplitude a. Even though this formula is very 
inaccurate, it gives a correct general 
idea of the relation a (p ! ). Thus, if the 
non-linear characteristic is of the form 

/(*)•= Pi* + «** 

are given numbers), then 



The graph of this relation is shown 
Fi *- / '* in Fig. 41 from which it is seen that 

the frequency increases for a > 0 
(in the case of a still characteristic) and decreases for a < 0 (in the 
case of a soft characteristic) with increasing amplitude of free 
vibration. 

In a similar manner, approximate relations a (p 1 ) can be con¬ 
structed for other types of characteristic. 

Perturbation method. The basis of the method is the assumption 
that a system possesses “weak” non-linearity; such is, for example, 
the system whose vibrations are defined by the differential equation 


x+pIc+<xj* = 0 (6.11) 


if the parameter a is small enough. In such cases the solution 
should be sought in the form of a power series in the small parameter 
x = x„+ ou, + «*x 2 + ..., (6.12) 

where x 0 . x„ x 2 , . . . arc unknown functions of lime which are to 
be determined. 

In addition to expansion (6.12) it is also necessary to expand the 
coefficient p* 

p; = p*+fltc, + a*c 2 -f.... (6.13) 

where p 1 is a new constant not yet known, c„ c 2 , . . . are undeter¬ 
mined coefficients (suitable values are indicated below). 




Substituting expressions (6.12) and (6.13) in Eq. (6.11) and limi¬ 
ting ourselves to those terms of the expansions which are written 
out, we obtain the equation 

x 0 + ax, + a 5 *, + (P* + ae, + a*c 2 ) (x v +ax, + a*x*) + 

-f a (x#+ ax, + a*Xj) 3 = 0. 

Opening the parentheses and retaining tho terms containing a 
to o power not higher than the second, we have 

x a + p , x 0 +a(x t + p t x, + e l x 9 +xi) + a t (x i +p > x 2 +e t xt + 

+CiXt + 3xjx,) = 0. 

This equation must hold for any small value of a. Therefore 
the coefficients of a*, ... a 1 , a 1 , ... must vanish separately; this leads 
to the system 

*o+P’-ro = 0, 1 

xi + p*x,= — e,x t — x*. ?■ (6-14) 

xi +P**2 = - c*r, ■- c,x, — 3xjz,. J 

The structure of the above equations suggests further procedure: 
the first equation can be solved for Xg, then x, can be determined 
from the second equation, and x 2 from the third equation. 

Assume the initial conditions in the following form: x = a and 
v —0 at ( = 0. Based on expression (6.12), we obtain 

x 0 (0) + ax, (0)+<x*r, (0) = a, 

i,(0) + ax, (0) + a*x 2 (0) = 0. 

In order for these equalities to be satisfied for any value of a, 
the following six conditions must be fulfilled simultaneously 

T 0 (0)=a, x„(0)-=0, ) 

.r,(0)=0, x, (0) =• 0, > (6.15) 

x 2 (0) = 0, x 2 (0) = 0. J 

Solving the first equation of system (6.14) with the initial con¬ 
ditions indicated by the first line of system (6.15), we find 
x 0 = a cos pt. 




Substituting this expression in the second equation of system 
(6.14), we obtain 

r,+p*x,= — c,a Cos pt — cfl cos’ pt = 

= - (c,a+|-a*) cos pt —ia’cos 3pt. (6.16) 

Suppose that the coefficient of cos pt is different from zero; then 
the solution of this equation will involve a so-called secular term 
of the form l sin pt in which the time t appears outside the sign of 
trigonometric functions. This solution of the resonant type can be 
used only for very small values of t since the secular term increases 
without limit as the argument t increases. For the solution to be 
valid for all values of t, it is necessary to eliminate the secular term 
from expression (6.16) putting 

From this we determine the coefficient 



The solution of Eq. (6.16) is then 

x, = C, cos pt + C t sin pt +cos Zpt. 

After determining the constants from the second line of I he initial 
conditions (6.15) we find 

*t = -^r(<xs3pt- cos pt). 

Thus, the first two terms in expausions (6.12) and (6.13) are 
determined, giving, to the first order in «, 

x =■ a cos pf+(cos 3 pt —cos pt) 
and. in accordance with formulas (6.13) and (6.17), 

p* = />;+! an*. (6. IS) 

Substitute now x 0 and x t in the third equation of (6.14) and solve 
it in a similar manner. This will give the third term of the expansion, 
the function Xj, with the quantity c 2 again determined so as to eli¬ 
minate the secular term. Omitting the computations, we have, to 



Ihc second order in a, 
x = a cos pt + (cos 3 pt - cos pt) + 

+ 1^^■( cos5 P<+3cos3pi —4cosp<); (0.19) 

„t = p ;,3 t W 

F Pt ^ A + 128p* ' 

In cases of other non-linear characteristics the procedure is ana¬ 
logous hut the computations arc generally more involved. Clearly, 
the method is adapted only to characteristics defined by a single 
analytic expression and cannot be used directly in other cases (for 
instance, for broken characteristics). 

Note the important features of the solutions obtained: the vibra¬ 
tory process is described not by a single harmonic (a cosine curve) 
but by a sum of harmonics, the successive harmonics having rela¬ 
tively small amplitudes and hence being less significant; of course, 
the frequency of the fundamental harmonic p depends on the ampli¬ 
tude of vibration a. 

Bubnov-Galerkin method. The application of the method will be 
illustrated by considering the problem of free vibration of a non¬ 
linear system when the equation is given by (6.2). 

We shall seek Ihc solution in the form 

*=acos(pf + a), (6.20) 

where a, a, p arc constants. 

Substitute this solution in Eq. (6.2); of course, the result is not 
identically zero since expression (6.20) is not the exact solution of 
Eq. (6.2). According to the basic idea of the method, we require 
that the following integral taken between the limits of one period 
be zero 


j \x-‘d(x)\xdt=0. 


Substituting expression (6.20), we obtain 


is (pt + a)/1a cos (pt + a)|) cos (pt + «)</< = 0 (6.22) 


— npa + \ / [a cos (pt + a)) cos (pt + a)dt= 0. 
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now * + «-* .. *UI. 0. 

of the frequency 

p*=JL j / (a cos t) cos if dty. ( 6 - 23 ) 

Wc shell illustrate the application of this formula by taking 
the previously considered cubic characteristic 
/(x) = p^+a*>. 

In this case 

/ (a cos <f) = apl cos ip+cta 5 cos* <|> 

and, by formula (6.23), we have 
in 

pi = -L j (apl cos if + <M 5 cos* i|0 cos * </«|>. 

Since 

"j cos* <f> <fi|> = n, ( cos 4 dip= n, 

then 

p*=p; + l«a*. 

This result is identical with formula (6.18) derived by the pertur¬ 
bation method. 

In the foregoing examples of application of the Bubnov-Galerkin 
method, the motion is defined by expression (6.20); the higher har¬ 
monics aro eliminated from the start. However, the Bubnov-Ga- 
lerkin method permits higher approximations to be constructed 
as well. For this purposo, it is necessary to seek the solution not in 
the form of the single function (6.20) but in the form of the functional 
scries 

x=‘O l x,+a i x,+ ... 

assigning the functions x,(<), x, (t), ... and then requiring that 
the integrals 

J£+/(*)1a*- 0 i = (l,2, ...) 

be zero. 



Harmonic linearization method (the simplest variant of the 
Krylov-Bogolyubov method). 

Represent Eq. (6.2) as 

x + p t x = /) t x -/(*), 

where p is a frequency of vibration not yet known. 

Substituting on the right-hand side the approximate solution 
x=acos(pt-|-a), 

we obtain the equation of forced vibration of a linear system 

x + p*z = F(t), (6.24) 

where 

F (t) = op* cos (pr-fa)—/[a cos (pt + a) J 
is a periodic function with period 2n/p. 

Expanding F (t) in a Fourier series, we have 

F (t) = a„ + a, cos (pi + a) + a z cos 2 (pt + a) + ... 

If the coefficient a, is different from zero, the term a, cos {pt + a) 
will bring about the secular term in solution of Eq. (6.24). To eli¬ 
minate the secular term, it is necessary to put the Fourier coefficient a, 
equal to zero ^ 

a t = -jr j F (t) cos {pt + a) df =0, 


Ij {op* cos (pt -j- a) — / |a cos (pt + a)]} cos (pt + a) dt = 0. 

The last relation is identical with the basic Bubnov-Galerkin 
Equation (6.22) 

Direct linearization method (the case of a symmetric characteristic). 
The method is based on the replacement of the non-linear characte¬ 
ristic / (x) by the linear expression 

/. (*) ” p'x (6.25) 

with a suitably chosen coefficient p*. The deviation of the approxi¬ 
mating characteristic (6.25) from the approximated characteristic 
/ (x) is a function of the co-ordinate * (see Fig. 42) 

r (*) = /(*) — P*x 


6* 




and may be required lo make the integral 


minimum. This integral represents the integral square deviation 
r (x) over the entire range of the co-ordinate x. Obviously, it depends 
on the choice of the parameter p s ; hence the minimization is accom¬ 
plished by determining this parameter 
from the equation dlld (p*) = 0. 

With this approach, equal devia¬ 
nt lions r are assumed to be equally 
/a r important regardless of the value of 
co-ordinate x. Actually, however, 
- . > in vibration problems the deviations 

I 0 a x r for larger values of the co-ordinate x 

yp are obviously more significant; hence 

y ^ it is more natural to consider the 

"weighed" deviation 

rig - • 

The problem is then reduced lo that of minimizing the integral 

'.= j {I 

i.e., determining p* from the equation 

rf/. 

viar* 0 - <0 20 ) 

This approach presupposes lhal the importance (weieht) „r the 

tzx 1il " cor " ,sp, " di ” g 

'**»• J /<»)*■* = £ J/frMtk. (0.27) 

...a£',ta P ™S" " “ "™’' » ~<uc,d the 

.T-fp*.r = 0 

which replaces the given non-linear equation From n>;. :< • i 
that the parameter p ! is the square of the frequency of^lt • 

As an example let us determine the frequency pV. form.ilwr'o 7 \ 
for the charocteristic considered above 5 P l,J r ° rmu * a (b.27) 

l( r ) = Plx + cu i . 




Wo calculate 


j (p^c + ax , )r‘dx = -^-+^-. 

By formula (6.27) we obtain 

p* = p; + yaa 1 . (6.28) 

Let us compare the accuracy of the results obtained by different 
methods in the particular case when p 0 = 0, i.e., / ( x) = our*. 

By formula (6.28) 

p = 0.845a V a. 

By the formulas of the perturbation method (6.18) and of the 
Bubnov-Galerkin method (6.23), to a first approximation, 
p = 0.866a V «• 

By the exact formula (6.7) 

p = 0.847a \fa. 

Let us plot relations a (p 2 ) for systems containing non-linear ela¬ 
stic couplings with an initial compression or a clearance (see Fig. 38e 
and /). For this purpose, we use formula (6.27) which in the case of 
torsional vibration becomes 

P* = ] / (f) 9* d 9» (6.29) 


where a is the amplitude of the angle of rotation. 

For the coupling with an initial compression (see Fig. 38e), the 
calculation by formula (6.29) yields 

P’- J<6 - 30) 

where J is the moment of inertia of the system. The curve (Fig. 43a) 
represents the relation a (p s ) corresponding to formula (6.30). The 
dashed line gives t he sam e relation for a larger value of the force P 0 . 
The expression Vknr*IJ is the natural frequency when P 0 = 0 (of 
the linear system). 

For the coupling with clearances (see. Fig. 38/), according 
to formula (6.29), 
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The curve a (p*) is shown in Fig. 436. Th e dashe d line corresponds 
to a larger value of cp 0 . The expression Vknr'IJ is the natural fre¬ 
quency of the corresponding linear system (cp 0 = 0). 

Direct linearization method (the case of an unsymmetric characte¬ 
ristic). If the characteristic is not symmetric (Fig. 44) and the initial 



deflection is a,, the maximum deflection to the other side will be 
a 2 , with a, -■£= a 2 in the general case. The relation between these 
maximum deflections is given by the formula 

which expresses the equality of the 
potential energies of the system at 
the two extreme positions. The 
central position about which the 
system is vibrating is shifted to the 
left of the origin by the distance 
A= a -l^£t. 

To any given deflection «, cor¬ 
respond certain distinct values of 
the deflection a, and the shift of the centre of oscillation A. The 
approximating linear characteristic should be drawn through the 
centre of vibration; its equation is 

/.(*)=p’(*^A). 

We form, as before, the deviation 

r = 1(x)-^(x- 1-A), 
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and tako the co-ordinate x 4- A as the “weight”. It is then necessary 
to minimize the integral 

'= j' (I/(*)-/>= (* + A>!<*4- 

Setting up the equation 


we obtain 

'’■jTSf 5 

Introduce the variable 

x,=a:+A 

and half the total excursion (or the amplitude of vibration in an 
equivalent linear system) 

._£!+£* 

2 - 

f-Srj/(*.-»)“!*. (S-ai) 

is tho formula for the square of the frequency of free vibration. 


7. Linear Systems of Several Degrees of Freedom 

The Simplest System 

Derivation of Equations of Problem. As stated above, the equa¬ 
tions of motion can be set up by using the fundamental method 
(Lagrange's equations), the direct and inverse methods. Their appli¬ 
cation will be illustrated by considering the simplest example of 
a tuo-mass system (Fig. 45a) in which k, and k 2 are the stiffnesses 
of the springs, mi and m 2 the masses, x t and x t the displacements of 
the masses. 

Fundamental method. During vibration forces N t = k,x, and 
A' 2 = k 3 (x2 — x { ) develop in the springs, therefore the potential 
energy of the system is expressed as 




2 



VifcraW* 


The kinetic energy of the system i-s 




• . be substituted in Lagrange’s equations 

These expressions must oe 

d(</r\ JL_— (i =1.2). (7.1) 

yter* ** 

We first form the corresponding derivatives 

, 4r (x) 

accordingly Eqs. (7.1) become 
m , j| 4- A'|i| — fcj (- 1 ':—*|) ~ 0, 1 
m*a*+*2 (x : —:<i) —0. J 

(7.2) 

Direct method. During vibra¬ 
tion the first mass is acted on 
by the force in the first spring 
and the force in the second 
spring, their projections on the 
x axis being equal to — k x X\ and 
ipcctivcly; the equation of motion of the first mass is 

(7.3) 


k,(x, 




|jVVA^WWv-< 

■mi m l X * 


(t) 

Fig. V 


*2 (*2 — *l). I 

— k l .r l + k i (x 2 —x,) = m 
The second mass is acted on by the force in the second spring 
only, giving a projection — hzfa— x ( ); the equation of motion is 

— k t (it— x t ) =■ m z j\. (7.4) 


With a large number of series-connected masses, each of the 
equations will involve no more than three unknown co-ordinates as 
the spring forces acting on the ith mass are completely determined 
by the displacements x,_„ x, and x,+, (Fig. 456). 

Inverse method. Consider a massless system consisting of two springs 
subjected to inertia forces (Fig. 45c). The first spring is subjected 
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lo a force —m,x, — ntyc 2 and the second to a force — mx 2 - The 
displacement of the first point (equal to the extension of the first 
spring) is 


(7.5) 


and the displacement of the second point (equal to the total extension 
of the two springs) is 


x t = 


(7.Ci> 


Comparing the above equations, we nolo the following. 

The identity of Eqs. (7.2) derived by the fundamental method 
and Eqs. (7.3), (7.4) derived by the direct method is not coinciden¬ 
tal. It results whenever the generalized co-ordinates are chosen so 
that the expression for the kinetic energy does not contain products 
of the velocities (the product x,x 2 in the present case). If the gene¬ 
ralized co-ordinates arc chosen so that the expression for the potential 
energy will not contain the product x,x t (this was not accomplished 
in our problem), the equations derived by the fundamental method 
will be identical with the equations set up by using the inverse 
method. 

Although the system of equations (7.3) and (7.4) is, of course, 
equivalent to the system of equations (7.5) and (7.0), they are not 
identical as to the amount of numerical work involved when the 
number of masses is larger. As slated above, when applied to me¬ 
chanical systems of the type considered, the direct method, regard¬ 
less of the number of masses, will lead lo equations each of which 
contains no more than three unknown functions. At the same time 
the equations set up by the inverse method will become progres¬ 
sively more complicated as each of them will include all the n un¬ 
known functions of the problem. 

For this reason the direct method is always preferred for the ana¬ 
lysis of vibrations of chain systems of the type considered. In other 
cases it is more convenient to apply the inverse method (as in the- 
analysis of flexural vibrations of beams with several masses). 

Solution oj equations o / motion for the simplest system l We proceed 
with the consideration of the system of I wo degrees of freedom 
(Fig. 45a); this will provide a simple way of disclosing the basic fea¬ 
tures of vibrating systems having several degrees of freedom, parti¬ 
cularly the existence of several natural frequencies. Let us try to satis¬ 
fy the equations of vibration (7.3) and (7.4) by the functions 
»in (* + «). t 
x 2 —a 2 sin(pf-J-a). / 
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These functions do not yet represent the general solution of the 
tSZ bo" they offer a means of caustrucUng.t. Substituting ex¬ 
pressions (7.7) in Eqs. (7.3) and (7.4), we obtain 

— Avi. + Ma*— a »)= — \ (7.8) 

— k 2 (a 2 —a t ) — -m-flzp-- J 

These equations involve three unknowns-the am pi i tudesa,, 
««* and the frequency p. Of course, it is impossible to find three quan¬ 
tities from two equations; however, Lqs. (7.8) allow one to carry 
through the determination of the natural frequency. 

Wo find from the first equation the ratio 


a t m,p* 

and the same ratio from the second equation 


(7.<J) 


The compatibility of expressions (7.9) and (7.10) leads to the 
Jrequency equation 

*!+»«—"sg - J* t (7.11) 


which contains a single unknown, the frequency p. 

The frequency equation (7.11) can also be obtained in a different 
way. The system of equations (7.8) may be rewritten as 


— Mi + (kt—nitp*) a 2 = 0. 

Here the homogeneity of the system of equations in the amplitudes 
<11 and a 2 is clearly seen. The homogeneous system of equations 
is satisfied by the zero roots 

a, =a, = 0. 


This trivial solution means the absence of vibrations in our problem. 
However, in one special case a non-trivial solution (a,g&0, a 2 ^=0) 
is possible, namely, when the determinant of the coefficients of the 
system is eq.ua! to zoro 


*! + *»—i»,P* -*t I 

— k 2 k 2 — nup-1 = 
Expanding the determinant we arrive at Eq. (7 11) 
out further computations, at the equation ' 



(7.11 a) 
carrying 


(7.11b) 
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We obtain two real and positive solutions for the square of the 
frequency 



Accordingly we can calculate two natural frequencies 


*-1 


(7.13) 


Thus, the vibratory process is a two-frequency one and is determi¬ 
ned by the functions sin (p t l -f- a ,) and sin (p 2 i + aj. The exi¬ 
stence of two frequencies indicates the incompleteness of the way 
of writing (7.7). In order to reflect both harmonics in the general 
solution, we introduce more complicated subscripts and write the 
solution as 


a-, = a„ sin (p,t+ a,) -f a l2 sin (p 2 t -fa*), 1 
x i = “21 sin (P i* + <*i) + <*» sin (Pi* 4- <*2). ’ 


Mere the first subscript of the amplitude a, k designates the number 
of the co-ordinate and the second subscript the number of the term 
in the line (the number of the frequency). 

The amplitudes are related by expression (7.9) or the equivalent 
expression (7.10). Substituting the first frequency p, in expression 
(7.9), we obtain the amplitude ratio of the first harmonic, which is 
independent of the initial conditions 



The relation between the amplitudes of the second harmonic is 
given by the same expression (7.9) or expression (7.10) if we put 
p- = pl in it 


*12 : 


(7.1G) 


Consequently, in place of solutions (7.14) we can write 
Si = <»ii sin (p,t + a,) + a, 2 sin ( p z t + a 2 ), 1 

** = X2i<*n sin (p,t + «,) + Xjjfl, 2 sin (p^ 4- Oj). J 


Here the natural frequencies p, and p 2 and the ratios x 21 and x 22 
depend only on the parameters of the vibrating system. The quan- 






„ .nH « »re to be determined from four initial con- 
Which ex press \h, vlu.s oi di.pUccn,,,,.. and vdoci.i,, 
of both masses at the initial instant. 

Let, for example, at l = 0 


i.e., the motion of the system be produced by an instantaneous im¬ 
pact on the second mass (this kind of problem occurs for example, 
in the analysis of vibration of artillery systems after firing). 
Using expressions (7.17) we obtain 


an sin ot| -f <*i 2 sin a 2 — 0. 
x 2 ,a„ sin a, + n.rfia s* n <*s = °- 
a,,p, cos a, + a 12 p 2 cos a 2 = 0, 


x 2 |a n pi cos at + x 22 p 2 cos = v 0 , 



The quantities p,, p 2 , x 2l and x 22 arc known; they arc calculated 
with formulas (7.13), (7.15) and (7.16). Thus, both vibratory com¬ 
ponents appearing in expression ( 7.17) are realized in the case under 
consideration. 

By suitably choosing the initial conditions it is possible to ob¬ 
tain a monojrequenl vibration, for example, to have a l2 = 0. The 
vibration is then defined by a single harmonic 

x, = n„ sin (p,t+ <*,). 

.f 2 = x 2 ,u,i sin (p,t + Oi). 

Since the coefficient x 21 is independent of the initial conditions, 
this monofrcquenl vibration is characterized by a definite amplitude 
ratio which depends only on the parameters of the system and re¬ 
mains unchanged during vibration. This ratio defines the first natural 
mode of vibration. 

If the initial conditions arc such that a„ = 0, the vibration will 
also lie monofrcquenl but with the frequency p 2 

x i = fl i2 sin (pjt -j- 02), 

- r : - x 2^i2 sin (p 2 < -f a 2 ). 

Thcampliludc ratio x 22 defines the second natural mode of vibration. 


Sec .7 Syttcmi o) Several Oegreet 0/ Freedom 


m 


In the special case when Ar, = k 2 =-■ k, m, = m 2 = m, we obtain 
from formulas (7.12) 



and from formulas (7.15) and (7.16) 

x„ = < + V s = 1.618, xa= =-0.618. 

In the first natural mode of vibration both masses move in the 
same direction, the amplitude of vibration of the second mass being 
larger than that of the first mass. To the second natural mode of 
vibration corresponds the motion of the masses in opposite direc¬ 
tions; the amplitude of vibration of the second mass is smaller than 
that of the first mass. 

We emphasize again that the realization of natural modes in pure 
form requires a suitable choice of initial conditions. 

Orthogonality o/ natural modes of vibration. When the system is 
vibrating in the first natural mode the maximum deflections are a u 
and a 2I ; to these deflections correspond inertia forces and 

ntidtiPr Likewise, when the system is vibrating in the second natural 
mode the maximum deflections are a, 2 and a 22 and the corresponding 
inertia forces are equal to m,aupl and m,a 22 pl. 

Let us apply Betti’s theorem of reciprocity of virtual work to 
these two slates. According to this theorem, the work done by the 
forces of the first slate (miOnp*, m 2 a 2l p') during the displacements 
of the second stale (a 12 , a 22 ) is equal to the work done by the forces 
of the second slate (m a a,2p;, m 2 a 22 pl) during the displacements of 
the first slate (an, a 2 i), i.c., 

Pi ( m l a ll a i: + m tP2l a n) = Pi( m l°II a tl T m 2 a 22«2l) 

(p:~ pi) ('",a„a l2 +m 2 a 2l a 22 ) = 0. 

Since p\ and pi are different, the following equality must* be 
fulfilled 

m,a„a, 2 -j- m^a^a^ = 0. 

This relation expresses the orthogonality property of two natural 
modes of vibration; after dividing by a„ai2 il can also be rewritten 

m| + m,x,,x 2 2 = 0. 

If the ratio x 2 , defining the first natural mode is known, the 
ratio x 2l corresponding to the second natural mode can be found from 



the orthogonality condition 



The concept of natural modes of vibration, as well as the impor¬ 
tant property of orthogonality, will be used later in dealing with 
systems having an arbitrary finite number of degrees of freedom. 
The number of natural modes of vibration and also the number of natu¬ 
ral frequencies are each equal to the number of degrees of freedom of the 
system. 

Torsional Vibrations of Shafts 

Basic equations. Consider torsional vibrations of a multimass 
system (Pig. 4G) which is a conventional equivalent schematic dia¬ 
gram (though not without defect) for the analysis of torsional vibra¬ 
tions of crankshafts. A crankshaft is reduced to the equivalent 
scheme by making the following substitutions: 



the moment of inertia of the substitution disk about the shaft 
axis must be equal to the moment of inertia of the crank about the 
same axis; the additional effective mass of the connecting rod is 
taken into account; 

the torsional stiffness of a portion of the substitution shaft must 
bo equal to the torsional stiffness of the corresponding portion of 
the crankshaft. 

It should be remembered that these substitutions cannot ensure 
complete equivalence of the two schemes. The point is that the 
reduced mass moment of inertia of the crank and connecting rod varies 
during rotation of the crankshaft; therefore the replacement of the 
crank by a disk of constant moment of inertia is not strictly justi- 





liable. Moreover, when ihe crankshaft is subjected to two opposite 
couples (Fig. 47) the deformation consists not only in twisting the 
portion between the couples; the other portions will also be twisted 
due to bending. The substitution system is not capable of reflecting 
this side effect. 

Nevertheless, experiments confirm the acceptability of tho sub¬ 
stitution scheme if equivalent moments of inertia and particularly 
equivalent stiffnesses are determined with sufficient accuracy. 

Denote (see Fig. 40a) by J t , 

J t , the mass moments of 

inertia of the disks about the shaft I I | I f' 

axis, by &„ k 2 , .... k n ., the tor- "I I® 

sional stiffnesses of the portions of I - J I-I *■ 

the shaft, by <p„ q> 2 , . . ., ip„ the . 

angles of rotation of the disks ' 

about the shaft axis. 

Tho twisting moments acting at the sections of the shaft depend 
on the relative rotation of two adjacent disks and are given by the 
following formulas: 

in the first portion 

*i (<F2—«!•«). 

in the second portion 

*2(93-92). 


in the (n—l)lh portion 

*n-l(«Pn-9»-l)- 

The equations of motion arc most easily derived by the direct 
method (see Fig. 46b) 

*i (<p 2 —ip,) =/,<p„ ) 

*i ('ps — <h) — *i ('p2—9 i) = J iVi- 
*a (9i - 9a) “ *2 (9a - 9a) = ^a9a. 

*»-l (9» - 9«-l) - *»-2 <9n-l - fn-z) = Jn-iVn-t, 

The number of these equations is equal to the number of disks. 
Equations (7.18) are satisfied by tho solution 

91 = 92= ■ =9n = a 0 +o>t 



(7.19) 
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which defines a uniform rotation of the shaft and disks as a rigid 
body. Besides, the following solution is possible 

<f>, =<j,sin(pf + a). | 

<pj = a,sin (p/ + a), . (7,20) 

cp„ =a n sin (pl+a), ) 


which defines elastic vibrations. _ 

Check that expressions (7.20) do actually represent a solution of 
the system of equations (7.18) subject to certain relations between 
the amplitudes a„ a,, .... a n . Substituting expressions (7.20) in 
Eqs. (7.18), we obtain 

*1 (“3— fl i) = — - , iP ifl i' 

*3 (<»i — a 2 )—k,(a 2 —a,)=—J 2 p : a z , 
ij (a t — a 3 ) — k 2 (a 3 —a 2 )= —J ap’oj. 


*0-1 (On— On-i) — *<i-3(«n-|— a/1-2) = —Jn-lP^n-t, 

— A-„_, (a„ — o„.,) = —J„p*an. 

This system of equations involves n -i- 1 unknowns (n unknown 
amplitudes and the frequency p). 

Frequency equation. Based on system (7.21), it is possible to ob¬ 
tain an equation containing one unknown, p 1 , and defining the 
frequency spectrum p„ p 2 , .... of the mulliinass system under 
consideration. To do this, we express a 2 in terms of a, from the first 
equation of system (7.21) and substitute the result in the second 
equation of the system; we can now express a 3 in terms of a,. Car¬ 
rying on this process to the (n — l)lh equation, we express all the 
amplitudes (to the nth inclusive) in terms of the amplitude a,. These 
expressions will depend on llio frequency p, the dependence becom¬ 
ing progressively complicated. 

Finally, substituting the expressions for a„ and a n in the last 
equation of (7.21), we can eliminate a, and obtain an algebraic 
equation containing one unknown, the frequency p; the degree of 
this equation with respect to the square of the frequency p J is equal 
to the number of disks n. 

The frequency equation can be derived in a different way, if sy¬ 
stem (7.21) is treated as a system of linear algebraic equations for 
the unknown amplitudes a„ a 2 .a„. Since this system is homo¬ 

geneous, non-zero solutions are possible only if the determinant of 
the coefficients of the amplitudes is equal to zero. 






For instance, with three disks (n = 3) this condition is 
-*, + /,p* k, 0 I 

k, -kt-k, + J z p* k t =0. (7.22) 

0 k t -k t -\ -J 3 p*\ 

Expanding the determinant, wo obtain the frequency equation. 
An inspection of the structure of the principal diagonal of the deter¬ 
minant indicates that the degree of this equation with respect to p * 


For a three-mass system, expanding determinant (7.22) gives 



. ' (7.23) 

Corresponding to the degree of the equation the number of roots p, 
is also n; one of the roots is always zero so that the number of non¬ 
zero frequencies is one unit less than the number of disks and is 
equal to n — 1. The zero root corresponds to a rotation of all disks 
and shaft as a rigid body; the non-zero roots correspond to the pheno¬ 
menon of elastic vibration. Consequently, a system consisting of a 
weightless shaft and n disks possesses n — 1 non-zero natural fre¬ 
quencies pi, p 2 . . . .; they are usually arranged in order of ascen¬ 
ding values of the frequency. 

Example 8. Determine the natural frequencies fur o lliree-mass system 
(Fig. -18a) which represents a simplified scheme of a ship diesel engine. The 
reduced moment of inertia of the engine shaft is /, = 17,000 kgl-cm-sec’, the 
moment of inertia of the flywheel /• — 85.000 kgf-cm-sec’: the reduced moment 
of inertia of the propeller (with the mass of the propeller shaft and the added mass 
of water taken into account) /j = 27.000 kgf-cm-sec 3 . The stiffnesses arc: 
*, 211 X 10* kgf-cm. *. = 14.8 X 10* kgf-cm. 

With these values the frequency equation (7.23) becomes 
pt (O.OI242p* - 195.3p» +129,000) = 0. 

The uon-zero roots of this equation arc 

p\ = 690 scc-«; p|-15,000 soc* 3 . 

Consequently, the natural frequencies are Pi = 26.3 sec - *. p)=-. 122.5 sec-*. 

With four and more disks we havo to deal with frequency equa¬ 
tions of degree greater than two. The solution of such equations is 
cumbersome in the general case; however, the chain structure of 
Eqs. (7.21) affords a considerable simplification in determining 
frequencies by the method of successive approximations described 
below. 

Natural modes of vibration. From the basic system of equations 
(7.21) it is possible to find not only the natural frequencies but also 
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.. „ between the amplitudes. If the frequency p, 
the corresponding raUos l»tween s ‘ b3litut cd in system (7.21), 
found from the frequency ( I . success is’ely in terms of the 

,U .!» In system (7.21), 

will ™.lt Thus, to 




each frequency p, corresponds its own set of amplitude ratios, i.e., 
its own mode of vibration-, each of theso is a natural mode of vibration. 
The number of theso modes is equal to the number of natural fre¬ 
quencies, i.e., one unit less than the number of disks. An important 
property is the mutual orthogonality of any two natural modes 

j +...+/ nOnlOnli = 0. (7.24) 

Example 9. Find the natural modes of vibration for the system represented 

Since the system contains three disks, the number of these modes is two. 

1. Determination o/ first natural mode. Substitute in Eqs. (7.21) 
p*=p{ =690 sec-s. 

Wo find from the first equation 

a t |»0.94San 
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and from tho second equation 

a 3i** — 3.G5d|, 

(the second subscripts designate the number of tho mode). 

The lost result can also be obtained from the third oquation. which is n con¬ 
sequence of the first two. Figure 486 shows the first natural mode having one 
node. As can bo seen, the vibrations corresponding to the first frequency occur 
almost without deformations in the engine shaft and consist primarily in twisting 
the propeller shaft. 

2. Determination 0 / second natural mode, if the same operations arc repeated 
for p a = 15.000 sec"*, wo obtain a„ = —0.209a,, and a ): = 0.008a,,. in this 
case the prime effect is the twisting of tho engino shaft while the propeller shaft 
is only slightly twisted (Fig. 48c). 

To the second frequency corresponds a two-node natural mode of vibration. 
It should be noted that for higher frequencies natural modes of vibration of 
multimass systems becomo increasingly complicated (as regards the numbor 

It may be chocked that the modes found above are orthogonal to each other. 
Using formula (7.24) wo calculate 
^i 0 ii 0 »+A®zi°h = /s»si a 3J = 17,000a, ,a„+ 

-|- 85.000 X 0.945a,, (- 0.209a,,) -j- 27,000 (- 3.C5a„) 0.008a,, a 0. 


Besides, each one of these modes is orthogonal to the “zero" natural mode 
(rotation of the shaft as a rigid body): to tho latter correspond equal displace¬ 
ments a, 0 = a,« = a H = a 0 . The orthogonality of the first and zero modes 
is checked by the calculation 

J t a it a tt + ii«zo+ J 3*31^30 = 17.000a „a 0 + 85,000 x 0.945a„e 0 + 

+ 27,000 (—3.65a„) a, a 0 

and tho orthogonality of the second and zero modes by the calculation 
A«iz“io+^* a »j <l zo-i-^3‘>3j a 30=17,000a„o 0 +85,000(—0.209a,,) a,+ 

+ 27,000 X 0.008a „a 0 a 0. 

Determination of motion from initial conditions. In writing solu¬ 
tion (7.20) it was assumed that the vibrations were monofrequent, 
i.e., for any disk they were defined by one harmonic 
•Pi = <t| sin (pt+a). 

The existence of a series of values of the frequency p requires 
generalizing solution (7.20) and writing it as 
<n = a„ sin ( p,t + a,) + a n sin (p# +a,) + ... 

...+ fl ( .sin(p„_,( + <*„.,) (i = l,2, ...,«). 

Here the first subscript of the amplitude designates the number of 
the disk and the second, the number of the corresponding frequency. 

To obtain the general solution, it is necessary to lake into account 
a possible rotation of the whole system as a rigid body (this corres¬ 
ponds to the frequency p = 0), i.e., to add a term of the form given 




by (7.19) 

q>, = a«+ «if + a,, sin (Pit + a,) ~ fli*sin (Pi< +**>+■■■ 

... + a,. sin (p„-,< + «n-i) (i = !• 2 .'*)• < 7 - 25 ) 

Equations (7.25) involve 2n unknowns: n — 1 unknown ampli¬ 
tudes of vibration of the first disk (an. «n. • - ®t. »-*)• * * 

■!» initial P h.». (a„ a..«. -,)• If* *"!“ *t dupl.- 

cement a 0 and the angular velocity © (the amplitudes of vibration 
of all the other disks o,» are determined in terms o the amplitudes 
of the component vibrations of the first disk a,»; the ratios a lk la lk 
depend on the number of the frequency k and define the correspond¬ 
ing modes of vibration). 

Thus, for the complete solution of the problem it is necessary and 
sufficient to specify 2n initial conditions, viz. the angular displa¬ 
cements and angular velocities of all the n disks. 

With arbitrarily assigned initial conditions, the vibration of 
each disk will be mullirrequency, i.o., will be made up of the sum 
of harmonics. If the initial angular displacements correspond to 
one of the natural modes of vibration, this and only this mode (and 
the corresponding frequency) will be realized in the further process; 
in the general case, however, the vibration is of a complex nature 
and represents a combination of n modes of vibration. The relative 
contribution of each one depends on how close the assigned system 
of initial displacements is to a particular natural mode. 

Calculation of natural frequencies and modes by the method of suc¬ 
cessive approximations. The method of successive approximations 
( method of residuals) is efficient in the analysis of mullimass systems 
(n > 3) for which even tho first step of the exact solution (the expand¬ 
ing of the determinant and the derivation of the frequency equation) 
presents difficulties. The method is based on the utilization of the 
chain structure of system (7.21). 

Assuming a x — 1 and assigning an arbitrary value of p*, find 
the amplitude a 2 from the first equation of system (7.21), the ampli¬ 
tude a 3 from the second equation of the same system, the amplitude 
“i from the third equation and, finally, the amplitude a n from the 
last but one equation. If the calculated values of and a„ are 
substituted in the last equation 


'« W il 1 n0 ^ ’? general be satisfied becauso of tho arbitrary choice of 
p . The resulting valuo on the left-hand side (residual) characterizes 
the degree of inaccuracy of the assumed valuo of p* and at the same 
lime indicates the way in which tho computing value of p* should he 
changed in tho next approximation. 
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Further the calculation ia repeated for a new value of p ! ; the sign 
and magnitude of a now residual will serve to indicate tho necessary 
correction in the value of p*. The calculation is repeated until a 
satisfactory result is obtained in the last equation. 

It is advisable to arrange tho computations in compact tabular 
form based on relations of the type 

A'i (aj+i—d|) = — Jip*a,—Jzp^ai — ... —Ji/rai (7.2C) 

which result from Eqs. (7.21) after the first i equations of the system 
are added up. Relation (7.26) expresses that the twisting moment 
at a section of the ith portion of the shaft (the left-hand side) is 
equal to the sum of the moments of the inertia forces of all the disks 
located to the left (the right-hand side). 

Assigning a value of p s and assuming a, = 1, we find from relation 
(7.26) for i = 1 



Further we have from the same relation for i = 2 

... -LH+htt 

The general formula is 

2 Ap*«* 

a 1* 1 = — * _l jj-l-Oi- (7.26o) 

In this way the process is carried on up to tho (n — l)th equation. 
After a„ is found thorefrom, we can proceed to the last equation 
and calculate its left-hand side. The result must be zero since, if 
all equations of the type of (7.26) are added up, we shall have 

Jf J h , =0. 


Because of the inoccuracy of the assumed value of p a the result 
will be different from zero. The residual obtained expresses an un¬ 
balanced torque which must be zero if the value of p s is properly 
chosen. 

After a few calculations of this type (for different values of p*} 
wo enn plot a curve of the residual 11 as a function of p* (Fig. 49). 
Tho points of intersection of the curve and the axis of abscissas cor¬ 
respond to the true values of the frequencies. 



Vibration* 


The amount of numerical work can ^^^timaUd roughly 
by .’.ia.plifi.d three-mass sy»em. 



Pig. 49 


_ , ncciiralo scheme of the ship diesel instelU- 

.1 disk. 1. », <■ S sad . 



u 

1 

r 

w \ 


2 

Fig. 50 


to which ore reduced the crunks of engines, flywheel 7 and propeller 8 with 
added mosses of the propeller shaft and water. 

The following data are given: 

/, = /.= /, = J t = J t = J t = 2.830 kgf-cm-sec 5 , 

/, = 85.000 kgf-cm-sec*. 7,=27,000 kgf-cm-sec*. 

k t = k.= A-j = *< = *» = *« = 740 x 10* kgf-cm, b, - 14.8 X 10* kgf-cm. 


To determine approximately the two lowest frequencies, we form a simpli¬ 
fied system (Kig. 500): here Ihc first six disks are replaced by a single one for which 
J i = 6 ’< 2.830 17.000 kgl-cm-scc*. and the numbers of the last two disks 

(flywheel and propeller) arc changed. 

The stiffness of tho first portion in the simplified scheme is 


(the length of portion 1-2 in the simplified scheme is 3.5 times the length of 
each of the portions between disks I to 6 in the given scheme). For this simplified 
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scheme, p\ = 690 soc-* and p| =. 15,000 sec'*, as found in the examples above. 
We assume these values as starling ones and refine them by the Holur-TolU 
method. 

Refinement of first frequency and first natural mode of vibration. Assuming 
p\ = 690 sec-*, we fill in Table 2. 

Table 2 


Computational Table lor First Approximation (p* = 690 sec - *) 



Computational Table lor Second Approximation (j)*=700 sec-*) 


















Tho residual torque (6,007 X 1<W is also very largo but it differs in sign from 











Next, it is necessary to repeat calculations until the difference between the 
frequencies in two successive calculations becomes sufficiently small. This will 
require nt least two moro tables to be filled in (tho true voluo will be found as 
P \ = 17.780 sec-*, i.c.. p 2 = 133 see-'). 

Note that calculations of higher natu- r^K 
ral frequencies aro always rather laho- I I \ 


Flexural Vibrations of Beams \ 

General considerations. Flexural 
vibrations of multimass beam sys- \ 

terns are widely met in engineering 
structures and also in turbines 

which incorporate straight shafts 'sx. 

carrying a number of disks. n 

Consider free vibrations of an p. 

arbitrarily fixed elastic beam carry¬ 
ing an arbitrary Quite number 

of point masses m,, m 2 . .... m„ (see, for example, Fig. 52a). 

As stated above, the method to be preferred in problems of this 
type is tho inverse method based on the introduction of inertia 
forces applied to the massless elastic -framework" of tho system. 

It is then convenient to use the 

ft-—+ • # u -• concept of a unit displacement 

* 9n (a) Mr dcCned as the displacement in 

the i direction due to a unit force 
acting in the k direction (Fig. 52b). 
IV’ ^ If the system is acted on by a 

a- _ 1 ' force Pj, # 1 in the k direction 

_ ant * we w >sh to determine the total 

ft) displacement produced in the i 

direction, we can write y, = P h 6,i, 
Fig. 32 because of the proportionality bet¬ 

ween the force and displacement. 
For a system subjected simultaneously to forces P,. P 2 , .... P„ 
the total displacement is found by summation 


This formula forms the basis for the derivation of equations of 
vibration by the inverse method *. The methods of determining 

* Unit displacements arc also called influence coefficients. P h may imply 
couples; then 6,1, is tho displacement produced by a unit couple P k = I in the 
I direction. 
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■h iI Free Vibrations 


«„ will not be di*»«*d ID diil.ll •>Ibey “JJJ Jj""* 11 ' 

- »J> »U««* “ 

use is made of Mohr's formula 




where El = flexural rigidity which is a function of 

abscissa x in general, 

A f. (x), M h (x) = bending moments produced, respectively, 
by unit forces Pj= 1 and P k (rig. *>"). 
In many cases it is convenient to use Vereshchagin's formula, which 
is a semigraphical interpretation of Mohr's formula 

|V» 6 lk = 2 — . 


1 - 







where £2| = area of a portion of 
Mj diagram. 

Mi ~ ordinate in M,< diag¬ 
ram located directly 
below centroid of Q|. 

When using Vereshchagin's for¬ 
mula, the length of the bar should 
be divided into portions such that 
tho Af* diagram is bounded by a 
straight line within each of them. 

It is well to recall also the vali¬ 
dity of the equality 6 lt , = 6*, which 
is merely Maxwell's theorem in 
symbols. 

Basie equations of problem and 
frequency equation. In the case of 
free vibration of a beam carrying 
masses m h m 2 , .... m„ the inertia 


F,g ‘ 0,1 forces —m, y,. — mjg 2 , .... —m„y„ 

of these masses are the only load 
on the elastic “framework” of the system during vibration. There¬ 
fore, according to formula (7.27) we can write for any displa- 


Vt= ~ t Z m k y„6 lk (i = l, 2.n) 



(7.28) 


or in expanded form 

Vi = —™>yAt ~ - ... - m„y„b, n , 

Jte = — m,yfi 2 , — m 21/2*22 — ... —m T ,y„b v ,, 


.. .. .. I 

y H = — — m^Az— - • - — m n yj>m- > 

The coefficients m h appearing here have a generalized meaning 
since, in problems where one of the displacements, y h , is the angle 
of rotation, by m* is meant not the mass but the moment of inertia 
of the fcth mass about a gravity axis perpendicular to the plane of 
vibration. 

In the simple case of systems of one degree of freedom the basic set 
of equations (7.28) reduces to a single equation with one unknown 
function 

Vt= —m,y,6 tl ; 

it is equivalent to the standard equation my, -j- ky, = 0 ask = 1/6,,. 

A particular solution of (7.28) in the case of systems of several 
degrees of freedom may be assumed in the form 

yi =0| sin (pt-j-as). (7.29) 

Substituting expression (7.29) in Eqs. (7.28), we obtain a system 
of homogeneous algebraic equations in the unknown amplitudes 

a, (TO|6|,p* — 1) + a^tiz 6 l2 p* + ... + a„m„6,„p 5 = 0, 
a,m,6 2 ,p*+a 2 (mzbxp*— 1) + ... + a n m„6 2n p* = 0, 


a t m,bn, p* -l- ajnzbnzp* +...-- (mAnP 3 — 1) = 0. 

This system is satisfied by the trivial solution 
a, = a 2 =... =a„ = 0 

which corresponds to the absence of vibration but it is not unique. 

The amplitudes a i are uot all zero simultaneously if the deter¬ 
minant of the coefficients of the system of equations (7.30) is 
equal to zero 

' n i6nP J — 1 ”*z6izP*.m„6 ln p* 

m,6 2 |P‘ m 2 bzzp" — 1- m n by,p- 


m,6„iP' 6nsP*.mAnP’—1 


-0. (7.31) 












Expanding determinant (7.31), we obtain the frequency equation 
of degree n for the square of the frequency p*; we write inis 
equation as* 

1 _ b,p»+ Oip*—bip* + ... + (— 1)" 6»P*" =-- 0. (7.32) 

The number of roots of Eq. (7.32) is equal to n; denote these roots 

by p’, pi .pi in increasing order of magnitude. All the roots 

are real "and positive, therefore there are just as many values for 
the frequency p (negative solutions have no physical meaning) 

Pi = +V?„ Pt=- +Vj% .P» = +V~P n - 

The general solution of the system of equations (7.28) is made 
up of the sum of particular solutions of the type of (7.29) 

y,= Va lk sin(p,,t + a>) (1 = 1. 2, .... n) (7.33) 

or in expanded form 

y, = a„ sin (p,t + a,) a a sin (p i t + a 2 ) -f ... 4- a, n sin (p„< -|- a„), 
y 2 = a u sin (p,t + a,) + a~ sin (p 2 t + a 2 ) + • • • + *in (p„t 4- a n ). 


y n = a n , sin (p,< -i- a,) - a„ 2 sin (p 2 t + a 2 ) + .. . + a n „ sin (p„f - a n ). 
Thus, multilone vibrations occur in each of the directions i = 
= 1,2,..., n and the number of components is equal to the number 
of natural frequencies, i.e., to the number of degrees of freedom of 
the system. 

We focus our attention on the calculation of the natural frequencies 
leaving out for a while the determination of the amplitudes a,. 

In the particular case of a system of two degrees of freedom the 
set of equations (7.30) becomes 

a, (midup* -1)+a 2 m 2 6, 2 p s = 0, 1 

a,m,6 2 ,p , + a 2 (m 2 6 22 p J -l) = 0 / 

and in place of determinant (7.31) we have 
Im.fiup 1 —1 m,6 12 p' : I 

m 2 6 :? p« -l|-°- ( 7 - 3o > 

The frequency equation (7.32) becomes biquadratic and has the 
following solutions 

-i "■Ai+”'»6«±Vf«'iO |H-m^ 22 )»-4(e„6 w -6f,)m, l ,7 2 

^ S»l<n>(A 1 i« 22 -i{,)-— ( 7JC ) 

• With such arrangement of the signs, all the coefficients b. are positive. 
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; usually the case, the ratio Up is large, then 

S' [ 1+ 'sr ± ('S'+T+l?')] ■ 

the minus sign, we obtain the square of the lowest (first) 



no 


rk.ll Fret Vibration 


nnle it oil = O.i, the second frequency is 12 times tbe 
Delennme"the natural frequences of v.brat.on of 
. --— (see Fig. 23). 


first one. 
beam 


Example 12. t 

“^ i T, l „ h r^ne 0 nn C ft n d7sXce t Ss wTplotWd'ing moment diagrams due to 
oJlultTl I"p : = ■ anTf, = iVig- 55)- By Vereshchagin's formula 
we find the unit displacements 
6„ = 6 j3 =75*, 6 n = U3k. «.,-=6|-=«ss=fii» = 117 *' 

A| J = ^3t = 51*.'- 

In these expressions * « 1*1(9 X 1,296£/). 

Wo now sot up determinant (7.35) 

I 75 mkp 1 —1 117 mkp 1 51 m*P s I 

1117 m*p* 243 mkp 1 —l W mkp 1 =0. 

| 51 mips 117 mkp 1 75m*p*-l| 

Expanding the determinant, we obtain the frequency equation which is 
bicubic in this cose 

77,760 (m*p»)»- 12.096 (m*p*)*+393 mkp 1 —1 = 0 
and has three roots 

„.«sj/f. p.-WI 


(the calculation of these roots is left out). 

Natural modes of vibration. If any of the roots of the frequency equa¬ 
tion is substituted in the system of equations (7.30), one of the equa¬ 
tions will become a consequence of the others, i.e., there will be 
only n — 1 independent equations. These equations relate n am¬ 
plitudes a,i, a t .... a ni (the second subscript indicates the number 
of the root p{ substituted in system (7.30)1 and therefore allow all 
the amplitudes to be expressed in terras of any one of them, say, 
the first one. The ratios a u la u , a 3l la u , . . . define the tth natural 
mode of vibration. Thus, to each frequency corresponds a definite 
mode of vibration; there are just as many such modes as there are 
degrees of freodom of the system. 

As was done above, it may be proved that any two natural modes 
of vibration aro mutually orthogonal 


l a » a I* + m t‘‘zl“2k + ... + ntnOn a„* = 0. 

Example 13. Determine the natural modes of vibration of a cantilever beam 
(see Fig. o4). Since the system has two degrees of freedom, the number of natural 
modes is also two. 

Sulislitiiting llio relevant data 



in the first equation of system (7.31) 

«l (oiiAnpt-I)-)-a 5 m s 6 l2 p> = o. 



xe obtuin 



wo Hod tl >0 first natural mode 

a ai 3 
«u 2/ • 

It is shown in the upper diagram of Fig. 56 and is primarily (characterized 
by tho linear displacement of tho end mass. 



Fig. 56 


To determine the second natural mode of vibration wo must put p J = p?; 
banco wo find 

a», 21 

«„ “ 3p* ' 

this inode is illustrated in the lower diagram of Fig. 5G and is characte¬ 
rized mainly by Hie rotation of the ond mass. 


The fundamental natural mode of vibration of multimass systems 
can be determined by a method of successive approximations gene¬ 
rally similar to Stodola’s method presented in Sec. 4. The advantage 
of this method is that the calculations involve no operations with 
determinants. 

Represent Eqs. (7.30) as 


a, = P 3 (m|6,|d| + m z & tl a z -j- 
a 2 = P* (/n,6 2 ,«t + m 2 6 n o 2 

a„ = p l (m ,6 n| o, + m 2 6 n2 a 2 + 


+ m n 6 in a n ), \ 
+ m„6 2ll a n ), I 

• + m„6nntJ„). J 


(7.37) 


Assigning an arbitrary set of amplitudes (O|) 0 . (a 2 ) 0 .(a*),, 

(a zero approximation to the mode of vibration), we substitute them 
on the right-hand sides of system (7.37) and calculate the expressions 
in the parentheses. Let the resulting quantities be (b,) 0 , (i> 2 ) 0 . ... 

(&„),. Then 


<>i = P s (*>«)». a.-p s (*z)o. 


= P*-(Mu. 





These expressious may be regarded as a new approximation to the 
mode of vibration. Without detriment we may drop the common 
factor p* as the scale of the mode of vibration is unimportant; conse¬ 
quently. the first approximation to the mode of vibration is given 
bv the amplitudes 

(a,), = («:)i = (b 2 )o. Mi = (bn)o- 

Substituting these quantities on the right-hand sides of system 
(7.37), we obtain in a similar way the second approximation, etc. 
Carrying on this process, we may (and quite quickly) come to an 
approximate repetition of the results when the set of amplitudes 
for the (k — l)th approximation will differ from the set of ampli¬ 
tudes for the fclh approximation only by the common scale factor, 

( fl l)* — ( a i)h -■ - ■ 

(«l)*-l - -■■■'" Mk-t 

This completes the determination of the fundamental mode of 
vibration. Then we immediately find the fundamental frequency. 
Since 

(ai)k=P t (ai)k-„ 

we obtain for the square of the frequency 



Automobile Vibration 

The automobile will be treated as a system of elastically connected 
rigid bodies 1 to 5 (Fig. 57a). Here body 1 represents schematically 
the automobile body, and bodies 2 to 5 represent the wheels, whose 
masses are assumed to be concentrated. This scheme is arrived at 
when considering railroad cars, locomotives and other similar trans¬ 
portation facilities. 

The motion of this system during vibration is characterized by 
seven co-ordinates: 

Pi = vertical displacement of centre of gravity ol au¬ 
tomobile body, 

Hz, Vs. Pi* Ps = vertical displacements of centres of gravity of 
wheels, 

p e = rotation of automobile body about lateral axis, 

Pi = rotation of automobile body about longitudinal 

The distribution of the masses of the automobile and of the Stiff¬ 
nesses of elastic connections is nearly symmetrical with respect to 
(he middle longitudinal plane, hence a slight asymmetry is ignored 
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in vibration calculations. The overall process of vibration can then 
be considered as consisting of two independent processes (Fig. 57 b 
and c): 

longitudinal vibrations which are characterized by a vertical dis¬ 
placement of the body (y,), a rotation of the body about the lateral 
axis (y*) and pairwise equal displacements of the two front wheels 
(y 2 = y«) and the two rear wheels (y s = y 5 ); 



Fig. 57 

transverse ( lateral ) vibrations which are characterized by a rotation 
of the body about the longitudinal axis (y 7 ) and pairwise equal dis¬ 
placements of the two left wheels (y 2 = yj) and the two right wheels 
(y* = Us)- 

Accordingly the longitudinal vibrations are defined by four di¬ 
fferential equations and the transverse vibrations by three. Con¬ 
sider the longitudinal vibrations which are of prime importance. 

Denote the stiffnesses of the tires by k, the stiffnesses of the front 
and rear springs by k f and k r , respectively, the mass»s of the body 
and of the wheel by m and m w , respectively. The radius of gyration 
of the body about a lateral gravity axis is denoted by p. In this 
notation the deformations of the springs are 

A/ = yi+oy«—yj (front spring), 

&r=yt — by,—yi (rear spring). 

The equations of motion will be written in Lagrangian form. 
The kinetic energy of the system is made up of the following 
8—513 




Ch.lt Free Vibrations 


W_ 

components: 

-h "pp = kinetic energy of body 
2 _ jjjneiic energy of front wheels 


2 m u9i n kinetic energy of rear wheels 
The total kinetic energy is 

r = 4 l m G/! + P’yJ)+2m„ (tf+ y';)l. (7.38) 

The potential energy consists of tho strain energy of the springs 

2 + 2 -pp -= k i (yi —vt+ a y»Y+K(yi—y 3 —by%)* 

and the energy of the compressed tires 

2-|t+2-Sl-*(»;+»:>. 

The total potential energy is 

U = k, (</. -Vi+oy,Y+kr (y, -y 3 - by ,)* + k (y\ + yj). (7.39) 
In this case Lagrange’s equations are of the form 

my, + 2k, (y,—y 3 +ay,) + 2k r (y, —y 3 —by,) = 0. 1 

2m w y 1 -2k,(y l -y i + ay t )+2ky z = 0 , I (?/|Q) 

2 m u y,—2k, (y,-y 3 + by,) + 2ky 3 = 0, | 
mp’-y» + 2 k,{y,-y 2 + ay,) a — 2k, (y,—y 3 —by,) 6 = 0. ) 

A particular solution of this system is 

yi — a, sin (pt -f-a) (1=1, 2, 3, 6). (7.41) 


The substitution of expression (7.4) in the system of equations 
(7.40) leads to an equation of the same structure as in the problems 
considered above; thus, corresponding to the number of degrees of 
freedom there will be four values of the natural frequency of vib¬ 
ration. 


Assuming the tires to be undeformable, consider a simplified scheme 
of longitudinal vibrations (Fig. 58); this system has two degrees of 
freedom corresponding to the coordinates y, and y,. We put u, = 
= y 3 = 0 in expressions (7.38) and (7.39). We then obtain for 
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the kinetic and potential energy, respectively, 

T=-j-{y\ + P t yt), 

U = k/ (y, + ay ,)* 4- k, (y. — 6y«) 4 . 

Lagrange’s equations become 

my, + 2k, (y, + ay,) + 2k r (y,— by,) = 0, 
mp*y» + 2k, (y, + ay,) a—2k r (y,— by,) 6 = 0. 

Substituting the particular solution (7.41), we have the system 

— ma,p % +2k, {a, + aa,) + 2k, (a, — 6a*) = 0, 

— mp'pza, + 2 k,(a,+ aa,) a—2k, (a, — ba,) 6=0 

a l {—mp* + 2k,+ 2k,) 4- a,(2k,a—2kA) = 0, 1 
a, (2k,a — 2A r 6) 4- a» (— mp t p t 4- 2k/a* 4- 2A: r 6*) = 0. / ( ) 

A non-trivial solution is found by equating the determinant of 

Fig. 58 


the coefficients of a, and a, 
I —mp‘ , + 2k, + 2k r 
| 2k,a—2kJ> 


2k,a-2kJ> I 

—mp i p t + 2k,a t -r2k,b i \ 


Expanding the determinant, we obtain the frequency equation of 
the second degree in p s 

P‘-+ p’) + fc(fc=+p’)] + -^- (« + 6)* = 0. (7.43) 

After determining the frequencies from this equation, we can 
find both natural modes of vibration. To do this, it is necessary to 
form the amplitude ratio using either one (say, the first) of the 
equations of system (7.42) 

mp*-2k,-2k, 
a , 2k —2A>6 


(7.44) 





and substitute both roots of the frequency equation successively; 
the same result can be obtained using the second equation of (7.42). 

Consider the particular case of mass distribution when f> 2 = ab. 
In this case the roots of the frequency equation (7.43) arc 
2*/(«+») . 

mb ' I 


* = mb ’ I 
p , 2*,(a+fr) J 


To determine the natural modes of vibration, we substitute these 






Sic.7 Sj/itimi of Several Dtgrtu 0/ Prtedor, 


117 


In another particular caso when k,a = k,b, Eqs. (7.42) become 
independent 


a, (— mp 1 +2k, -|- 2*,) = 0, ^ 

a, (— mp’p J + 2k/a 1 +- 2k,b 1 ) — 0. J 


(7.46) 


This points to the possibility for purely vertical vibrations invol¬ 
ving no rotation ('bouncing"— see Fig. 59 d) and also for purely angu¬ 
lar vibrations with the centre of gravity fixed ("galloping"—see 
Fig. 59e). Indeed, system (7.46) is satisfied by the solution a, 0, 
a, = 0 if 

-mp> + 2k, + 2k r = 0 (7.47) 


and by the solution a, = 0, a*^ 0 if 

- mp*p* + 2k,a* +2& r h* = 0. (7.48) 


From equality (7.47) we find the first natural frequency 

,,,/SS 

and from equality (7.48), the second natural frequency 

Example 14. Determine the natural frequencies and the natural modes of 
vibration of an automobile for which the following data are given: m = 



Fig. 60 


= 1.6 kgf-sec*-cm-i, v = 122.5 cm, 2 k, = 48.4 kgf-cm- 1 , 2 k r = 37 kgl-cm- 1 , 
a = 131 cm, 6 = 139 cm. 

Equation (7.43) becomes 

p«-117.8p»+3,400= 0, 




P* = (58.9 ± 8.3) 
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oei 1.6x50.6-48.4-37 
«„ = 48.4X131-37X138 
a„ 1.6 x 67.2-48.4 - 37 
_ 48.4X131-37X139 ' 


= -0.0037 ciu-‘, 
.0.0183 cm-*. 


These modes are shown in Fig. 60a and b; the fint mode constitutes primarily 
“bouncing* ol the body, and the second, “galloping". 

Check the orthogonality ol these modes. '* *“* ™“ •" 


!e the orthogonality c< 


na„a 1 ,+mp»a„<ie,=n , a, l a„ (i + P 1 -^--f^-) =°- 


Substituting the values, we obtain 

ma u a lt (1 -15,000 x 0.0037 X 0.0183) a 0. 


8. Vibrations of Bars of Uniform Section 
(Eiaot Solution) 

An essential feature of the process of free vibration of systems 
with continuously distributed mass is that there is an infinite num¬ 
ber of natural frequencies and modes of vibration. 



(C) 

Fig. 61 


Hence the peculiarities of a mathematical nature: instead of ordi¬ 
nary differential equations governing the processes in systems of 
several degrees of freedom we have to deal here with partial di¬ 
fferential equations. Aside from the initial conditions defining the 
initial displacements and velocities, it is necessary to take into 
account the boundary conditions characterizing the inode of fixing 
the ends. 




Longitudinal Vibrations oj Bars 

Basic equation and its solution. In analysing longitudinal vibra¬ 
tions of a straight bar (Pig. 61a) wc shall assume that the cross sec¬ 
tions remain plane and the particles of the bar do not execute any 
transverse motions but are displaced only in the longitudinal di¬ 
rection. 

Let u be the longitudinal displacement of the current section of 
the bar during vibration; this displacement depends on the location 
of the section (co-ordinate x) and the time t. Thus, u = u (x, t) 
is a function of two variables; its determination constitutes the main 
problem. The displacement of an infinitely close section is u + 
4- y dx and hence the absolute elongation of an infinitesimal ele¬ 
ment dx is i£dx (Fig. 61b) and the unit elongation is e = 

Accordingly, the longitudinal force at a section of coordinate x 
may be written as 

N = EAs=EA^-, (8.1) 


where EA is the stiffness of the bar in tension or compression. The 
force N is also a function of the same arguments, the co-ordinate x 
and the time t. 

Consider an element of the bar included between two infinitely 
close sections (Fig. 61c). The left-hand face of the element is acted 
on by a force N and the right-hand face by a force N + ^dx. If 
the density of the material of the bar is denoted by p, the mass of 
the element being considered is p A dx. Thus, the equation of motion 
in the x direction becomes 


-N + (N+l!Ldx)~pAdx££ 


Taking into account expression (8.1) and assuming that 
A = constant, we obtain 

r-u _ &u 
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Following Fourier's method, we s ? k a particular solution of 
the differential equation (8.3) in the form 

B+ X(*)r(<). < 8 - 5 ) 

i e we assume that the displacement u can be represented as the 
product of two functions one of which depends only on the argument z 
while the other depends only on the argument /. Instead of deter¬ 
mining the function of two variables u (x, 0 it is then necessary 
to determine two functions, X (x) and T (f). « acl1 of which depends 

(8.5) i« Eq. (8.3). -« obuin k-X'T - 

= XT, where primes indicate differentiation with respect to x. 
Rewrite this equation as 


Here the left-hand side depends only on x while the right-hand 
side depends only on t; since this equality must be fulfilled identi¬ 
cally (for all values of x and t), each side must be equal to a constant 
which will be denoted by —p* 


— x~=-p'. ~f = —P- 
i have two equations 

T + p*T = 0, X*+^-X=0. 


(8.5a) 


The first equation has the solution 

T = a sin (p< + a) (8.7) 

indicating the vibratory nature of the process. From expression 
(8.7) it is seen that the quantity p, which is as yet unknown, has 
the meaning of the frequency of free vibration. 

The second equation of (8.6) has the solution 


X = Csin-£-x+Z>cos-£-x (8.8) 

and determines the mode of vibration. As will be shown later, the 
frequency equation defining the quantity p is derived by using the 
boundary conditions; this equation is always transcendental and 
has an infinite number of roots. Thus, the number of natural fre¬ 
quencies is infinite, to each value of the frequency, p„, corresponding 
its own function T n (t) defined by relation (8.7) and its own func¬ 
tion X„ (x) defined hy relation (8.8). 

Solution (8.5) is only a particular solution and does not completely 
define the motion. The complete solution is obtained by superposing 
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all the particular solutions 

“= J \X n (x)T n (t). 


The functions X„ ( x ) are called the eigenfunctions of the problem 
and define the natural modes of vibration. They are independent 


of the initial conditions and 
satisfy the orthogonality con¬ 
dition which, when A = cons- 

| X m (c)X n (x)dx = 0 if m#n. 

Boundary conditions. Con¬ 
sider some typical cases. 

Fixed end of a bar (Fig. 62a). 
The displacement u at the end 
section must be zero; it follows 
that at this section 

X = 0. (8.9) 

Free end of a bar (Fig. 626). 
The longitudinal force at the 
end section 



N=EAX'T (8.10) 
must he identically zero, which 
is possible if at the end section 


X' = 0. 

Elastically restrained end of 
a bar (Fig. 62c). Due to the 
displacement u of the end 
section there is an elastic reaction of the support— k„u = —k t XT 
(k 0 is the stiBness of the support). Taking into account expression 
(8.10) for the longitudinal force, we obtain the boundary condition as 



Fig. 62 


k 0 X = EAX' 


if the support is at the left end of the bar (Fig. 62c), and 


if the support is at the right end of the bar (Fig. 62 d). 
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Concentrated mass m„ at the end of a bar. The inertia force 
developed by the mass is 

Since, according to Eq. (8.6), T=—p t T, the inertia force can 
bo written as mtfPXT. Taking into account expression (8.10), we 
obtain the boundary condition as 


if the mass is at tho left end (Fig. 62e), and 

m,p'X = EAX' (8.11) 

if the mass is attached to the right end (Fig. 62/). 

Frequency equation. Consider some typical special cases. 



Fig. 63 


Determination o/ natural frequencies of the cantilever beam shown 
in Pig. 63a. According to expressions (8.9) and (8.10) 

* = 0 at i=0, X' = 0 at x = l. 

Substituting these conditions in solution (8.8) successively, we 


0 = 0, cos 4=0. 


Tho condition C^0 leads to the frequency equation 

cos-4 = 0. 


The roots of this equation 

determine the natural frequencies 

_ (2»—l)n* 
rn 21 


(n = l, 2, ...) 


(«= 1 , 2 , ...). 


( 8 . 12 ) 



The number of frequencies is infinite; the first (lowest) frequency, 
for /»= 1, is 

ji , / B 

Pi= 21 =ir V T ‘ 

The second frequency, for n= 2, is 

3n ,/T 

srK y 

and so on. 

Determination of natural frequencies of the beam shown in Fig. 63b. 
According to expressions (8.9) and (8.11) we have 

X «= 0 at x — 0, m v p 1 X = EAX' at x = l. 

Substituting these conditions in solution (8.8), we obtain 
D = 0, mop 1 sin -^ «= cos -j- . 

Consequently, the frequency equation, with expression (8.4) 
taken into account, is 



the right-hand side of the equation represents the ratio of the mass 
of the beam to the concentrated end mass. 

The solution of the above transcendental equation calls for the 
use of one of the approximate methods. The values of the most im¬ 
portant (lowest) root of the equation p,l/k as a function of the ratio 
a = pAllm 0 are the following: 

a ... 0.10 0.30 0.50 0.70 0.90 1.00 2.00 4.00 10. 

Pll/k . . . 0.32 0.52 0.65 0.75 0.82 0.86 1.08 1.27 1. 

When the ratio a is small, the concentrated mass is the deci¬ 
ding factor and good results are obtained with the approximate 
solution 



Bars of variable section. When A ^constant, we have from 
Eqs. (8.1) and (8.2) 



This differential equation does not yield to solution in closed form. 
Hence, in such cases recourse is made to approximate methods of 
determining the natural frequencies (see Sec. 9). 


68 
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Torsional Vibrations of Shafts 

Torsional vibrations of a shaft with continuously distributed 
mass (Fig. 64a) are governed by equations which are exactly the 
same in structure as the equations presented above. 



(•) (b) 


Fig. 64 


Basic equation and its solution. The twisting moment (if at a sec¬ 
tion with abscissa x is related to the angle of rotation <p by a diffe- 
rential relation similar to expression (8.1) 


(8.13) 


where I p is the polar moment of inertia of the cross section. 

The twisting moment at an adjacent section is M + ^ dx 
(Fig. 64b). 

Denoting by p l p (where p is the density of the shaft material) 
the intensity of the mass moment of inertia of the shaft about its 
axis (i.e., the moment of inertia per unit length), the equation of 
motion for the elementary portion of the shaft can be written as 

-*+(*+£)*- 


or, similarly to Eq. (8 2), 

dx ~ att ■ 

Substituting expression (8.13), we obtain for I p = constant, simi¬ 
larly to Eq. (8.3), 

■j a'f a*tp .. 

tar*—at’ ( 814 > 
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The general solution of Eq. (8.14), as foi Eq. (8.3), is of the 
form 


with 

and 


<p= XX n (z)T n (t) 

X n (x) = Cn Sin + D n cos p -i 


T n (t) — a sin (p n t + On). 


(8.15) 


The natural frequencies and eigenfunctions are determined by the 
prescribed boundary conditions. 

Boundary conditions. For the fundamental modes of fixing the 
ends, similarly to the case of longitudinal vibrations, we obtain 
the following: 

fixed end (cp = 0) X =0; free end (M = 0) X' =0; elastically 
restrained left end (A 0 is the spring stiffness) k^X = GI P X'\ ela¬ 
stically restrained right end — k„X = GI P X'; disk at left end {/„ 
is the moment of inertia of the disk about the axis of the shaft) 
-JoP*X = GIpX'; disk at right end J a p*X = GJ P X. 

Frequency equation. If the shaft is fixed at the left end (x = 0) 
and the right end (x = i) is free, then X = 0 at * = 0 and X' = 0 
at x = l\ the result is similar to expression (8.12) 


(2n — t).i*, 
t2i| 


(»-l. 2. ...). 


If the left end is fixed and the right end carries a disk, we 
obtain the previous transcendental equation 


iL 


If both ends of the shaft are fixed, the boundary conditions are: 
X = 0 when x = 0 and x = l. 

In this case we obtain from expression (8.15) 

Csin-£- = 0, 0 = 0, 

i.e., 

j£- = nn (n = l, 2, ...) 
and from this we find the frequencies 



. 'Lt a-j .-.'s n M? «=* -5 

expression (8.15) we find 

C = 0. / 0 P’ cos — C/ P sin 

[-*]/*--*■ 

Flexural Vibrations oj Beams 

Basic equation. From a course in strength of materials we know 
the relation 


El — flexural rigidity 
y = y(x, f) *= deflection 
M = M (x, () = bending moment 


where 9 = intensity of distributed load. 
Combining expressions (8.16) and (8.17). 


£(«SW 


In the particular case of uniform cross section when El = con¬ 
stant, m = constant, we obtain 

£/d4y 


* The weight of the beam itself also produces displacements which aro limo 

independent and are neglected here. This means that the deflections are measured 
from the position of static equilibrium during vibration. 



Sec.S Bari 0/ Uniform SMI 


127 


Solution of equation. To solvo Eq. (8.19) we assume,* as before, 
y = X(x)T(t). ' (8.20> 

Then 

T_ _ Bl X ty 

T ~ m X ■ 

Since this equality must bo fulfilled identically, each of the 
sides of the equality must be equal to a constant. Denoting this 
constant by —p*. we obtain two equations 


T~p‘T = 0, 
X rv -^X=0. 


(8.21) 

( 8 . 22 ) 


The first equation indicates that the motion is a vibratory one 
with frequency p. The second equation defines the mode of vibra¬ 
tion. The solution of Eq. (8.22) contains four constants, according 
to its order, 

X = C, sin kx+C t cos fcr+Cjsinhfct+C* coshfcr, 

where 


-Vt ■ 


(8.23) 


X =6’,5 + C,T + CJU + C k V, 

where 

S = y (cosh fez+cos kx), 

T = -i- (sinh fcx + sin kx) , 

U = 4- (cosh kx —cos kx), 

V = -j (sinh kx — sin kx) 
arc Krylov's functions. 

It should be noted that 5 = 1, T=U = V = 0 at x=0. The 
functions 5, T, U, V arc related as follows: 


u=\v\ 

f —-i-5'. 


(8.26) 
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Hence the derivatives of expression (8.24) are written as 

X'=HC l V+C^ + C i T^C k U), 1 

X' = fc* (C ( £f + C t V -j- C3S + C k T), > (8.27) 

X’ = k > (C,T+C^J + C,V + C t S). ) 


In problems of the class here considered the number of natural 
frequencies p. is infinite; to each of them corresponds its own 
function of time T„ and its own eigen- 

-function X n . The general solution is 

(0) obtained by superposing the particu¬ 

lar solutions of the form of (8.20) 


(b) 

_ V 

(C) 

V, 

( d ) 


(e) 


Fig. 05 



and the bending moment M 
boundary conditions arc 


y= | X n (x)T„(t). (8.28) 

The determination of natural frequ¬ 
encies and modes calls for the consi¬ 
deration of boundary conditions. 

Boundary conditions. Two boundary 
conditions may be specified for each 
end of a beam. 

Free end o/ a beam (Fig. 65a). The 
shearing force Q = EIX’T and the 
bending moment M = EIX’T are 
zero. The boundary conditions are 
therefore 

X' = 0, X' = 0. (8.28a) 

Simply supported end of a beam 
(Fig. 656). The deflection y = XT 
™ EIX’T are zero. Consequently, the 


X = 0, X'«=0. 


(8.29) 


Fixed end of a beam (Fig. 65c). The deflection y = XT and the 
angle of rotation q> = X'T are zero. The boundary conditions are 
X = 0, X' =0. (8.30) 


Concentrated mass m a at the end of a beam (Fig. 65d). Its inertia 
f °rc? = “'"o XT can be written as m 0 p*Xr with the aid 

of Eq. (8.21); it must be equal to the shearing force Q = EIX’T 
and hence the boundary conditions become 


m v pX = ±EIX’, X' = 0. 


(8.30a) 
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In the first condition, the plus sign is chosen when the concentra¬ 
ted mass is attached to the left end of the beam, and the minus sign 
when it is attached to the right end. The second condition follows 
from the fact that there is no bending moment. 

Elastically restrained end of a beam (Fig. 65e). Here the bending 
moment is zero, and the shearing force Q = EIX’T is equal to the 
reaction of the support — k„y — —k^XT (k 0 is the spring stillness 
of the support). 

The boundary conditions arc 

X’ = 0, EIX" ■= ± k t X (8.31) 

(the minus sign is chosen when the elastic support is at the left end, 
and the plus sign when it is at the right end). 

Frequency equation and natural modes. When written in expanded 
form the boundary conditions lead to homogeneous equations in the 
constants C t , C 3 , C 3 and C*. 

These constants are different from zero only if the determinant 
of the coefficients of the system is equal to zero; this leads to the 
frequency equation. As a result of these operations, we find rela¬ 
tions between C „ C 2 , C 3 and C it giving the natural modes (apart 
from a constant factor). 

The derivation of frequency equations will be illustrated by exam¬ 
ples. 

For a beam with simply supported ends we have, according to ex¬ 
pressions (8.29), the following boundary conditions: X = 0, X" = 0 
when x — 0 and x = l. Using expressions (8.24) to (8.27), we obtain 
from the first two conditions C, = 0, C 3 = 0. 

The two other conditions can now be written as 
C z T(kl) + CJ'(kl) = 0, 

C 3 V(kl) + CJ(kl) = 0. 

In order to have C 2 and C t different from zero, the determinant 
must be zero 

|T(*I) V(H)| 

\V(kl) T (kl) | — 

Thus, the frequency equation is of the form 

IT (kl) + V (M)J [T (kl) - V (kl) | = 0. 

Substituting the expressions for T and V, we obtain 
sinli kl sin kl = 0. 

Since sinh 0, the frequency equation becomes 
sin kl = 0. 


(8.32) 
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The roots of this equation are 

kl=nn (b = 1, 2, ...)• 

Taking into account expression (8.23), we hnd 

(8.32a) 

We proceed to the determination of the natural modes. From 
the above homogeneous equations the following relation between 
the constants C z and C K is obtained 

T (*i) C ‘ 

Consequently, Eq. (8.24) becomes 


X„ = 0T C *£ - Q (Sin k n x sinh k n x -f sin k„l sinh k„x). 

According to condition (8.32) we havo 

X„ = C n sin k„x, (8.326) 

where C„ = C 2 sinh k„l/2T (k n l) is a new constant (its value re¬ 
mains undetermined until the ini¬ 
tial conditions are introduced into 
consideration). 

Consider now a beam ivitli one end 
fixed and the other elastically rest¬ 
rained (Fig. 66). According to expre¬ 
ssions (8.30) and (8.31) the boun¬ 
dary conditions arc: X = 0, X' = 0 
Fi «- 66 when x = 0; X’ = 0. EIX' - k^X 

when x = l. From the first two 
conditions it follows that C, = C t = 0. Using the other two con¬ 
ditions and expressions (8.24) and (8.27), we obtain the equations 
C,S(kl)+CJ(kl) = 0, 

El | C,V ( kl ) -f C,S (kl)\ = A* |CJJ ( kl) + C<V (kl )| 
or after substitution of formulas (8.25) 

sinh kl cos kl— sinh kl cosh kl = . 



to 

is 


Solutions for some other cases may be found in handbooks. 
DetermiruiUon o/ motion from initial conditions. If it is desired 
determine the motion resulting from an initial disturbance, it 
necessary to indicate both the initial displacements and the ini- 
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It now remains In aMlUU tta» rreults in solution (8.34). 

We note again that the choice of the scale of natural modes is 
unimportant. If, for example, we take C K in the expression for the 
natural mode (8.326) a times larger, formulas (8.37)I will give re¬ 
sults a times smaller; after substitution in solution (8.34) the fac¬ 
tor o cancels out. Nevertheless, it is customary to use normed eigen¬ 
functions choosing their scale so as to make the denominators of 
expressions (8.37) equal to unity; this simplifies the expressions 
for A m and B m . 


_ ^ _-'— 

Fig. 67 Fig. 88 


Effect of a constant longitudinal force. Consider the case when a 
vibrating beam is subjected to a longitudinal force N whose magni¬ 
tude remains constant during vibration (Fig. 67). As is known from 
strength of materials, for a beam with a longitudinal force the sta¬ 
tic-bending equation (8.18) is complicated and takes the form* 
(EIyy+Ny-=q. 


Putting g = —my and assuming the Dexural ri 
stant, we obtain the equation of free vibration 


&y_,N_3*y,El d*y __ 
m m dz* ~ 


(8.38) 


Assume, as before, a particular solution in the form y=X (x) T ( t). 
Equation (8.38) then falls into the following equations 


The first equation expresses the vibratory nature of the solu¬ 
tion, while the sqpond equation defines the mode of vibration and 
can also be used to find the frequencies. We rewrite it as 

X ,v +a*X'—Mf-O. (8.39) 

where k is given, as above, by formula (8.23) and 

_ a= V r W- (8.40) 

• Here a compressive force is considered positive 



Sec.8 Dan of Uniform Section 


The solution of Eq. (8.39) is of the form 

X = C, sinh *,i+ C 2 cosh s,x + C 3 sin **r + C t cos s*z, 

where 

Consider the case when both ends of a beam are simply suppor¬ 
ted. The conditions at the left end X = 0, X' = 0 give C 2 =C k — 0. 
Satisfying the same conditions at the right end, we obtain 
C, sinh s,l + C 3 sin s 2 l = 0, 

C,sf sin s,l—CjjJ sin s 2 l = 0. 

Equaling the determinant of the coefficients of C , and C 3 to 
zero, we arrive at the equation 

(s?+*J) sinh s,l sin s 2 l = 0 

sinsjl = 0; (8.41) 

the roots of this frequency equation are 

s 2 f=nn (n=l, 2, ...). 

Consequently, the natural frequency is determined from the 
equation _ 

'/f+Tf+W-"- 

Taking into account expression (8.40), we find 

<8 ' 42) 

The frequency increases in tension (N < 0) and decreases in com¬ 
pression. As the compressive force N approaches the critical value, 
the root tends to zero; at the same time the frequency p„ also tends 
to zero. 

Effect of hoop forces. In the preceding discussion the longitudinal 
force was assumed to be given and independent of the displacements 
of the system. In some practical problems the longitudinal force 
accompanying the process of transverse vibration is induced by 
the bending of the beam and is a type of reaction. 

Consider, for example, a beam with immovable hinge supports 
(sec Fig. 68). When the beam is subjected to bending, the supports 
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ex.rt horizontal reaction, which stretch the team; lire correspon- 
ding tensile force is called a hoop force. If the beam executes trans¬ 
verse vibrations, the hoop force varies in time. 

If at time t the deflections of the beam are defined by the func¬ 
tion y (z), the elongation of the axis can be found from the formula 

The corresponding hoop force is given by Hooke s law as 




Substitute this result 
(with regard to sign) 


i Eq. (8.38) for the longitudinal force N 


I (8 )■*+?§-* 


df- 2ml dz* 

The above non-linear integro-differential equation is simplified i 
this caso by substitution 


where T n = T„ ( l ) is a dimensionless function of lime whose ma¬ 
ximum value may be put equal to any number (for example, unity); 
a n is the amplitude of vibration. 

Substituting expression (8.44) in Eq. (8.43), we obtain the ordi¬ 
nary differential equation 

T„ + c n T + d n T* = 0 (8.45) 


in which the coefficients have the following values: 


It is important to note that the differential equation (8.45) is 
non-linear; consequently, the frequency of free vibration depends 
on the amplitude (sec Sec. 6). 

The exact solution for the nth frequency of transverse vibrati¬ 
on p„ is 

Pn=PnX, 

where p n is the frequency of transverse vibration for no hoop forces; 
x is the correction factor depending on the ratio of the amplitude 
of vibration a n to the radius of gyration p of the cross section. 
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For n = 1 the coefficient x has the following values: 

«i/2p.0 O.S 1 2 S 10 100 

x. 1 1.09 1.31 1.98 4.75 8.53 84.72 

When the amplitude and the radius of gyration of the cross sec¬ 
tion arc comparable, the correction to the frequency becomes signi¬ 
ficant. If, for example, the amplitude of vibration of a beam of cir¬ 
cular section is equal to its diameter, then a,/2p = 2 and the fre¬ 
quency is almost twice as high as in the case of free displacement 
of the supports. 

The case a,/2p oo corresponds to the zero value of the radius 
of gyration when the flexural rigidity of the beam is vanishingly 
small (siring). The formula for p* then gives indeterminacy since 
p = 0 and x-»-oo. Opening this indeterminacy, we obtain the 
formula for the frequency of vibration of a string 

This formula applies to the case when the tension in the string 
is zero at the equilibrium position. Quite often the vibrating-striDg 
problem is stated under other assumptions; it is assumed that the 
displacements are small, the tensile force is specified and remains 
unchanged during vibration. The frequency formula is then 

where A' is the constant tensile force. 


Effect of Inelastic Resisting Forces 


It was assumed above that the bar material was perfectly elastic 
and there was no friction. Let us consider the effect of internal fric¬ 
tion assuming this to be viscous damping; the stress-strain relation 
is then given by 

o = £e-rc^-. (8.46) 

Consider the case of free longitudinal vibrations. In this case the 
longitudinal force is written as 

J \ =a p = EAt + cA^- = EA^ + cA-^j i . (8.47) 


From the equation of motion of an element of the bar there was 
obtained relation (8.2). Substituting in it expression (8.47), we arrive 
at the basic differential equation 


0tu 

dz* 


S*u 

dP 


(8.48) 
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which differs from Eq. (8.3) by the second term which takes account 
of the effect of damping forces. 

Following Fourier’s method, we seek a solution of Eq. (8.48) 
in the form 

K= y X r (x)Tr(t), (8.49) 

where X r is a function of the co-ordinate x only, and TV is a func¬ 
tion of the time l only. 

Each term of the series must satisfy the boundary conditions 
of the problem and the entire sum must also satisfy the initial con¬ 
ditions. Substituting expression (8.49) in Eq. (8.48) and requiring 
that the equality be satisfied for every number r, we obtain 

k-X',T r + - X' r T r = X r T r ; (8.50) 

here and hereafter primes denote differentiation with respect to the 
co-ordinate x and dots with respect to time t. 

Dividing equality (8.50) by the product X r (T r + ^ 7V), we ar¬ 
rive at the equality 

(8.51) 

the left-hand side of which may depend only on the co-ordinate x 
and the right-hand side only on the time t. Since equality (8.51) 
must be satisfied identically, both sides must be equal to one and 
the same constant, which will be denoted by —pi. 

Hence we have the following equations 

x;+£.x r =o, (8.52) 

Tr 4- -§■ p}T r + piTr = 0. (8.53) 

Equation (8.52) is entirely independent of the damping constant c 
and, in particular, remains the same in the case of a perfectly ela¬ 
stic system when c = 0. Therefore, the numbers p r are identical 
with those found above; however, as will be shown later, the quanti¬ 
ty Pr gives only an approximate value for the natural frequency. 
It is important to note that the natural modes are entirely indepen¬ 
dent of the damping properties of the bar, i.e., the modes of free 
damped vibration are identical with the modes of free undamped vib - 



Revert now to Eq. (8.53) which governs obviously the process of 
damped vibration; its solution is 


pr - - P, V < - Hr) 1 ‘ ' <«■»> 


Expression (8.55) defines the rate of damping and expression (8.56) 
the frequency of vibration. 

Thus, the complete solution of the equation of the problem is 


u=2 X*-" rl (A r sia pit + B r cos pit). (8.57) 


The constants C, and D, can always be found from the given ini¬ 
tial conditions. Let the initial displacements and the initial velo¬ 
cities of all sections of the bar be assigned as follows: 

u (*, 0) = f t (x), % (x, 0) = h (x), (8.58) 

where f t (x) and f z (x) are known functions. 

According to Eqs. (8.57) and (8.58) we have at f=0 


l,(x)-gA r X r (x), 


h (X) = 2 (A r pi - Brn r ) Xr (x). 

Multiplying both sides of these equalities by X r (x) and integrating 
over the total length of the bar, we obtain 

j ft (x) X r (x) dx = B r ^ |X r (*)]* dx, 

® 0 , (8.59) 

j h (X) X r (x) dx = (Arpi - B r n r ) j (X r (*))* dx. 

According to the orthogonality condition for the natural modes, 
all the other terms on the right-hand side of these equalities vanish. 
It is easy now to find A r and B r from equality (8.59) for any number r. 

Examining expressions (8.55) and (8.57), we note that the higher 
the number of the mode of vibration X„ the more rapid is the dam¬ 
ping. Moreover, the terms in expression (8.57) describe a damped vib¬ 
ration if p r * is a real number. From expression (8.56) it is seen that 
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this occurs only for several initial values of r as long as the follo¬ 
wing inequality is fulfilled 

•g-Cl. (8-60) 

For sufficiently large values of r inequality (8.60) is violated and 
the quantity pf becomes imaginary. The corresponding terms of the 
general solution (8.57) will no longer describe a damped vibration 
but will represent an aperiodic damped motion. In other words, 
the vibration in the true sense of the word is expressed by only a 
finite part of sum (8.57). 

All these qualitative conclusions are true not only for longitudinal 
vibrations but also for torsional and flexural vibrations. 


9. Vibrations of Bars of Variabls Section 

Basic Equations 

In cases where the distributed mass and the section of a bar are 
not uniform along its length, the equation of longitudinal vibra¬ 
tions (8.3) should be replaced by the equation 

< 9 -’> 

tlie equation of torsional vibrations (8.14) by 

<»•*> 

and the equation of transverse vibrations (8.19) by 

£-("&)-—&• M 

liquations (9.1) to (9.3) can be reduced to ordinary differential 
equations for the function X (x) by means of identical substitutions 
u = X(x)T(t). V = X(x)T(t), y = X(x)T (<) 


(i4X')' + -g-AX=0, 

(9.4) 

(JX'y + jx =o, 

(9.5) 

(Eixy -mp'-x = 0 

(9.6) 


and to one equation for the function T (t). 

Equations (9.4) to (9.6) have variable coefficients in contrast to 
the equations solved above. 

The closed form of solutions can be obtained only in particular 
cases when the variables A, J, El, m are defined by special rela- 
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tions. In the general case recourse must of necessity be made to ap¬ 
proximate methods. Thus, one possible approach is to concentrate 
the distributed mass in a number of points along the length of the 
bar, in which case the system retains only a finite number of degrees 
of freedom equal to the number of points of reduction. Extensive 
use is made of various modifications of the variational method (see 
below). Finally, the method of successive approximations may be 
used to great advantage. 


Rayleigh's Theorem 

According to this theorem, the true value of the lowest natural 
frequency is always less than the approximate value of the frequency 
found by the energy method. We shall prove this theorem for the 
case of flexural vibrations; it can be proved for other cases in a si¬ 
milar way. 

Assume that, in solving the problem of free flexural vibration by 
the energy method, the mode of vibration is chosen as / = / (x ). 
The corresponding static loading [i.e., the loading capable of pro¬ 
ducing deflections described by the curve / (x)| can then be repre¬ 
sented as 

q =(Eirr 

and hence the approximate expression for the square of the frequency 
W-26) is 

J { Ein-fdx 

p* = —i -• (9.7) 

j m/ s dz 

Because of the arbitrary choice of the function / (x) it does not 
coincide with any of the natural modes which give exact solutions; 
however, the function / ( x) can be represented as a series in terms 
of these modes. If the lowest natural frequency is sought, the func¬ 
tion / (x) may be represented as 

f(x)=X l (x) + b i X s (*)±b i X 3 (x)-i-... . (9.8) 

If a good guess is made for the mode of vibration, the function 
/ (x) is close to X , (x) and hence the coefficients b 2 , b 3 , . . . arc 
small numbers. 

Differentiate expression (9.8) twice with respect to z, next mul¬ 
tiply both sides by the flexural rigidity El and again differentiate 
the result twice. We then obtain 

(Eif-y =( Eix\y + b 2 (E/x;y + b,(Eix;y +... . 


(9.9) 
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According to the basic equation (9.6) we can write 

(EIXy=mfiX, (EIXy = mp\X . 

Substituting in expression (9.9), we obtain 

(EirY=m(p\X l + b i p\X l +b,plX 3 + .. .)• (9.10) 

Using expressions (9.8) and (9.10) we form the numerator of for¬ 
mula (9.7) 

j (Elm**- 

= | m (X, + b,Xi + f>,X, + ...) (p\X, + btplXt + b 3 p\X, + ...)dz. 

Due to the orthogonality of the natural modes, all the integrals 
of products where the subscripts of the multipliers are different arc 
equal to zero; therefore 

| (Ein'/dx^pl j mX'di + p*^ j mX\dx+ .... (9.11) 

The denominator of formula (9.7) is obtained by using expres¬ 
sion (9.8) 

j mj*dx= j m(X t + biX t f 6,X,+ ...)*dz = 

= | mX\dx+tZ | mX\dx + bl | mXJ-f .... (9.12) 

Here again, all the terms containing the products X m X„ vanish. 
Substituting expressions (9.11) and (9.12) in formula (9.7), we obtain 
the square of the lowest frequency 

pf jmJrfdi+plfti j mXJ<£*+... 

p 3 =—j-r 2 -= 

j mX\dx+bl j mXJ dx+... 

f mjr}<tr+|Lij j mXldr-L... 

-r 2 -• (913) 

j mA'Jdi-f 6| | mX|<fe+... 


Section 


Since p, < p t < p it .... all fractions p\lp\ are greater than 
unity and hence all terms of the numerator, beginning with the 
second one, are greater than the corresponding terms of the denomi¬ 
nator. Consequently, the whole fraction appearing in expression 
(9.13) is greater than unity, i.e., 

p*>pi, («14) 

as stated by Rayleigh’s theorem. 

Inequality (9.14) is valid not only for flexural but also for 
longitudinal and torsional vibrations. 

Rill's Method 

Assign several functions, /, (x), / 2 (x), ...,/„(*) each of which 
satisfies the geometric boundary conditions of the problem, and 
form (he function / (x) as the sum 

/ ( A ) = c i/i + £ 2 / 2 + • - • "T c nfn- (9.15) 

If this function is substituted in Rayleigh's formula (4.26) 

S EHir-dx 

P '=—t-, (9.16) 

j m/srfx 

the result will depend on the particular choice of coefficients 

c„ c t , .... c„. 

Ritz’s method can be developed using a simple idea: the coef¬ 
ficients c,, c 2 , . . ., c„ must be chosen so that formula (9.16) will 
give the lowest value for p l . From Rayleigh's theorem it follows 
that this choice will provide the best approximation (for a given 
set of functions / ( ).* 

The minimum conditions for p* are 

S Ennuz 

- =0 (1-1,2, ...), 

W 1 * 

i.e., 

[-£- j </T *] [ j mf *] - [£ j mf i<] [ j EUn'd.] -0. 

• Waltlicr Rilz himself used other considerations. 
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Dividing this equation by the integral J mf*dx and taking into 
account formula (9.16), we obtain 

-Jj- j lEIUy-pmftdx-0 (i = 1,2,...). (9.17) 

Equations (9.17) are homogeneous and linear in e t , c*, . . . and 
their number is equal to the number of terms in expression (9.15). 
Equating the determinant of the coefficients of c„ c t , ... to zero, 
we obtain the frequency equation. This equation gives not only 
a good approximation to the lowest frequency but also the values 
of higher frequencies (though to a lesser degree of accuracy); it is then 
possible to find as many frequencies as there are terms in expres¬ 
sion (9.15). 

Ritz's method, just as Rayleigh’s method, provides a means for 
solving the problem when the functions El and m are discontinuous 
or when these functions are represented by different analytic expres¬ 
sions in different portions of the beam. 

Sometimes the same idea is used in an alternate fonn. In the ana¬ 
lysis of transverse vibrations of turbine blades, for instance, a func¬ 
tion / (x) = ax' is assigned (the origin of co-ordinates is at the fixed 
end). By applying Rayleigh's formula (9.16), the frequency is obtai¬ 
ned as a function of the expo¬ 
nent s. Then the value of s is 
determined (usually by calcula¬ 
tion) to which the lowest frequ¬ 
ency corresponds. This allows 
both the mode and frequency of 
vibration of the first tone to be 
determined in a rather reliable 
way. 

Pig. 69 Example 15. Using Kiln's method, 

determine the lowest natural frequency 
of transverse vibration of a cantile¬ 
ver boom oi variable section having a width of unity; the depth varies lino- 
nrly: h x « ± A (Fig. 69): / = ^*3; m = £ *. 

The exact value of Iho lowest frequency as found by Kirchhoff is 
2.657A , f~E 

P ~ l* V w 

For approximate solution wo assume 

/(r)=»C|/|(*)+«j/s(*) +... = e ( (9.18) 
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each lorm ot this expansion salisbes the boundary conditions of tho problom: 
I, (,) = 0. /I (*) = 0 at x = I. 

Limiting the scries to one lorm, wo obtain by Ilayleigh’s method (the error 
is about 3 per cent) 

_ 2.740A../T 
P P V 3p • 

In order to obtain a closer approximation, we take two terms ol expansion 
(9.18) and substitute them in expression (9.17) 

!.[<■.-**+“•• (•.-«+«]-»■■ £ r(l+ ia2 "‘--' 


t+m) ■ 

0 <! and cj successively, 


/ Eh* 

\ 12pM " 

/ Eh* 


30) (30pl« Zh-*- 1 919 


2.060b ,/ E 
P V 3p 

is against the exact value. 


Bubnov-Galerkin Method 

In this method, it is necessary to substitute an approximately 
chosen expression / (x) for X (x) in Eq. (9.6) and to form the integral 

Jl<»/T-«JVI/«l*-0: (9.20) 

from this Rayleigh’s formula (9.7) can be obtained as a special case. 

Assuming / (x) in the form of (9.15) and regarding each of the 
terms as a virtual displacement, we obtain, in place of (9.20), a rela¬ 
tion expressing that the virtual work is equal to zero 

j |(E;r)'-i»P ! /l/i‘&-0. (9.21) 

We can write as many such equalities as there are terms in the 
assumed expression (9.15). Each of Eqs. (9.21) is homogeneous and 
is of the first degreo in the undetermined quantities c ( , c 2 , . . . . 
Equating the determinant of system (9.21) to zero, we obtain the 
frequency equation. 
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The Bubnov-Galerkin method has a peculiar feature relating to the 
boundary conditions. If the functions fi(x) satisfy only the geo¬ 
metric boundary conditions, serious errors may result in the solution 
by the Bubnov-Galerkin method. The point is that by ignoring the 
force boundary conditions for the functions// (x) (for instance, by disre¬ 
garding the condition /I = 0 at a simply supported end or the condi¬ 
tions ft = 0 and /"' = 0 at a free end) we implicitly assume the 
existence of such boundary conditions which are actually absent. 
Evaluating then the total work, we introduce therewith the work 
of these forces, this being the source of the error. To offset the error 
it is necessary to subtract the “excess” work of these boundary forces 
from the left-hand side of expression (9.21). In this case Ritz’s and 
Bubnov-Galerkin methods give the same results. 

A common procedure, however, is to subject the functions befo¬ 
rehand not only to geometric but also to force boundary conditions. 

Example 16. Using the Bubnov-Galerkin method determine the lowest 
frequency of transverse vibration of the cantilever beam considered in Example 
15 (Fig. 69). 

Assuming the mode of vibration as 

wo satisfy both the geometric conditions at the right end and the force condi¬ 
tions at the left end. 

Differentiating / (*) twice, multiplying by 



and again differentiating twice, we obtain 

(£//•)'--^-[(e,-2e s )*+^] . 
Substituting in expression (9.21), we find 

i {[■£%,-->.+¥]- 


(<-■£}]} T 

Hence we obtain the same equations (9.19) as by Dili's method 

dLE 1 s-sx i 
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Method oj Successive Approximations 


VVc shall first prove that the usual process of successive approxi¬ 
mations (sec Sec. 7) leads to the first natural mode. Tho process 
is based on the comparison of two curves, a„ and a n+l , the latter 
being obtained as the deflection curve due to the load ma „; the appro¬ 
ximate value of the square of the frequency is then given by the 
formula 


Similarly to expression (9.8) we represent the starting curve a, (x) 
ns a scries 


a, (x) = X, (x) + b 2 X 2 (x) + b 3 X 3 (*)+... • (9-23) 


The load corresponding to the deflections a t is then 

ma | = mX i + mb 2 X 2 +wtjXj + ... . (9.24) 


Consider one of the components of this load, mb,X,. The deflec¬ 
tions due to the load mpfXj are X ( ; hence the deflections due to the 
load mb/Xi arc b t ip\ times as large, i.e., arc equal to ^ X,. Conse¬ 
quently, the deflection curve due to the total load is defined by the 


. _X L . b t X t Mf, 

2 p] ’’ Pi + pI 


(9.25) 


which differs from scries (9.24)' in that each term is divided by the 
square of the corresponding frequency. Since pi < p 2 , p 2 < p 3 , . • ., 
the curve a 2 (x) is closer to X, (x) than the starling curve a, (x); 
the terms which contain X 2 (x), X s (x), . . . and distort the funda¬ 
mental mode X ( (x) are presented in series (9.25) to a lesser degree 
than in scries (9.23). Carrying on the process, we obtain for the 
(n-~ 1) ih curve 

+*>(£)” *■+*■(£)'"*• + •••]• w 


As can be seen, the higher modes vanish as /»-*- oo and conse¬ 
quently, no matter what the starting curve may be (for instance, 
it may even be very close to the second natural mode), the process 
will eventually lead precisely to the first natural mode. 

It would appear, therefore, that the attempt to construct the 
second natural mode by this method will fail as any distortion 
introduced by the first mode into the approximate second mode will 
increase gradually and, after a large number of constructions, the 
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second type of vibration will vanish altogether and only the first 
type will remain. ... . 

However, by modifying somewhat the method we can have not 
the first but precisely the second natural mode of vibration "refined" 
as a result of successive approximations; this procedure has found 
application in the analysis of flexural vibrations of airplane wings 
and turbine blades. 

The procedure is based on the elimination of the mode X t (x) 
from the starting function a { (x). Suppose that the term correspond¬ 
ing to the first mode is actually absent in expansion (9.23); it cannot 
then appear in any of the subsequent operations and series (9.26) 
becomes 

*.+ ...]■ 

As n -*• oo all the modes of vibration but the second will vanish. 
In order that the process of successive approximations may lead 
precisely to the second mode, it is necessary to eliminate the first 
natural mode X, (x) from the starting function a t (x). 

This can lie done by using, as a basis for constructing the second 
approximation, the function 

“i (*)“<*i (x)— a t X t (x), (9.27) 

where a, (x) = suitable function, 

X, (x) = predetermined first natural mode. 

The coefficient a should be chosen so as to make the mode a. (x) 
orthogonal to tho first natural mode X t (x) 

( ma, (x) X t (x) dx = 0. 

Substituting expression (9.27), we obtain 
j nui l {x)X l [z)dz 


It Kb lhl , "*‘ 1 ™»»t 1* d.tormiced. 

in £t S “ *'“ l i n t? d ■ lt »8« lh " by the us» of expression 

(J.J7), the function a 2 will be closer to the second modp and the 

ubt’oT. wl " prevU ' "btarily eloso .ppbimo- 

However, the first natural mode X ran h* i._ , 
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(9.27) does not ensure the complete elimination of the first mode X t . 
This makes it necessary to correct the function a t again in carrying 
on the process and to take 

a 2 (x) = a 2 (x) — a 2 X,(x), (9.28) 

where the coefficient a 2 is also determined by the condition of ortho¬ 
gonality of the functions a 2 and X, 

| ma 2 (x)X l (x)dx = 0 

which, after substitution of expression (9.28), yields 
t ma t (i) X, (*) dx 

02 = -;-. 

j mXH(x)dx 

Next, the curve a a due to the load' ma 2 must be determined and 
corrected again by the formula 

a s (x) = a ) (x)—a 3 X l (x) 

and so on. 

In this process of successive approximations the orlhogonalization 
accompanies every step of the computations and, continuously 
deleting the "traces" of the first mode, leads to the second natural 
mode and the second frequency; the latter is defined, similarly 
to expression (9.22), by the formula 

i _ (intllmai 
Mmtx 

In the same way, the accompanying orlhogonalization enables 
us to determine the third normal mode and the third frequency, etc. 

10. Two-Dimensional Vibrations of Disks 

In the analysis of vibrations of rotating disks it is customary to 
assume that a disk is a body of revolution having a plane of sym¬ 
metry perpendicular to the axis of rotation ("middle plane"); it is 
further assumed that the inclination of the lateral surfaces of the 
disk to this plane is very small, and the thickness of the disk is 
small compared to its diameter. 

Under these assumptions we may speak of two types of vibration. 
The first type of vibration comprises cases where any point in the 
middle plane of a disk vibrates in the same plane, i.e., executes 

10* 





J4g _ rh.II Free Vibrations _ ^ 

&ssfs & sra.* 

poTnts of the middle plane along a perpendicular to tins plane. It 
has been established that the modes °* two- 

dimensional vibration arc virtually unaffected b> the centrifugal 
effects due to the rotation of the disk; therefore, the rotation of the 
disk is taken into consideration only in the analysis of (lexural 
vibrations. 


Radial vibrations are axisyrainclric two-dimensional vibrations 
in which any point of the middle plane of a disk moves only along 
the corresponding radius; there are no displacements in a circumfe¬ 
rential (tangential) direction or in a 
g 6 • /•" direction perpendicular to the middle 

fcjjjfdr S ^ \ p| anc 0 f t | lc di S k. 

'*-L. a/ \ Imagine an infinitesimal clement of 

\ the disk to be isolated by two radial 
I fiSsur^-l- I a nd two cylindrical sections (Fig. 70). 

\ 'u I Denote by r the distance from the 

\ 9 / centre of the disk to this element and 

\. / by </0 the corresponding infinitesimal 

^ ^ central angle. The normal stresses on 

70 the circumferential and radial sections 

arc denoted by o r and o 0 , respecti¬ 
vely; because of the axial symmetry no shearing stresses occur on the 
faces of tho isolated clement. The normal forces on both lateral 
faces of the element arc ajidr, where h is the thickness of the disk 
which is in general a function of the co-ordinate r. The normal force 
on the inner face is equal to the product of the stress o r and the 
area of the face hrdQ, i.c.., it is equal to ojirdf). The normal force 
on the outer face receives an increment 2.(o,hrdQ) dr and thus is 
equal to oJirdB + ^(o^rdO) dr. 

Based on Hooke's law for the state of plane stress, we can write 


where p is Poisson’s ratio. 



Wo invert tho last relations to express stresses in terms of strains 


= I=p( e ' + l‘«o). 1 

=i~j^( e »+l*er)- J 


Recalling the well-known formulas of strength of materials 


which express strains in terms of displacements (u is the radial 
displacement of the current point), we write relations (10.1) as 

°o = i^j (t+R'St) • J 

Thus, both normal stresses, o P and Oo, are expressed in terms 
of one function, u = u (r, t). By projecting all the forces acting on the 
element on the direction of the radius, wo obtain the differential 
equation of motion 

^a r hr+-^-(c^ir)dr'^ dQ — o,hrdQ—2oohdr^ = phrudrdQ, 

where p is the density of the material of the disk. The right-hand 
side of the differential equation is written taking into account that 
phrdrdQ is the mass of the element. 

Substituting expressions (10.2) and transforming, we arrive at the 
basic differential equation of the problem of free radial vibration 

(f + TT-) + “ ( J HT—i-) = TT«-<*)-- (10.3) 

To solve this equation, we make use of Fourier’s method and seek 
tho solution as the product of two functions 

“ ( r , t) = li(r)T(t), (10.4) 

where R (r) = function of radius r, 

T (<) = function of time t. 

Substituting solution (10.4) in the basic equation (10.3), we sepa¬ 
rate the variables and obtain tho differential equation for tho un¬ 
known function R (r) which, as may be inferred from the solution, 
defines the natural mode of vibration 


(10.5) 
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here p is the unknown natural frequency. 



Since the coefficients of Eq. (10.5) are variable, the solution 
presents difficulties ns a rule. Only in two particular cases can the 
equation be somewhat simplified and solved in terms of Bessel 
functions; these are the case of a two-dimensional disk when h' = 0 

K'+^r+K^- it)- 0 ’ < 10 - 6 > 

and the case of a disk of hyperbolic section when ^*=75- 

n - + «'*=?+a (io.7) 

In the general caso we can use the Bubnov-Galerkin method 
and, assigning the mode of vibration R (r), determine the natural 
frequency p from the equation 

|[*•+*' (t+t)+"(^-^+4)]**-o. 

where r, and r 2 are the inner and outer radii of the disk. 

The function R (r) must be chosen so as to satisfy the boundary 
conditions. A fixed contour involves no displacements u and conse¬ 
quently the condition R = 0 must be satisfied. A free contour invol¬ 
ves no stresses a r and, according to expression (10.2), the boundary 
condition is 

fl'+H-i-O. 


Tangential Vibrations 

The occurrence of tangential vibrations may be visualized as fol¬ 
lows. Let a disk mounted on a fixed shaft be loaded at its outer 
contour with tangential forces forming a couple and at a certain 
instant the load be suddenly released. Then free tangential vibra¬ 
tions are set up in which the points of the disk located on a circle 
remain on this circle and all the radii distort identically. 

Consider two infinitely close points, a and b, in the middle plane 
of the disk which lie on the same radius before deformation. Let 
their new positions after tangential deformation be defined by points 
a, and b, (Fig. 71). The radius vector of the point a rotates through 
an angle q> and occupies a position Oa, and the radius vector of the 
point b rotates through an angle q> + dq> and occupies a position Ob,. 
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Tho angle y between the direction of the rotated element a,b, and 
the new direction of the radius Oa t bi is tho angle of shear. From 
Aa ( h|f>2 we have b t b t = y dr and from A Ob,b t 


Consequently, the shearing strain y is expressed as 


To this picture of the deformation correspond only the shearing 
stresses on the faces of an infinitesimal 
element (see Fig. 70) __ , 

« o -\ 

The normal stresses on these faces are ^ lyu 

zero. Therefore, on the inner face the tan- a 
gential force is ihrdQ and on the outer -- / 


(radial) faces are also acted on by tangen¬ 
tial forces but their expressions are not t 
needed in this case as we shall set up the 
moment equation with respect to the centre 
of the disk. This equation is 


t h*M-[xhr + d -±jjpdr] (r+dr)d0 = 


The right-hand side represents the moment of the inertia force equal 
to the mass of the element p hrdrdQ times the tangential acceleration 
d l <p/«9t ! . Replacing the shearing stress by expression (10.8), we obtain, 
after transformation, the differential equation for the angle of rota¬ 
tion 9 


*' + »' (t + tI+J’’’” 0 ' 


As before, by substitution 

9(r, t) = R(r)T(t) 

this partial differential equation is reduced to the ordinary diffe¬ 
rential equation 

a-+M!+t)-*£“0' 


( 10 . 9 ) 
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where p is Ihe natural frequency of vibration, 


The equation obtained is of the same type as Eq. (10.5) and in the 
general case of the relation h = h (r) we have to resort to approx.- 

mate methods of solution. , . , 

In choosing the function R (r) it is necessary to ensure the ful¬ 

filment of the boundary conditions which are as follows: 

At a fixed contour, q> = 0, consequently 

/? = 0. (10.10) 

At a free contour, r = 0, i.o., according to formula (10.8) 

R' = 0. (10.11) 

If the contour carries a mass of intensity m distributed along the 
perimeter, the inertia force developed by this mass (per unit length 
of the contour) is —mr<p; it must be equated to the tangential force 
x& = Grhtf' also estimated per unit length of the contour: —mrip = 
-■ Grhip', i.o., —mrRT = GrhR'T. But since T = —p l T, the boun¬ 
dary condition is mp*R = GhR'. In choosing the signs here, we 
assumed that the distributed mass was carried by the outer contour 
of the disk. 

After the function R (r) is chosen, the natural frequency can be 
found by the Bubnov-Galerkin method from the expression 

}[«-+«• (4+4-)+«jJ]«*-o. 

In one particular case there is no need to use approximate methods 
since it is easy to find the corresponding exact solution. This is the 
case of a disk of hyperbolic section for which h = blr 3 . Indeed, 
and Eq. (10.9) becomes 


The solution of this equation 

R = A sin + B cos-jp 

must be subjected to boundary conditions. Let, for instance, the 
inner contour of the disk be fixed and the outer contour free. Then, 



according to expressions (10.10) and (10.11), we have 
A sin —■ -{- B cos =0, 

'ip P r t Hi' ., |n pr, _ q 

k, k, k, *, 

Equating the determinant of this system to zero, we obtain the 
frequency equation 



the smut lest root of this equation is 

P i't — *-|) _ a . 

*, “ 2 ’ 

hence we find the first natural frequency of tangential vibration 

11. Flexural Vibrations of Disks 

General Relationships 

Flexural vibrations may be divided into two types: 

(a) Axisymmctric umbrella vibrations in which all the radii of the 
disk bend identically out of the plane of the disk. This mode of 



(a) (b) M Id) 

Fig. 72 

vibration is shown in Fig. 72a and b, where the plus and minus 
signs indicate the direction of displacement of the corresponding 
circular zones of the disk. The middle plane deforms into a surface 
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of revolution during vibration; there may be one or more fixed circles, 
depending on the number of the normal mode of vibration. 

(b) Fan vibrations which are characterized by the existence of one 
or more nodal diameters (Fig. 72 c and d). 

In the general cases the corresponding differential equations have 
variable coefficients and do not yield to integration in terms of 
elementary functions even in simple cases. These problems are 
usually solved by the energy method which involves the derivation 
of the expressions for the kinetic and potential energies. The effect 
of rotation on flexural vibrations is so significant that it cannot 
be neglected. 

Denote by r and 0 the polar co-ordinates of an arbitrary point 
in the middle plane and by w = w (r, 6) the deflection at that point. 
If, as before, p is the density of the material and h = h(r) the thick¬ 
ness of the disk, then the mass of the element is phrdrdQ and its 

kinetic energy is y phrdr d0. The total kinetic energy is 


T-. 


n 


[w(r, 0)) 5 ft(r)rtfrdO. 


( 11 . 1 ) 


For umbrella vibrations, the deflection w is independent of the 
co-ordinate 0 and, in place of expression (11.1), we obtain 

T = np j (m(r)] 5 A(r)r</r. (11.2) 


If there are distributed masses (blades) at the contour of the disk, 
their kinetic energy must also bo taken into account. 

We present, without derivation, the expression for the potential 
energy of a circular plate due to bending 

( 0 . 3 ) 
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potential energy as, due to rotation of the disk, the bending occurs 
in the centrifugal field. This phenomenon was considered above in 
relation to flexural vibrations of a stretched bar (stretched by a cen¬ 
trifugal force, for example). In the present case, to an elementary 
mass phrdO dr corresponds a centrifugal force o> 2 p/ir 2 dQ dr. The addi¬ 
tional energy is ua> 2 p/v 2 d0dr, where u is the radial displacement 
of the element which is expressed in terms of the deflection as 



Thus, the total potential energy for the centrifugal field is 

In the case of umbrella vibrations in which w is independent 
of 6 this formula becomes 

U, = iipw 2 j [ j (^7)'<*■] r'hdr. (11.4) 


Umbrella Vibrations 

In the case of free umbrella vibrations the deflection w is inde¬ 
pendent of the polar angle 0 and can be represented as 

w = R (r) sin pt. (11-5) 

According to formulas (11.2) and (11.5) the maximum kinetic 
energy is 

7’m«* = npp* J Whrdr. (11.6) 

The maximum potential energy of strain according to expressions 
(11.3) and (11.5) is 

I [( i, '+ J T(11.7) 
Using expression (11.4), we find 

if,m«x = npw 2 J j (R')* dr ] r*h dr. 


( 11 . 8 ) 
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Based on the law of conservation of energy, we can write * 

T nui = U mu + U •max' 

substituting expressions (11.6) to (11.8) and solving the equation 
for the square of the frequency, we find 

+w* j [ J («')* <*■] r'h </r} : { j" Wlr ^ r }- (l 1 - 9 ) 

The substitution of a suitable function R (r) will enable one to 
calculate without great difficulty the approximate value of the 
lowest frequency. This function must satisfy at least the geometric 
boundary conditions at r = r t 

R = 0. *'=0. (11.10) 

Compare the results of using four different choices of the function 
R (r) for a disk of uniform thickness. All the variants satisfy condi¬ 
tions (11.10) and correspond to the simplest mode of vibration invol¬ 
ving no nodal circles. 

Pint variant. R — (r — r,)* gives a value for p® that is 49 per 
cent too high, os compared with the exact value. 

Second variant. R = (r — r,)* contains one undetermined para¬ 
meter; its value is chosen so as to obtain the minimum value of p®. 
It is found that t -- 1.35 and the error in the calculated square of the 
frequency is 7.6 per cent. 

Third variant 

/{ = (i— r,)® 11 -fa (r-r,)| 

also contains an undetermined parameter a. The minimum condi¬ 
tion for the frequency gives a value a = —0.403 and leads to on 
error for p® even smaller than in the second variant (6 per cent). 

The foregoing variants have one disadvantage in common (though 
to a different degree): while corresponding to the kinematic condi¬ 
tions at the inner contour they do not satisfy the jorce conditions 
at the outer contour. 

A radical improvement is attained by using the fourth variant 
R = ( r -■ r i) t l 1 + a (r-r ,) + b (r—r,)*], 


* In a more accurate solution it u 
during flexural vibrations by hoop fo 
disk). 


necessary also to include tho work done 
(acting in tho middlo surface of the 
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where the coefficients a and b are chosen so as to satisfy the condi¬ 
tions at the outer contour as well. The error in the result is then 
only 1.6 per cent. 

This example demonstrates the importance of satisfying as many 
boundary conditions as possible when using not only the Bubnov- 
Galcrkin method but also Rayleigh's method. 

Fan Vibrations 

In this case, in place of expression (11.5) we have to assume for 
the deflection w a function which reflects also the dependence of the 
deflection on the polar angle 0. Bearing in mind the periodicity 
of this dependence, we can assume 

w= R(r) cos nO sin pt . 

where n = 1, 2, . . . is the number of nodal diameters whose points 
arc not vibrating; to each mode of vibration corresponds a definite 
value of the frequency. 

Further solution is carried out in the same manner as above. 
As a result, we obtain a formula similar to (11.9) but containing 
also the number n of nodal diameters. In this case the application 
of different variants of the function R (r) leads to very close results 
which arc in good agreement with the exact values (the error is 
about 1 per cent). 

This difference from the case of umbrella vibrations is no mere 
chance. The point is that the approximate mode for umbrella vibra¬ 
tions satisfies the conditions only in the root and peripheral regions 
whereas for fan vibrations it satisfies the conditions along all the 
nodal diameters as well. 

12. Flexural Vibrations of Rectangular Plates 

In the general case of a plate of variable thickness the solution 
in closed form is not possible; for such problems use can be made 
of the energy method. If a plate has a uniform thickness, the problem 
becomes less complicated and admits a relatively simple solution 
for some boundary conditions. 

Plate of Uniform Thickness (Exact Solution) 

If a plate carries a static distributed load q and the deflections w 
of points of the middle surface are small, the following differential 
-equation applies 

■ o d*w . d*w _ q_ 

3x* dx* flyJ + Oy' ~ l) ' 


( 12 . 1 ) 
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where the flexural rigidity of the plate is 
Eh » 

D “ 12(1—p*) ’ 

In problems involving free vibrations, only the inertia forces cons¬ 
titute the load _ 

(‘2-2 

where p = density of material, 
h = thickness of plate. 

Substituting expression (12.2) in Eq. (12.1), we arrive at the basic 
differential equation 


i w=W(x,y)T(t), 

we obtain the differential equation 
for the mode of vibration W (x, y) 
*W ,, W . »*W _ phpi 

~Si r t4 ' du* d 

(12.3) 

in the case of n rectangular plate with simply supported edges this 
differential equation has tho particular solution 

IF-zi^sin^sin-^ («n= 1,2, ...; n= 1, 2. ...), (12.4) 


Pig. 73 


where a and b are tho sides of the plate. 

Relation (12.4) is illustrated in Fig. 73. During vibration any 
straight lino parallel to the x axis deforms into a sine curve involving 
m half-waves in tho interval (0, a)(m = 4 in Fig. 73); likewise, 
straight lines parallel to the y axis become sine curves with n half¬ 
waves (n = 2 in Fig. 73). 

Expression (12.4) satisfies the boundary conditions at the contour 
(zero deflections and zero bending moments) 

H '“°* •^ 1 +M-JS : = 0.tx = 0nndx = «.. 


-?l 1 + l‘-^ = 0aty = 0andy=6. 
Substituting expression (12.4) in Eq. (12.3), we obtain 
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hence we find the natural frequency 

The frequency depends on the numbers m and n defining the num¬ 
ber of half-waves into which the plate is subdivided in either direc¬ 
tion. The lowest frequency corresponds to the case when the plate 
is bent in one half-wave in either direction (m = 1, n = 1) 

<12 - 5 > 

If one of the sides of the plate is considerably larger than the 
other, one term in the parentheses becomes very small as compared 
to the other and vanishes in the limit. Let, for instance, a/b-t-oo; 
formula (12.5) then takes the form 

P" = -wV 3p(t—n») ' (12.6) 

In this case the middle surface of the plate is bent to cylindrical 
form during vibration; it may be said that the plate is made up of 
a number of identical (and identically bent) beam-strips of span b. 
If we assume that these beam-strips do not interact with each other, 
their natural frequency can be found by formula (8.32a) substituting 
the moment of inertia of the cross section / = h 3 / 12 (the width 
of the beam-strip may be taken equal to any number, say, unity) 
and (he intensity of the distributed mass m = p h. The' natural 
frequency is then given by expression (12.6) but with no divider 
1 — p ! under the radical. This difference is due to the fact that the 
lateral deformation of a beam-strip forming part of the plate is 
restrained by adjacent beam-strips whereas an isolated beam-strip 
is free of all restraints. 

The foregoing solution owes its simplicity not only to the simple 
shape of the plate but also to the boundary conditions. For other 
modes of fixing the edges, we have to resort to approximate methods 
for solving the differential equation (12.3). 

Approximate Solution 

The application of Rayleigh's or Ritz's method involves the use 
of the expression for the potential energy of a rectangular plate due 
to bending at the time of maximum deflection 

o-— 

+ 2 <*-i‘)(-S ■)*}***>■ 


.(12-7) 





The maximumkinetic energy of an element of the plate dx dy 

upon substitution w = W sin pt assumes the form — W*dx dy. 
The total kinetic energy of the whole plate is 


T max =-!£ | | W'-hdxdy. (12.8) 


Equating expressions (12.7) and (12.8), we obtain 


f f f n f/W\ , /W\i , o 9*W 3»V , 

p = {)i/[(^r) + (-5F) + 2 “^~aF + 

+ I <‘-r)(Sn**} ! '[{ I <«■»> 


lly suitably assigning the form of the function W (x, y) an appro¬ 
ximate value of the square of the natural frequency can bo found 
from formula (12.9). 



CHAPTER III 


CRITICAL STATES 
OF ROTATING SHAFTS 
AND ROTORS 


13. Shaft with One Disk 

The rotation of an unbalanced shaft is always accompanied by 
more or less intensive transverse vibrations. The amplitudes of 
vibration depend on the speed of rotation and at certain critical 
values of the speed characteristic of a given shaft they build up so 
violently that upset the normal service conditions and may cause 
rupture of the shaft. The critical state cannot be avoided even by 
very thorough balancing. Care must therefore be taken to keep the 
operating speeds far from critical values. 


Critical Speed 


Consider a shaft with a disk of mass m mounted on it with eccentri¬ 
city e. In order to eliminate the effect of gravity and consider the 
phenomenon in the purest form, we assume that the axis of the shaft 
is vertical (Fig. 74). The shaft has a circular section and rotates 
in hearings; the disk is located halfway between the supports.* 
When the shaft rotates with an angular velocity e>, the centre 
of gravity of the disk moves in a circle and a centrifugal force deve¬ 
lops. If the deflection of the shaft produced by this force is denoted 
by r, the resultant eccentricity is found to be e + r and, consequent¬ 
ly. the centrifugal force is mu* (e — r). In order to determine the 
deflection r, the centrifugal force should be divided by the bending 
stiffness of (lie shaft k 

m«ii*(«+r) . 

k ’ 


hence we find that the deflection of the shaft is proportional to the 
initial eccentricity 




(13.1) 


• The subsequent, arguments hold true also for a more general arrangement 
of supports provided the stillness of the shaft is the same in all directions and 
the plane ol the disk remains perpendicular to the axis of rotation when the 
shaft is bent. 
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An important conclusion may be drawn from formula (13.1): 
if the equality k = mu 1 is fulfilled, the denominator on the right- 
hand side of formula (13.1) is zero and the deflection becomes infinite. 
The critical state occurs at a definite value of the angular velocity 

10,, = /5. 03.2) 

which, as can be seen, depends on the parameters of the system. 
This speed is called a critical speed of rotation ; it coincides with the 
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Fig. 74 
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Fig. 75 


natural frequency p of transverse vibration of a non-rotating shaft- 
disk system; the stiffer the shaft and the lighter the disk, the higher 
is the critical speed. 

From formula (13.2) we can obtain an expression for the relative 
deflection of the shaft 



The curve obtained by plotting rte against the ratio co/(d cr = mlp 
is shown in Fig. 75. The analysis of formula (13.3) and Fig. 75 indica¬ 
tes that when the rotation is slow the deflections r are small and 
increase with increasing speed; the centre of gravity S of the disk 
is farther from the centre of rotation 0 than the centre W of the 
section of the shaft (Fig. 76a). If g>/<d c , = 1, the deflection becomes 
infinite (critical state). 

In the postcritical region when <0 > <o er the deflections are again 
finite but opposite in sign to the initial eccentricity. Figure 765 
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shows Ihe relative positions of the centres S, 0 and W corresponding 
to this case. When the rotation is fast (o) > o) cr ), the centre of gra¬ 
vity S of the disk is closer to the centre of rotation 0 than the centre 
\V of the shaft. The higher the speed, the closer is the centre of gra¬ 
vity S of the disk to the centre of rotation 0; as e> -► oo the centre 
of gravity of the disk approaches indefinitely the axis of rotation. 
Thus, at very high speeds th; disk is self-centred. Therefore, making 
the shaft very flexible (i.e., providing small values of u cr ), it is 
possible to obtain a well balanced system; this is used in designing 
shafts of high-speed turbines where 
flexible shafts are found to be more 
rational than rigid ones. 

The critical state was defined above < 
as the stale in which the deflections of 
the shaft increase without limit if the 
disk has an initial eccentricity. Another 
possible interpretation of the critical 
state will be used in what follows. From 
expression (13.1) it is seen that if e = 0 
and at the same time k = mu 2 , the 
deflection r is indeterminate. This means 
that at a) = (■> cr a completely balanced 
shaft loses the stability of straight-line 
form* If this form is disturbed (for exam¬ 
ple, by impact), the shaft has no tendency to restore it; the point 
is that the elastic reaction kr is exactly balanced by the centrifugal 
force mwJrT due to the deflection r. 

At any fixed value of the speed (except e> = (o cr ) the rotation 
is accompanied by a definite and time-independent deformation of 
the shaft. During the motion any fibre remains stretched (or compres¬ 
sed) the same amount regardless of time. In this sense the phenome¬ 
non under consideration can hardly be regarded as an elastic vibra¬ 
tion though for a fixed observer the motion looks like a vibration 
in two directions. 

The critical state is usually considered impermissible in service 
and it is customary to indicate a forbidden range of dangerous values 
of speeds near u cr (for example, between 0.7 <■>„ and 1.4 w cr ). 



Fig. 76 


Free Vibrations about Steady-State Position 
As previously noted, in the steady-state motion (io =y£= <o er ) there 
are no elastic vibrations in the usual sense as the stresses and strains 
at any point in each section of the shaft are unchanged. Of some 
interest is the process of free vibration about the steady-state posi¬ 
tion. 
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. . ,1.;. nrncess wo rovcrt to the simplest scheme 

To investigate ^assume e = 0. Then, at « *= « cr 

zf si.srr ■* ■ ■»»'■*•'~ 

ordinates. „, ifinn <hc centre of rotation 0 and the 

.jaaiaifnr-i. - *•*»»- * «■>* 



co-ordinate system yz rotates with a uniform angular velocity <■> 
equal to the speed of the disk; the latter will be considered constant 
(this can always be provided by proper variation of the tor¬ 
que). 

During the motion the disk is acted on by an clastic reaction 
of the shaft equal to kr\ Figure 77 a shows its projections on tho y 
and z axes oqual to —ky and —kz, respectively. Tho projections 
of the inortia forces of the disk are represented in separate diagrams 
(Fig. 776 to d): the projections of the inertia force in relalivo motion, 
—my and —mz\ the projections of the inertia force in baso motion, 
mtsfiy and mto’s; tho projections of the Coriolis force, —2m<az and 
2mtay. 



(13.4) 


Tho equations of motion of tho disk are 

— ky — my + moi*y — 2mti>z — 0, ) 

-kz — mz-\- muflt + 2rm>y = 0. J 
Using the relation k=mp 1 (where p is the natural frequency of 
the non-relating system, p —oj er ), wo obtain the l>a3ic system of 
equations 

r+O'-rfhr+fci-fcl (13 . 5I 

z t (p 1 —<*>') 2 — 2<tiy = 0. J 

When p its particular solution can be assumed in tho form 
y = a, sin (X/ + a), z = a 2 cos (>.t -j- a). (13.6) 

Substituting expressions (13.6) in Eqs. (13.5), we obtain 
-a l X‘ + (p t -<o‘)a l —2b>o t /.*=0, 1 
-«z*. , +(p 5 -o> I )aj-2<i>a,). = 0. J ' ‘ 1 

This homogeneous system has non-vanishing roots only if the 
determinant of the coefficients of tho system is zero 

Lo 

-2o>). p»_o,*_X* v ’ 


[(p* _ to*) — X=J* — (2o.X)* = 0. 
Hence we find two roots for X* 

M = (P + “)*, K=(P — “)*• 


Substituting each of theso roots in cither of Eqs. (13.7) successive¬ 
ly, we can find tho relation between the amplitudes a, and o 2 . To the 
first root corresponds the equality a t = a z and to the second. 


The general solution of system (13.5) must therefore be written as 
A , sin [(p + to) t + a,) + A z sin |(p—«o) / + eu), 
z = /I,cos |(p + to) t + a,| — i4 s cos|(p — to) t + o*l. 

The constants At, A 2 , a, and a 5 are determined by the initial 
conditions of the motion. 

Thus, any disturbance lends to olaslic vibrations with constant 
amplitude; this is indicative of the stability of the undisturbed 
slalo of equilibrium both at <■> < p and at <o > p (the case of w = p 
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is excluded from consideration for the present). It might be well 
to note that the frequencies of both vibrations, o> + p and <•> — p, 
observed in the rotating system of co-ordinates, differ from the 
natural frequency of vibration of the non-rotating system. 

In the particular case when at = p one of the frequencies vanishes 
and the corresponding component of the motion is no longer a vibra¬ 
tory one; this points to tho instability 0 f 

© the undisturbed state of equilibrium. 

The system represented in Fig. 78 posse- 
fl sscs somewhat different properties. In this 
system, which also rotates with an angular 
velocity <■>, an elastically restrained mass m 
may slide along a guide AB; in a rotating 
system of coordinates, z = 0 and the motion 
i I is defined by a single function y ■— ij (<). 

Assume that the stillness of the spring is 
v k and the position of the mass on the axis 

|J of rotation corresponds to the state of equili- 

brium. We investigate the properties of the 
Fie 78 motion of the mass when this stale is upset. 

Assume that at a current instant tho mass 
is' at a distance y from the axis of rotation. 
In writing tho differential equation of relative motion of the mass 
it|is necessary to take, into account the spring force — ky and the 
inertia force in base motion mo)*y; we thus obtain 


»+(£— 


p=asin(}/±.-( 1 ,*« + o) 


with a frequency Vkin — w* lower than tho frequency of vibration 
of the mass p = |/"kin without rotation. 

Insofar as the disturbed motion is a vibration with constant 
amplitude the undisturbed state of equilibrium of the mass (on the 
axis of rotation) should bo considered stable. 

Let us now turn to the case when 
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The solution of the differential equation (13.8) assumos then 
tho form 

y = asinh 

i.c., wo have an aperiodic motion of the system away from the origin 
of co-ordinates. This means that the undisturbed state of equilibrium 
is unstable in the present case. 

We may finally concludo that the system under consideration 
is stable only at angular velocities lower than the natural 'frequency 
of vibration of the non-rotating system. It will be recalled that 
a disk mounted on a shaft (see Fig. 74) is stable at any values of the 
angular velocity to different from <a er , both at u < co cr and at 
o> > a> er ; this is the basic difference between the systems of Figs. 74 
and 78. 

The stability of the system in Fig. 74 at <o > a>„ is due to the 
relative motion in the z direction and the associated Coriolis forces 
acting along the y axis. 

Gyroscopic Effect 

We have considered the case when n rotating disk remains in the 
same plane at all times. This is true, for instance, of a two-support 
shaft with a disk placed halfway between the supports and is a direct 
consequence of symmetry. In most cases, however, the plane of the 
disk changes its orientation during the motion; this is accompanied 
by specific phenomena which arc known as gyroscopic effects. 

Let us first consider an auxiliary problem of a rigid body consi¬ 
sting of a thin disk and a shaft and rotating about an axis A A, which 
makes a small angle a with the shaft axis (Fig. 79a): the angular 
velocity is co and the distance A from the centre 0 of the disk to the 
axis of rotation is constant. 

In this motion any point of the disk describes a circular path 
whose radius r is equal to the distance from the point to the axis AA 
accordingly an clement of mass dm develops a centrifugal force to*rdm. 

Attach the axes of a moving co-ordinate system xy to the centre 0 
of the disk. The centrifugal force oi’rdm is parallel to the xy plane 
and can be resolved into components o»* (x + A) dm (parallel to the 
x axis) and tohjdm (parallel to the y axis). Rcduciug the set of all 
centrifugal forces to centre 0, we obtain the components of the 
resultant inertia force 

P„ = J (o’ (x -(- A) dm = mw*A, 

P y = £ <o*pdm=0, 
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i.e., tlio resultant inertia force is directed along tho x axis and has 
no components along the other axes. 

Consider the determination of tho moments of inertia forces with 
respect to tho x and y axes. Tho point of application of an elomcnlarv 
centrifugal force is at a distance ax from the xy plane. 



Hence the moments of these forces with respect to the above axes are 
M *= J i«otyd/n = 0, 

A/|, " = ~<I 2a<0 ^- c + A ) <fol = —J u <o*a, (13.9) 

Figure 796 showsTh?icUono?the 0 foree />'* antUh 1 dian,e ‘! r - 

axis l&SZJk 

*-j« of lhe gyroscopic effect. ot,l 'on; this is an essentia) 

the distortion* of'the* d°isk /taoi'assira j*k° } >as,c Problem. Usually 
tion of the shaft, as when the Tcf'* b , Ut resulls fron > the doflec- 
(Fig. 80s,. Assume no inSl ^nttily .‘M °® lh ° mid ' s P an 
eccentricity and determine tho critical 



speed from Iho condition of equilibrium of tlie dollectod axis of the 
shaft. Let r he the deflection of tho shaft axis at the section where 
the disk is attached; a the angle of rotation of this section. The 
shaft is acted on by a centrifugal force mo»J,r and a moment 
—y„o>?ra. Wo make use of unit displacements (Fig. 806 and c): 

‘ 6„ - deflection of shaft at the plane of disk due to unit 

centrifugal force, m z r 

6 ra = deflection of shaft at i 

the plane of disk due t 

to unit moment, /T -N 1 

6 ar = angle of rotation of _L-- V——b - 

the piano of disk duo K 

to unit centrifugal —^-jy^'i- a ^ r ' 

force (6 ar = 6 ra ), 

6 aa = angle of rotation of (a) 

the plane of disk due > 

to unit moment. • / *A| 

Using the unit displacements, 1 

wo can write tho total displace- - 

meats r and a as ' ^-T 

r= mo>? r r6, r — ^ u mIrCt6 ra , ^ 

a = ma)J,r6 ar — s 

r (1 - mto? Ar) + J A«<* = 0,1 _ 

— r/n*^ ar +a(l+.V>!,6 aa )-0.J Jr 1 ^ 

(13.10,- i. 

The two algebraic equations ob¬ 
tained arc homogeneous in the Fig. 80 

unknowns (deflection r and angle 

a); hence, in order to have displacements r and a different from 
zero, the determinant of the coefficients of the system of equations 
(13.10) must be zero 

11 — rmo’,6 rr J u <o!r6 r ~ I 

I 

Expanding the determinant, we obtain a biquadratic equation for 


Expanding the determinant, 
the critical speed 

, mb,,— Sp6 aa 


i a rf -e ir) =°- C13.12) 


Equation (13.10) has only one positive root for <oJ r and therefore 
determines a single value oj the critical speed. If the actual speed 




differs from a> cr , the determinant of the coefficients of system (13.11) 
will not be zero, and hence r = 0 and a = 0. 

Let us consider in detail the case of an overhanging shaft. In this 
case I 

6 " = W 1 6« = 6ar = -2£/ • «-=£/ 

and Eq. (13.12) becomes 

< 13 -' 3 > 

For further analysis it is convenient to introduce the dimension; 
less parameters 


In place of Eq. (13.13) we then obtain 

I-- 0 ' 

*- 2 [( 3 -i) + /FiF+I] 

(the negative sign before the radical is left out as leading to a phy¬ 
sically impossible result). Figure 81 shows the graph K = K (D). 



The limiting cases are D = 0 (inertialess disk) and D oo (disk 
of infinite rotary inertia); in the former case wo have the common 
result (<o| r = ZElImP) and in the latter, the result corresponding 
to a disk which maintains the same plane of rotation. 
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If the gyroscopic effect is neglected, we obtain from tlie elementary 
formula 



Thus, the gyroscopic effect increases the critical speed by nearly 7 per cent. 
The increased critical speed is the result of the larger stiffness of the system due 
to the resistance offered by the disk to a chango of the plane of rotation. 


Critical Speeds of a Shaft Whose Section Has 
Different Principal Moments of Inertia 
Consider the case when the section of a shaft has diSerent princi¬ 
pal moments of inertia (shaft with keyways or flats, rotor shaft 
of a double-pole electric machine with longitudinal slots for the 
winding, etc.). Assume no initial eccentricity and neglect the gyro¬ 
scopic effect; those simplifications help in revealing the effect of the 
main feature—the difference in the flexural rigidities of the shaft. 
The angular velocities of the shaft and disk are assumed to be the 
same and constant in time; as pointed out above, this can be provided 
by proper variation of the external torque. 

We follow the samo line of reasoning as above and consider the 
disturbed position of the section shown in Fig. 83. Here, a rotating 
co-ordinate system should be chosen more specifically. In discussing 
the diagram of Fig. 77, the coordinate system xy was assumed to 
rotate with the same angular velocity m as the disk; we now further 
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axes of inertia of the shaft section (M and 2-2). The parallel sm 
will be maintained at all times as the .nguJarvelMitiesofthcdisk 
and the co-ordinate system are the same. 

of motion of the disk will be of the form of Eqs. (13.4), but instead 
of the stiffness k wo have to deal 
with two stiffnesses, Ar, and k 2 , which 
l arc different for axes 1-1 and 2-2. We 

z y obta ' n then the system 

\ / ’Hw s' —Jfc,p— my+nwPy — 2miaz=0, | 

V s/yat — k 2 z—mz-\- murz 2rrmy = 0. J 

_ \ (13.14) 

^ Replace k t and k 2 using the formulas 

Fig 83 k, = mp], k 2 = mp\, (13.13) 

where p, and p 2 are the natural frequencies of vibration of the 


where p, and p 2 are the natural frequen 
non-rotating system. 

Similarly to Eqs. (13.5) we then obtain 


» + «-•’>»+ 2 *»- 0 . 1 (13 . 16| 

z + (p\— w*)s—2o»y = 0. J 


We are primarily concerned with determining the angular velo¬ 
cities 0) at which the critical state occurs. An inspection of system 
(13.16) indicates that the critical states correspond to the angular 
velocities e> = p, and «e = p 2 . In the first case we have the solu¬ 
tion y = constant and 2 = 0, and in the second case, y = 0 and 
2 = constant. Both solutions define the critical stale since the 
deflection of the shaft is maintained with no initial eccentricity e. 

It remains to be seen what the state of the shaft is at angular 
velocities <■> lying in the interval !p„ p 2 l- We shall prove that the 
critical states correspond to this entire interval. 

The solution to the system of equations (13.16) is sought in the 
form 

y = a,e t ‘ l , ^ = a^e , •'. (13.17) 

Substituting expressions (13.17) in Eqs. (13.16), we obtain two 
homogeneous equations in a, and a 2 

(k* 4- p]—<o*) a, 4- 2o >Xa 2 = 0, 

—2 wXa, -f (/.* + p\- a>») a 2 = 0 . 
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The condition of non-zero solutions for a, and a 2 is 
w* 4-2coX I 
| — 2coX X* 4-pJ-co* | = °’ 

i.e., 

fc* + X* (p*+ p\ + 2a>*) _ (p* _oo*) </>*— g»*) = 0. 

Solving this biquadratic equation, wo obtain two real roots for X* 

»•* -41 - M+j!+ 2»’) ± K(fFiS T +K r ffi+pSI- 

Therefore all roots X ( (i = 1, 2, 3, 4) are puro imaginary or real. 
To imaginary roots corresponds a vibratory motion with constant 
amplitudes, and to negative real roots corresponds an aperiodic 
damped process. If, however, there is a positive root X, the displa¬ 
cements y and z will approach inGnity in the course of time, i.e., 
the initial state is unstable. 

But in order to have one of the roots positive, the following in¬ 
equality must be fulGlled 

V (p!— pl) 2 + 80* (p! + pD> pl + p 1 ;- 1 - 2 o> 3 . (13.18) 

Squaring both sides of inequality (13.18) and cancelling like 
terms, we obtain 

(ca*—pj> (*»*—pS <0. 

This inequality is satisfied if <o lies within the limits p ( ^ co ^ p 2 , 
which proves the instability of the shaft over this range of angular 
velocities. 

From the above discussion it follows that the difference in the 
stiffnesses k, and k t increases the risk of running into critical slates. 


E/fect of Gravity on a Horizontal Shaft 


If the x axis of the shaft in Fig. 83 is horizontal, the effect of gra¬ 
vity must be taken into account in setting up the equations of motion; 
the projections of the force of gravity are, respectively, —mg sin cot 
and —mg cos cot. Instead of Eqs. (13.14) we then obtain 
—fc|g—mg 4-mcD*y—2m<Dz—mg sin cot = 0, 

—k i z—mz+ma?z 4- 2m<ay—mg cos cot = 0. 


Replacing k, and k 2 from formulas (13.15), we arrive at a 
non-homogeneous system of equations 


g+(p} — cD*)g4-2o»z= —gsincot, 
z + (p\— co*)z — 2cop= — geos cot 


(13.19) 


which differs from system (13.16) by non-zero right-hand sides. 
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The general solution of system (13.19) is made up of the sum of the 
solution of the homogeneous problem (13.16) and a particular solu¬ 
tion of Eqs. (13.19). The solution of the homogeneous problem 
(13.17) reveals a critical state in the entire interval Ip,, p 2 ). Consi¬ 
der a particular solution of system (13.19) which will enable us to 
establish one more possible critical state. 

Assume a particular solution in the form 

y = a, sin at, s=a 2 coso)(. (13.20) 


Substituting expressions (13.20) in Eqs. (13.19), we arrive at a 
non-homogencous system of algebraic equations for the amplitudes a, 
and a, 

—flica’-l-(pj—(a*) a, — 2a 2 (i) , = —g, 

— a-to* + (p»—<o 5 ) a 2 —2a,<o 5 = — g. 

Solving the system, we obtain 

° 1= g pIpI— ^(pf-fp?) ’ 

a * = — e pjPl(Pt-rrt)’ 

The critical stale occurs if the denominator of the above expres¬ 
sions approaches zero; this is possible when 


If the two stiffnesses 
P, = P 2 


,o« — fo? 

-(pI-t-pI) 

are close (0 each other, wo obtain, putting 

Pi Pi 
" S' T — -#■ • 


Thus, if k, — k t the critical state is possible at 
velocity equal to half the fundamental critical speed 


an angular 

o> cr /2. 


14. Effect of Friotlon 

»‘n ^ s f ussi0n of vnrious f* ct ors affecting the motion 

of an elastic shaft it was assumed that there were no friction forces 
: ac 1 l 1 uali J f y these forces invariably accompany «y 

r^ish1o lTn°a l C " CC,S ? f riCli ?" must taken into account 
,S“n S P0 “' n “ l,M8 '"!» ">» Processesunder 

lie lhe cause of critical states of a speciaUind. fnctlon ,hat may 
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Below wo consider successively viscous external resistance, the 
effect of the oil film in a bearing, dry friction in a bearing and, final¬ 
ly, internal hysteresis in the shaft construction. 


There is always some friction present between a rotating disk 
and the environment. The distributed friction forces can be reduced 
to the centre of the disk, giving a resultant force T and a resultant 
couple about the axis of rotation; the latter is balanced by the exter¬ 
nal torque in steady-state rotation _ 

(o) = constant). 

When there is an initial cccen- / \ 

tricity e, the action of the friction / \ 

force T leads (in a steady state) to I I 

positions of the characteristic points r J 

which are shown in Fig. 84: the o w S 

centre of rotation 0, the centre of f ' 

the shaft section W and the centre '—/to , 

of gravity of the disk S are not in *t 

a straight line and the segment OVV 
makes an angle y with the direc- 

lion OS. The total eccentricity OS ' cw ’ 

is denoted by e,. 

The disk is acted on by two for- Fig 84 

ces: the clastic reaction of the shaft 

At directed from point IV to point 0 and the friction force T which 
is assumed proportional to the absolute velocity of the centre of the 
disk ori 

r =-«-*„ (14.1) 

where c is the proportionality factor. 

The minus sign indicates that the force T is directed oppositely 
to the velocity of the centre of gravity of the disk. The equations 
of motion in the direction SO and in a direction perpendicular to it 

At cos v—mure. = 0, 1 

»,.l„ T -«« 1 -0. } < 14 "> 

Equations (14.1) and (14.2) involve three unknown quantities 
deflection r, eccentricity e, and angle y. The angle y can be ex pres 
sed by means of Eqs. (14.2) as 
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i.e., the angle the disk is ahead of the shaft increases with increase 
in the coeflicient of friction c; in a system with no friction, when 
c = 0, all three points, 0, W and S, lie in the same line (Fig. 76). 

To make the solution of the problem complete we have to set up 
one more equation; this equation is of a purely geometric nature 
and expresses the relation between the elements of triangle 01F5 


Substituting 


e‘- = e\ + r*— 2re, cos y. 


a*ei 

A cos v — P 1 cos y 


(14.3) 


(this follows from the first equation of (14.2)|, we 
tion defining e, 

e tpi c° 8 v . 

1 Vu‘ - 2(i)Sp2 cos= Y + p* cos* y 


obtain an equa- 
(14.4) 


According to expression'(14.3) 


In contrast to the case considered above, the quantities e, and r 
remain bounded for any angular velocity <■>. The maximum value 
of tho dellection r is reached at o> = p and is given by 



The maximum value of the eccentricity corresponds to a slightly 
different relation <o = pcosy and is equal to 



This type of friction limits the deflection of the shaft and hence 
somewhat reduces the danger of the critical state; in practice fric¬ 
tion has no eOect on the value of the critical speed if the maximum 
deflection r of the shaft is rogarded as the criterion for a critical 
stnlc. Tho self-centring of the disk is not affected by friction, as is 
seen from expression (14.4). 


Effect of Oil Film in a Bearing 

The mobility of the lubricant in a bearing affects the motion 
of the shaft journal in the bearing; this may cause dangerous critical 
stales under operating conditions. 

Analysing the phenomena associated with the motion of an oil 
film, we restrict ourselves to a schematic consideration of the main 
characteristics of forces which arise under these conditions. 





When the shaft journal rotates in a bearing, the oil film is partly 
set in motion and forms a closed stream in the annular cavity between 
the journal and bearing. The inner surface of the film is then loaded 
by friction forces acting in the direction of rotation; at the same 
time the surface of the journal is loaded by equal forces but acting 
in a direction opposite to the basic rotation. Those forces are indica¬ 
ted in Fig. 85a. 

Suppose that, due to some disturbance, the shaft journal is shifted 
away from the position corresponding to the steady slate (Fig. 856). 



The configuration of the cavity and the velocities of the particles 
of the film are then changed. Where the cavity is widened (at the 
left in Fig. 856) the velocity of the annular stream decreases while 
on the opposite side (at the right in Fig.856) where the cavity is 
narrowed the stream velocity increases. 

Let us see how this will affect the friction forces. A decrease in the 
stream velocity means an increase in the relative velocity between 
the journal and the film. Consequently, the friction forces in the 
left-hand portion increase, i.e., their increments are positive. Reason¬ 
ing in the same manner, we may conclude that the friction forces 
on the opposite side decrease, i.e., their increments are negative; 
these increments are shown by arrows in Fig. 856. It is seen from 
the diagram that the resultant R of these increments is perpendicular 
to the direction of the shift (Fig. 85c). 

This is the main feature of the phenomenon: any lateral shift 
of the shaft journal gives rise to an additional friction force directed 
not opposite but perpendicular to the shift. 

To a first approximation, the force R may be assumed proportional 
to the shift, but, being always perpendicular to the shift, it is not 
a restoring force capable of bringing the shaft journal back to its 
position. On the contrary, carrying the journal away in its direction, 
this force will move the journal to a new (also shifted) position. The 
direction of the force R will then change, i.e., the centre of the 
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Journal will eventually relate about the undisturbed petition; th, 
direction of this rotation coincides with that of the basic rotation 
(Pig. 35c)- 

Thus, if only these forces are taken into account, the undisturbed 
motion is unstable. Actually the stability can be maintained owing 
to viscous-damping forces. 

To investigate the combined action of these forces we use a fixed 
co-ordinate system yz (Fig. 86) . The origin A is placed on the line 
of centres of the bearings; point 0 is the instantaneous position of the 
centre of the journal. Point S determines 
the instantaneous position of the centre of 
**>* gravity of the disk (this is also the centre 
W of the section of the shaft at which the 
disk is located); its co-ordinates are deno¬ 
ted by j/i and z,. 

Consider a disturbed motion of the disk 
mounted on the rotating shaft; we assume 
y that the additional reactions of the bear¬ 
ings are defined by the law 

R y =—az, R : ^—ay, (14.5) 
where a is the factor of proportionality between the additional fric¬ 
tion force and the shift.* 

We assume that the motion involves a dissipative force propor¬ 
tional to the absolute velocity of the centre of the disk; the compo¬ 
nents of this force on the co-ordinate axes are — cy and —cz. The 
differential equations of motion for the shaft-disk system are then 

— cy,— az — my,,) 

. .. \ (14.C) 

— cz,-\-ay — mz„ ) 
and the equations of motion of the disk aro 



Fig. 80 


-*(»! — »)— cyi = my\, ) 

.. f (14.7) 

— k(z l — z)—cz l mz t . ) 

In setting up Eqs. (14.6) account is taken of the fact that the shaft- 
disk system is acted on by the dissipative forces and the components 
of the additional friction force, R u and R t . Equations (14.7) relate 
to the disk; the forces acting on it aro the elastic forces of the shaft 
and the dissipative forces. 


• This factor in turn is approximately proportional to the cube of tho radius 
to tho radial clearance 1 '°‘ the °" gular vploci ‘y and inversely proportional 



See. 14 Elfeet of Friction 


170 


Equating the left-hand sides of Eqs. (14.6) and (14.7), we express 
the co-ordinates of the centre of the journal y and z in terms of the 
co-ordinates of the centre of the disk y, and z, 
k* ka 

k*+a* V' **+a* Z " 

ka , k"- 

l ~ *« + a* k*+as Z, ‘ 


From expressions (14.6) or (14.7) we can now obtain equations 
for the co-ordinates y x and z„ which do^nol contain the co-ordi¬ 
nates y and z 

** = m »" 


Introducing the notation 

■swW-*. -zaSsr-*- ^ =2 “' ,,4 ' 8> 

we obtain the system of equations 


y i + <*lfi + bzi + 2ny , = 0, 
z, + az, — by i + 2nz x = 0. 


(14.9) 


The particular solution is assumed in a form similar to (13.17) 
y t —Ae u , Z| — Bt*‘. (14.10) 


Before completing the determination of the characteristic expo¬ 
nent X, we note that, in general, X is a complex number 
X —«i+4bi. 


so that 


e*' = e n i'e u, i'. 


The second factor involving an imaginary exponent can be repre¬ 
sented in terms of trigonometric functions and hence remains boun¬ 
ded at any value of I. The criterion for stability of motion depends 
on the first factor; if <! ( < 0, tho motion of the disk is damped out, 
and if a, > 0, the disk moves away from the original undisturbed 
position.* 


* Actually, those relations arc not valid at a considerable dislanco (rout tho 
undisturbed position as the bearing construction admits only of small shifts. 
Therefore, the critical stale does not imply, of course, an indefinite growth 
of displacements, but nevertheless it is certainly dangerous. 


12* 
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Thus, the stability of motion is determined by the condition 
a,<0. 


Substituting expressions (14.10) in Eqs. (14.9), we obtaiu a system 
of homogeneous equations in A and B 

A(V-r2nX+a) + Bb = 0, 

— Ab+ B (X* -i- 2n\ + a) = 0. 

The condition of non-zero solutions for A and B 
IX 1 + 2rtX + a b I 

| —b A*+2nX+a| 


leads to the equation 

(X«+2nX+a)*=-h*. 

Taking the square root of both sides, we obtain 
i*+2n\ + aTU> = 0, 


whence 

K=-n±Vn*-a±ib. 


(14.11) 


If the real part of at least one of the roots X is greater than 
zero, the motion is unstable. To separate the real part, we represent 
the root as 

Vn'-a±ib= y + ± 


The real part of expression (14.11) is 

The stability will be ensured if both values of a t are negative, 
which is possible in the case 

»>(/ (14.12) 

hence we obtain 


Using notation (14.8), this stability condition may bo rewritten as 
e>k V r k • (14.13) 
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When there is no damping (c = 0), the motion is unstable. For 
the motion to be stable, the coefficient c must have a certain mini¬ 
mum value; the larger the mass of the disk and the stiffness of the 
shaft, the greater is this value. 

The results obtained seem at first glance to be independent of the 
angular velocity of the disk. Actually a depends on the angular 
velocity <o and is proportional to its square. Hence, from expres¬ 
sion (14.13) it may be concluded that the higher the speed of the 
disk, the more easily can the vibration be 
damped out; in contrast, at low speeds the 
coefficient c must be large. 

Dry Friction in a Bearing 

Violent vibrations of a rotating shaft may 
beset up by dry-friction forces developed bet¬ 
ween the journal and bearing due to an 
excessive clearance and deficient lubrication. 

Figure 87 shows that the friction force R 
applied to the shaft journal is perpendicular 
to the shift; in this sense it is similar to the force developed in the 
presence of an oil film (Fig. 856). Hence, the shaft journal will also 
roll round the bearing contour, but in this case the centre of the 
journal will move in a clockwise direction, i.e., in a direction oppo¬ 
site to the basic rotation. 



Fig. 87 


Hysteresis Properties of a Shaft Construction 

Consider the vibration of a disk mounted at the middle of a rota¬ 
ting vertical hinge-ended shaft of circular section; we assume that 
the disk is completely balanced on the shaft. The consideration of 
internal friction in the shaft material will reveal that situations 
may arise when the straight-line form of the, shaft axis becomes 
unstable and the system starts moving away from the undisturbed 
position after an arbitrarily small initial disturbance. 

Relate the system being considered to a fixed set of coordinate 
axes xyz, choosing the x axis along a line through the centres of the 
bearings. 

Assume that the centre of the disk is deflected in one way or ano¬ 
ther from the axis of rotation Ox at a certain instant from which the 
time is measured and the system is then left alone (Fig. 88a). Con¬ 
sider the subsequent process of motion, assuming that the shaft 
undergoes only bending but no torsion; moreover, we assume that 
the angular velocity <o of the shaft remains constant at all 
times. 
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Denote by v = v (t) and w = w (t) the components of the deflection 
of the middle of the shaft in the direction of the y and z axes, respec¬ 
tively. Imagine the disk to be separated from the shell and replace 
the action of the disk on the shaft by forces P t and P t (Fig. 886). 





Fig. 88 


The forces acting on the disk are shown in Fig. 88c; these forces are 
equal in magnitude and opposite in sense to the forces P, and P t . 
The differential equations of motion of the disk are 

mv= -P„ niw — -P^ (14.14) 

Consider the bending of the shaft in order to relate the forces P, 
and P z to the deflections of the shaft v and w. 



\y, 

(O) (W 

Fig. 80 


Denote by p the radius of curvature of the shaft axis at the middle 
section. The projections of p on the y and z axes are denoted by p„ 
and p„ respectively. Clearly, the corresponding curvatures are pro¬ 
portional to the deflections (Fig. 89a) 


— = au>, 


(14.15) 
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whore a is the proportionality factor which is the same for both 
directions and depends on the end conditions and the length of the 
shaft (thus, for a simply supported shaft a = 12 IP). 

Consider now the middle section of tho shaft (Fig. 896) and attach 
to the centroid 0, of this section a moving set of axes y z, which 
always remain parallel to the fixed axes y, z. A point A distant r 
from the centroid of the section, has the co-ordinates 

Pi = rcosip, z, = rsincp (14.16) 

with <p = ml. 

The extension at point A due to the bending of the shaft is 


e __Vi_fi_ 

P» P: 

Substituting expressions (14.15) and (14.16), we obtain 
e= — «r(i>cos wt + u> sin cot). 

According to (8.46), tho normal stress at point A is 
o= Et + cz= — Ear (v costal -i-u> sin ml) — 

— car (t> cos tot — vw sin tot + w sin tot + wto cos cot). 
Returning to the co-ordinates y t , z„ we have 


o = — ay, (Ev -f cv + ctow) — az t (Ew + cw—ctov). 

The system of elementary forces adA forms the bending moments 
with respect to the axes y lt z, 


M 2 = 


= — J oz t dA=aI (Ew + cw — cto t>), 
| oy,dA = aI (Ev + cv + ctow). 


Referring now to Fig. 886, we note that the bending moment M t 
is produced by the force P 2 al> d the bending moment M 2 is produced 
by the force 

= (14.18) 


liquating tho right-hand sides of equalities (14.17) and (14.18), 
we express tho forces Pi and P 2 in terms of the deflections of the 
centre of gravity of the disk 

£. , ' P.P 

Ew + cw — ctov = , 

Ev+cv + ctow= 
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(it is assumed here that a = 12/P). From this we obtain the desired 
expressions for the forces P t and P t 


= 2j-(Ev+cv+cw>), 1 

= -^-(Ew+cw — c<jiv). I 


It should be noted that the forces Pi and P 2 depend not only on the 
displacements o and w themselves but also on the velocities v and u> 
Substituting expressions (14.19) in Gqs. (14.14), we obtain the 
differential equations of motion of the centre of gravity of the disk 

... e . c . } (14.20) 

w+[P(u,+ t w— T av)=0. j 

where p * = 48 EJImP is the square of the natural frequency of vib¬ 
ration of the disk on a non-rotating perfectly elastic shaft. 

To solve Eqs. (14.20) we assume, similarly to expressions (14.10), 
v = a l e xi , w = a 2 e kl ; 

we then obtain 

(**+P* T *+P*) a i + <*x*z = 0, 

(X* + p» —X-l-pi) a, = o. 

Ihe condition of non-zero solutions for a, and a 2 is 
I K*+p*±X +p t cPu | 

! «p* , , 1=0, 

| f “ ^+p’-jX + p s | 

giving an equation of the fourth degree in X 

nal viscous friction. Hence, JuSijS^J-*“ 0,1 fl, “ and « xte . r ' 
be written in the form of f n ,m 1///““dition can immediately 
b = cp'oi/E, n = cdV2F i 1 , 4 ' 12 ). substituting a = p*. 

inequality u * a (1^.12). We then obtain a simple 


(14.21) 






Ch.lll Critical Stales of Sha/ti 


of the disk, M, M the mass centres of the pendulums, e, = WM 
the length of the pendulum, e = WS the eccentricity. 

When there are no pendulums, two mutual arrangements of points 
O, W and S are possible (see Fig. 76). In either arrangement, the 
centrifugal force and the elastic force of the shaft act along the 
same line; hence, adding pendulums, it may be assumed that the 
axes of both pendulums coincide with 
rH this line in either arrangement. 

J |- ; -This leads to four different relative 

f ^ l ^n~~—positions of the characteristic points. 

="9h/ The cases a and b (see Fig. 91) corres¬ 
pond to the arrangement given in 
4- 1 Fig. 76a when the centre of gravity S 

__ of the disk is farther from the axis of 

rotation than is the centre of the shaft 
\ section W-, these cases differ in the 
\ relative position of points M, M. The 
/\ cases c and d correspond to the arran- 

Y'ttK; )))))-I - gement given in Fig. 76 b when the 

/ centre of gravity S of the disk is closer 

1 lo l ** c axis rotat '° n t ** an * s 

y centre of the shaft section W. 

These four arrangements exhaust all 
I the possible fundamentally different 

cases of relative positions of points 0, 
B " W, S , M, M if they all lie in the 

same line. However, one more arran¬ 
gement is possiblo (see Fig. 91e) which corresponds to a perfectly 
balanced shaft when the centre of the shaft section W coincides with 
the centre of rotation of the system 0. In this arrangement, there 
are no clastic forces (since the shaft is not deflected) and the cen¬ 
trifugal force of the disk is balanced by the centrifugal forces of 
the pendulums; the axes of the pendulums form an angle y corres¬ 
ponding to a given eccentricity of the disk. 

Although the equilibrium is possiblo in each of the above-enu¬ 
merated cases of steady rotation, not all these slates are stable. 
A theoretical analysis and experiments show that when <■>><.> c , 
only the fifth state is stable. Therefore, in the postcritical range such 
pendulums serve as automatic balancers and prevent the shaft axis 
from bending; if tho eccentricity increases during rotation (point S 
ui b'g. 91 moves to the right), the pendulums draw closer together 
and the angle y decreases by an amount necessary to balance the 
increased centrifugal force of the disk. 

In lb« aMW inn lot „ , a [ n , !Uklo stItt . ls oterv ,d 
in the case a in which the pendulums increase the deflection of the 
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shaft and hence do only harm. Therefore, precautions arc taken to 
“shut ofT the pendulums in balancers in the subcritical range. 

Figure 92 shows a sketch of an automatic balancer used in washing 
machines. Here encased rings serve as pendulums. When e> < <n rr . 
the centrifugal forces acting on the rings are small, the rings rest 
on the case bottom and the balancer is “shut off". At o> = «o cr the cen¬ 
trifugal forces are sufficient to make the rings “come up” and to bring 
the balancer into operation. 

In some designs of grinding machines encased balls serve as pen¬ 
dulums. 

16. Critical States of Helloopter Rotors 

The formulas derived for a shaft with a single disk cannot be 
used if the rotating disk carries masses capable of moving with 
respect to the disk; thus, the combined mass of the disk and added 
masses cannot be substituted for m in formula (13.2) for the critical 
speed. 

Among the systems of this type is, for example, a horizontal 
helicopter rotor consisting of a hub and blades which arc attached 
to the hub by means of vertical hinges. Figure 93 shows a three- 
blade rotor, with the centre of the hub 0 and the centres of the verti¬ 
cal hinges A, B, C. Suppose that the helicopter rests on the ground 
and the centre of the hub 0 is elastically restrained in the horizontal 
plane; this elasticity is provided by the whole construction of the 
helicopter (from the hub centre to the points of contact of the heli¬ 
copter wheels with the ground). 

We schematize the mass properties of the system and assume that 
the blades are completely balanced, the mass m, of each blade being 
concentrated at a distance 6 from the centre of the corresponding 
vertical hinge. Assume also that the hub is not completely balanced 
and its centre of gravity G is at a distance e from the hub centre 0 
on the bisector of the angle BOC. * 

Due to the unbalance of the system the rotation of the rotor gives 
rise to a centrifugal force which produces an additional elastic 
displacement r of the hub centre, as represented in Fig. 936. Nota¬ 
tion: O' = displaced position of hub centre, G' = its centre of gra¬ 
vity, A', B', C' = centres of vertical hinges. Of course, these letters 
designate an instantaneous position of the rotor; in time, the points 
O', G', A', B' and C' describe circles with centre at point 0, which 
determines the axis of rotation of the system. It is important to note 
that the axes of the blades suspended in hinges B' and C' will no 
longer be along lines O'B' and O'C' as the centrifugal forces of the 

* This type of unbalance of the rotor is obviously a special case, a fact which 
will not however, affect the final conclusions. At the same lime this schomo 
is the easiest for analysis. 








intrifugal forces for ibo 


m.«*(a+6+y) , 

for blade C 

m,(o> (a+h+y) . 

The centrifugal force diagram is shown in Fig. 93cf. In addition 
to the centrifugal forces of the blades, it includes the centrifugal 
force of the hub mto l (e + r), where m is the mass of the hub. 

The sum of all these forces is directed along line 00' and is 
equal to 

/ = 2m.co* (a+h + ^cosfGO’ — eJ + majMe+r) — 

—m.w'fa+h—r). 

Substituting 

cos(60°—e)2scos60*+esin60° = -i- + 'j’ -j, 

wo find 

/,m«'(r+,) + 3 m .»'r(l + A) . (16.1) 

Another important relation exists between the quantities I and r: 
the displacement r is equal to the quotient of the force / and the 
spring stillness k of the elastic system, r = Ilk. Substituting expres¬ 
sion (16.1), we obtain a simple equation for determining the displa¬ 
cement r; solving it, we find 

mu* * ® m (* 2a ) 

From this it is immediately seen that the critical speed is equal to 

«?*= l/- t— rr- " < 16 - 2 > 

V m+3m. 

Note the additional term 6/ 2a appearing in the denominator of the 
last expression. It is this term that expresses the effect of the mobi¬ 
lity of the blades relative to the hub; if the system is imagined with 
no vertical hinges (i.e., rigid rotor), the criti cal spee d of the system 
would be expressed by the formula o> tr = ^ , 

i.e., it would be considerably higher. 




190 


Ch.IIl Critical Slates 


Formula (16.2) holds true for any number n of blades (if »>3). 
but the factor 3 should be replaced by the number it. 

Without investigating; the properties of a two-blade rotor, we only 
note that the mobility of the blades has a still gTeater effect here: 
instability occurs over a range of speeds (between the value a>* 
taking account of the mobility of the blades and the value b> cr for 
a rigid rotor). 

17. Shaft with Several Disks. 

Rigid Rotor on Elastic Supports 

Shaft with Several Disks 

Consider the critical states of shafts carrying several disks (Fig. 94) 
and determine the critical speeds from the conditions of elastic 
equilibrium of the deflected shaft subjected to centrifugal forces 



Wi®?rT|» "»2‘»?r r 2.m n (!>&„, where m,. ... are the 

masses of the disks, r,, r 2 , . . ., r„ are the corresponding elastic 
deflections of the shaft. Using the influence coefficients, we write 
the expressions for the deflection in the general form (gyroscopic 
effects are neglected for the sake of simplicity) 

r i=TO|Ci>f r r|6,,-|-ni t <i>J r r26|2-|- • • • +m„<oJ r r n 6,„, 
r 2 = m + mjWjrTjfijj + ... + m n o>’rr n Sy, , 


r„ ^m l a>; r r l 6 nt +m 2 co! r r t 6 nl + ... +m„(o , cr r n 6„„. 

This homogeneous system of equations admits of non-zero solu¬ 
tions for r,, r 2 , ..., r„ if the determinant of the coefficients of the 
system is zero 

/n,<j)J r 6|| — I mj<i>* r 6,2 ... m n (o* T 6,„ 

m,w* r 6 2 i — \ ... m n (o* r 6y, 


m6 n| mjwJAz -.. ninwJAn — 1 
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Equation (17.2) is identical to Eq. (7.31) derived previously as 
a condition for determining the natural frequencies of transverse 
vibration of the same system with no rotation. Consequently, the 
critical speeds of a multidisk shaft are equal to the natural frequen¬ 
cies of flexural vibration of the same shaft with no rotation. This 
conclusion, which is also valid for shafts with distributed mass, is 
a generalization of the result obtained by considering a shaft with 
a single disk. Consequently, a> er may be determined by the methods 
developed for linear systems of several degrees of freedom. To each 
of the critical speeds corresponds a particular shape of the deflection 
curve of the shaft coinciding with one of the natural modes of fle¬ 
xural vibration. 

Rigid Rotor on Elastic Supports 

The scheme of an elastic shaft with several heavy disks (see above) 
has become classical in the analysis of critical speeds of many real 
structures. However, in cases where the stiffness of a rotor is large 



la) lb) 

Fig. 95 


in comparison with the stiffness of supports (as in some types of 
loom spindle) the scheme of an elastically supported absolutely 
rigid rotor is more appropriate. 

In considering this scheme (Fig. 95a) we assume the spring stiff¬ 
nesses of the supports k t and k 2 to be different. The rotor is assumed 
to be completely balanced; its moments of inertia about the x. y 
and z axes through the centre of gravity are J x , J v , J „ respectively. 

To determine the critical speed we consider the rotor in a displaced 
position (Fig. 956). Here, the left end of the rotor describes a circle 
of radius r about its undisturbed position while the rotor axis is 
deflected from the original position by an angle a and describes 
a conic surface. 

As pointed out above, in the critical state the system of centrifugal 
forces and elastic reactions is in equilibrium regardless of the scale 
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of the deflections. Hence, in this case we can write 

mut T (r+aa) = k i r+k t {r+al), (17.3) 

where r + aa = radial displacement of centre of gravity, 
mw’r (r + aa)= centrifugal force of rotor, 

r + al = radial displacement of right end of rotor, 
k t r, k 2 (r + af)= reactions of supports. 

Besides, during the motion the rotor is subjected to the moment 
of the reactions of supports about the y axis 

M v = -A,r« + Ai(r+af)6 (17.4) 

Its value must satisfy Euler's equation of motion 

+ (J, - /,) o»,«, - M y , 

where &»„ &>„, u, are the projections of the angular velocity a> on the 
x, y and z axes attached to the rotor. 

According to Pig. 95 b 


Euler’s equation then yields 

M,= (17.5) 

In the particular case of a very short rotor, which may be regar- 
(13 9)* ° ^ x ~^‘ am * * ormu * a (17.5) reduces to expression 

Equating expressions (17.4) and (17.5), we obtain 

— k,ra -|- kt (r+al)b= -(J x -J,)u> t rT a. (17.6) 

The system of equations (17.3) and (17.6) is homogeneous in the 
displacements r and a. Rewrite this system as 

r (m<0!r—k,—kJ + a(am<o!r — k 2 l)=O, 

— r (k,a — kib)+a \(J X —/,) w ‘ r + A- 2 6/| — 0. 

M ."" d “ <"»> an. tteJMmta.nl 

of tho coefficients of this system must be zero 

I mu— k, —k t arruo J, — l^l j 

(/,-/,)<+*, w |-°- 

Expanding ih. dMmm.nt, „ obtain , bijmdnlUe 
from which the critical speed may be found. 


Ch.IV Forced Vibrations 


As a simple example let us consider vibrations produced by a unit 
step force, i.e., by a force P = 1 suddenly applied at time l = t and 
then remaining constant at all times (Fig. 97a). 

For t > t the differential equation becomes 

x bP s s = -^- (18.3) 

The solution of the equation must satisfy the initial conditions 
i = 0 and i = 0 at t = t. 

. (18.4) 

This solution represents the 
sura made up of the solution of 
the corresponding homogeneous 
differential equation 

*i = C, sin pt + C 2 cos pt 
and a particular solution of the 
given differential equation (18.3) 



x = C, sin pt + C t cos pt -f-j-. 
After determining the constants 
from conditions (18.4) 


. 08 . 5 ) 

This law of motion is illustra¬ 
ted in Fig. 976. As is seen, the 
maximum value of x is z mol = 
Fiji. OS =2:k, i.e., twice the displacement 

caused by a statically applied 
force P = 1. 

The problem that involves forced vibrations induced kinematically 
by kinematic disturbance-) can be reduced to the same stan- 

"t tZ.i l 2 !' ° “ P .f' n t 01 ”" 1 " •e ,,n lh " »"» single- 

mass system but assume that the vibration is due to « riven vibra- 

the n iaw ol^nfoticm°oVthis C point *is°givnt S as'/ , (a ( ^f"thecunont > mslant 

U„ eatension of the , r J, is r -?,Mi'L" S Ty S 
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spring force —k (x — /); accordingly the differential equation of 
motion is 

— k(x — f) —mx 
or 



The product k/(t) may be taken as the effective driving force 
P(t) = k/(t); (18.6) 

this leads again to the standard form (18.2). 

General Solution of Standard Equation 
Method of variation of arbitrary constants. The solution of the 
non-homogeneous equation (18.2) should be sought as the sum of the 
solution of the corresponding equation with right-hand side equal 
to zero (i.e., free-vibration equation) and some particular solution 
of the given equation (18.2). Instead of choosing a .particular solu¬ 
tion corresponding to the given right-hand side in each specific case, 
it is better to use the general method of variation of arbitrary con¬ 
stants. This will make it possible to obtain a result suitable for 
any laws of variation of the driving force. 

The idea of this method is that a particular solution of the given 
equation (18.2) is sought in the form 

1 - C, sin pt + C t cos pt (18.7) 

corresponding to the homogeneous equation. In this case, however, 
the quantities C, and C 2 should be considered variable rather than 
constant. Thus, the problem of determining the function x (t) is 
replaced by the problem of determining two functions, C, (t) and 
C t (<)• Since we have only one equation (18.7) at our disposal, the 
functions C, and C 2 may be related by one more arbitrary expression. 
Set up the expression for the velocity 

z = C,pcos pt — C t p sin pt + C t sin pt 4- C 2 cos pt 
and relate C, and C 2 by 

(7, sin pt + <7*cospt = 0. (18.8) 

The velocity is then written in a simpler form 
x=-C t p cos pt — Cjp sin pt 
Find now the acceleration 

x= —C,p t sinpt—Cip i cospt+C l pcospt — C i psinpt. (18.9) 

13* 
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Substituting expressions (18.7) and (18.9) in Eq. (18.2) we obtain 
C,cosp* —C 2 sinp/ = ^ (18.10) 

From Eqs. (18.8) and (18.10) we can find the derivatives 
C, = ^cos pt, C 2 =» —^sinpt. 

Integrating gives 

C, = -j i , (T)cosprdr+fl|. 

"* 0 , (18.11) 

C s = —j P (t) sin px dx + B v 

where B, and B\ are constants. 

The symbol t is introduced to distinguish the time varying during 
integration (from zero to t) from the upper limit t, which should be 
considered constant in this process. 

Substituting expressions (18.11) in Eq. (18.7), we obtain the 
general solution of the given equation (18.2) 

x = mp [ sin P* 1 P (x)cospxdx — cospt j P (x)sin pxdx J -f 

+ fl,sinp< + B t cospf. (18.12) 

Putting sin pt and cos pt under the integral signs and combining 
the latter, we obtain the general solution of the problem 

x = Bt sin pt + B 2 cos pt + ± | P (t) sin p (t - t) dx. 

Accordingly we obtain for the velocity 

x = B,p cos pt B z p sin P* + | P (t) cos p (f - t) dx. (18.13) 

The values of the constants B, and B t can be determined only 
after the initial conditions of the motion are indicated. It x = x t 
and * = v, at t = 0, we can find from expressions (18.12) and (18.13) 


The solution then becomos 


x = *„ cos pt + sjn p(-f ^ j P (t) sin p (t — t) dr. 

Here, the first two terms express the free vibration induced by the 
initial disturbances x„ and v„, and the last term expresses the forced 
vibration produced by the driving force. 

In the case of zero initial conditions when the motion is started 
with * 0 = 0 and v 0 = 0, we obtain 

jp( t) sinp(/-T)dT; (18.14) 

this basic formula will be used in what follows. 

Below we will also need an alternate form of the solution which 
is obtained by integrating solution (18.14) by parts. 

We set 

sinp(< — x)dx = dw, P(r) = u, 

then 

By the formula for integration by parts we obtain, making the 
substitution mpi t = k, 

* = ±jp W sinp( < -*) d *=±[^cosp( t -*)- 

--J- j P (x)cosp (t-T)dr]‘ o = _ 

| P ( T ) cos p(t t) dx. (18.15) 


x = x,i —j- \ P(r)cosp(l-r)dx, 


where *„ = P (t)lk is the variable "static" displacement calculated 
on the assumption that there are no inertia forces. 

Derivation of general solution by superposing the effects of elementary 
impulses. In order to gain a clearer insight into the physical signi- 
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ficance o! expression (18.14), consider first the free vibration of an 
elastically mounted mass subjected to a unit momentary impulse 

S = 1; let this impulse be applied at time T. ... 

Immediately after the impulse disappears, the displacement of the 
mass is still zero: * (t) = 0. However, on the basis of the principle 
of impulse and momentum the mass acquires instantaneously a velo¬ 
city v (t) = 1/m due to the application of the impulse. 



Fig. 99 


These formulas determine the initial conditions of free vibrations 
which will take place at t > x. Use these conditions; to do this, 
we substitute t for t on the right-hand sides of the expressions for 
displacement and velocity 

x=a sin (pf + a), v=x = apcos(pt + a) 

and the values indicated by the initial conditions, on the left-hand 
sides. We then obtain 

0 = asin(pr + a), 

= ap cos (px +a). 

From these relations we find 





time l > t due to such an impulse is P ^ p dT sin p(t — x). The 
displacement caused by the whole succession of impulses over the 
interval (0, l) is found by integration; this leads again to formula 
(18.14). 

We emphasize that the summation of the results is legitimate due 
to the linearity of the system; in the case of a non-linear system this 
approach would be unjustified. 

When a system undergoes a series of momentary impacts * (their 
impulses are denoted by S|, S 2 ,. • •) at limes T|, t 2 , . . the integra¬ 
tion should be replaced by summation, i.e., 

S,amp(t-T,). 


where n is the number of the last impulse preceding the time t. 

Derivation of general solution by superposing the effects of elementary 
step forces. An arbitrarily assigned force P (t) can be represented 
as the sum of an infinite sequence of step forces (Fig. 996). 

We first isolate the initial step force corresponding to the initial 
value of the force, P (0); according to expression (18.5) its action 
is given by 


The subsequent variation of the given force is represented as 


a succession of infinitesimal step forces P (x) dx each of which pro¬ 
duces a motion defined by the same expression (18.5) multiplied by the 


value of the step force P (t) dx. 

The overall effect of the whole succession of elementary step 
functions is determined by the integral 



\p(t-x)\dx = 


/»<«)—/» <0> 
k 


—j-1 P (x) cos p(t—x) dx. (18.19) 

Adding expressions (18.18) and (18.19) together, we finally find 
the previous result (18.15) which was obtained earlier by purely 
formal transformations. 


* Here we mean “massless" impacts whoso impulses 
assumed to be independent of the motion of the system 
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Kinematic Disturbance 

Revert to the case shown in Fig. 98 when forced vibration results 
from the motion of the point of attachment of an elastic constraint. 
Bv relation (18.6), when this point vibrates according to a law / (t), 
the mass vibrates as if it were subjected to a driving force P (/) = 

This^rclation enables one to use all the results obtained above. 
The basic solution (18.14) is rewritten as 

x = p j /(T)sinp(t—t) dr. 

Similarly, in place of formula (18.15) we obtain |for /(0) = 0| 

i _ 

! = /(<)— j /(x)cosp(t — x)dx. (18.20) 


Some Cases of Aperiodic Disturbance 
Effect of a linearly increasing force (Fig. 100a). We use expression 
(18.16) putting P(l) = a 

x = x«—sin pt. 

The graph of the motion is shown in Fig. 1006. The displacements 
build up according to a complex law expressed by the sum of a sine 



Fig. 100 


function and a linear function. The higher the rate of increase of the 
force P (i.e., the greater is a), the more significant is the additional 
sinusoidal vibration. 

Vibration of a sprung mass when moving over an irregular road 
(Fig. 101). Assume that the road profile is given by the equation 
z = fe(l—e - v*). 



Syitems 0/ One Dt 


of Freedom 


where h is the limit approached by the height of the profile, y is 
a parameter characterizing the curvaturo of the profile. 

Denote by W the weight of the mass and by v its horizontal velo¬ 
city and choose the origin of time at the instant the supporting 
point passes the beginning of the irregularity. Then x = vt and the 
motion of the supporting point along a vertical is governed by the 
law 

/«-*< 1-e-v.i). 

Differentiating gives 

} (t) = yvhe-f’ 1 . 

Using formula (18.20), we obtain the law of motion of the mass 
along a vertical 

z = /(<)— j yuhe -1 " cos p(t — x)dx. 

Since it is not the absolute change in the position of the mass that 
is of interest but its vibration with respect to the supporting point. 



we consider the difference giving an additional deformation of the 
spring 

z, = z(t) — f(t) = — j yvhe~'* n cos p (t— t) tfx. 

Integrating yields 

where a is defined by the relation 

Ian a = — . 

v*» 
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It is seen that for very small velocities the parameter a approaches 
a/2 and the difference 2 — / approaches zero. On the other hand, for 
very high velocities (and also for very large values of the parameter y) 
the parameter a approaches zero and the vibration is approximately 
defined by the law 

z, = /i(e-r°'—cos pt). 

A further analysis will enable one to find the maximum value 
of the difference z„ acceleration, etc. 

Effect of slowly varying forces. Consider the foregoing solution 
(18.16) to the problem of forced vibration. The first term represents 



the static deflection caused by the force P (/). The second term of 
this formula gives a correction to the static deflection. As is seen, 
the correction depends on the rate of change of the force, P U). 

For small rates of increase of the external load the dynamic cor¬ 
rection to the static solution is relatively small and the loading 
may be considered as practically static. 

Below is given an estimate for the dynamic correction in the 
general case of an exciting force. If the curve P (t) has one maximum 
(Fig. 102a), then, denoting the maximum value of P (<) by P m , x 
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this case, according to solution (18.14) we have for t > a 

i = ^ jsinp(<-T)dT=^sin^sinp(l--j) . (18.22) 

Denote the ratio of the time interval a to the period of free 
vibration T by a; then 



According to expression (18.22) the maximum deflection is 
x mi = 2x,i sin net. 


Consequently, the magnification factor is 

_ fmai _ 2 s j n na . 
x >( 

For forces of short duration the magnification factor has the fol¬ 
lowing values: 

a ... .0 0.01 0.02 0.03 0.05 0.10 0.15 0.25 0.5 

|i . . . .0 0.062 0.126 0.188 0.313 0.618 0.908 1.413 2.000 

It is seen that if a force acts for a small fraction of the period 
of free vibration, the effect of this short-time force is many times 
smaller than its static effect. A similar conclusion may be drawn 
in cases where an exciting force is represented by one half-wave 
of a sine curve (see Fig. 103), etc. 

We will show that the action of a short-time force may be appro¬ 
ximated by its impulse. For t> a we have the solution in the form 


x = ^| P ( t ) sin P(f—T)dx 
or 

x '^[ si " pt j P ’< T ) 003 P xdx ~ cos pt | P(t) sinprdt] = 

= ^[ sinpt | ^WMSyA—cos pt j P (t) sin^dx] . 

But since the ratio t IT is less than the ratio a/T, t IT is a small 
number. Hence we can write 


x a<^ 


P(T)dx. 



The integral hen, involved is the impulse ol the loree P (I);' deno¬ 
ting it by S, we obtain » £ sin p,. i.e.. the motion ol the system 

il « ere immat.ri.il the governing t.oto, is the impulse S. 

Effect of a Harmonic Force 

The ease when a driving lore, varies according to a harmonic law 
/> = /> 0 sin <*»i (18. ao) 

is one ol the most common in practice. In expression ((8.23), P, is 
the amplitude of the force, <■> its frequency. ... i 

The vibratory process produced by this force underzeromiUal 
conditions can be described by means of formula (18.14) 


x = -^SL j sin tot sin p(t — i)di. 


Evaluating the integral, we find (for a>=£ p) 

*-isfejs 7 sln r>) ■ (18 ' 25) 

Substituting mp'- = k and denoting Polk by x„ (the deflection 
caused by a statically applied constant force P 0 ), we obtain 

«- (sinn>l-|-sinpl) . (18.26) 


An inspection of solution (18.26) indicates that the vibrations 
set up under zero initial conditions are of a complex nature; they 
involve two parts: vibration with the frequency to of the driving 
force (first term) and vibration with the natural frequency p (second 
term). 

The first vibration is usually called a forced vibration, and the 
second a free vibration. It should be borne in mind that this termi¬ 
nology is only a matter of convenience. The point is that the second 
vibration is also produced by the given driving force and its ampli¬ 
tude depends on the same force; in this sense the second vibration 
should also be regarded as a forced vibration. However, the above 
names arc in common use because only the first term has the fre¬ 
quency of the disturbance whereas the second term varies with the 
natural frequency of the system. 

Note that the neglect of inelastic resistances obscures a very 
important fact: in practice the second terra (free vibration) is damped 
out in the course of time whereas the first term maintains a constant 
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The integral here involved is the impulse of the force P (/); deno¬ 
ting it by S, we obtain xas sin pt, i.e., the motion of the system 
is determined by the magnitude of the impulse of a short-time force. 
As is seen, the details of variation of the force during the time inter¬ 
val a are immaterial; the governing factor is the impulse S. 


Effect of a Harmonic Force 

The case when a driving force varies according to a harmonic law 
P = /* 0 sino»t (18.23) 


is one of the most common in practice. In expression (18.23), P 0 is 
the amplitude of the force, o> its frequency. 

The vibratory process produced by this force under zero initial 
conditions can be described by means of formula (18.14) 


x = — l sin (dl sin p (t — x)dx. 


(18.24) 


Evaluating the integral, we find (for (i)#p) 

* “ . T g- I J I ( 8la «■ - f ft) ■ < 18 - 25 ) 


Substituting mp- = k and denoting PJk by x„ (the deflection 
caused by a statically applied constant force P 0 ), we obtain 

--^j-(sin«t-|-sinp<) . (18.26) 

1 P s 

An inspection of solution (18.26) indicates that the vibrations 
set up under zero initial conditions arc of a complex nature; they 
involve two parts: vibration with the frequency o> of the driving 
force (first term) and vibration with the natural frequency p (second 
term). 

The first vibration is usually called a forced vibration, and the 
second a free vibration. It should be borne in mind that this termi¬ 
nology is only a matter of convenience. The point is that the second 
vibration is also produced by the given driving force and its ampli¬ 
tude depends on the same force; in this sense the second vibration 
should also be regarded as a forced vibration. However, the above 
names are in common use because only the first term has the fre¬ 
quency of the disturbance whereas the second term varies with the 
natural frequency of the system. 

Note that the neglect of inelastic resistances obscures a very 
important fact: in practice the second term (free vibration) is damped 
out in the course of time whereas the first term maintains a constant 
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amplitude. This provides an additional justification for the second 
term to be called a free vibration. 

The process of adding two vibrations with different frequencies o> 
and p is shown in Fig. 104. Figure 104a pertains to the case when 
» > p, and Fig. 1046 to the case when <o < p. Both cases are cha¬ 
racterized by a rapid decay of free vibration. Therefore, the consi¬ 
deration may be restricted to the steady-state, undamped part of the 
solution 

■s- - S lj - sla»t. (18.27) 

As is seen, the forced vibration is performed with the frequency 
of the driving force which makes, as it were, the system follow'its 



law of variation. The amplitude of forced vibration 


differs from the deflection 
tic action of tho force P 9 . 
nification factor 



(18.28) 


calculated on the assumption of sta- 
Ihe ratio a!x„ may bo called the mag- 


i‘-*r 


(18.29) 

SueTri'; p &i‘ h 
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responds to the resonant condition when the amplitude of forced 
vibration builds up without limit (if inelastic resisting forces are 
taken into account the amplitude at resonance is bounded but is 
usually so large that the resonant condition should be considered 
dangerous anyway). 

If the frequency <o is higher than the frequency p, the amplitudes 
become finite; for <o/p > V~2 the magnification factor becomes less 
than unity, i.e., the dynamic effect is less significant than the cor¬ 
responding static effect. For very large values of the ratio «/p the- 



Fig. 105 


magnification factor becomes very small. This means that a force 
of high frequency produces no perceptible vibration in a low-fre¬ 
quency clastic system; the latter "has no time” to respond to very 
rapid’variations of the driving force. 

It was assumed above that the amplitude of the driving force 
was not related to its frequency. However, more often than not 
the reverse is true. For instance, in the case of an unbalanced rotor 
the driving force transmitted to the supports is 
P =m < fo t e sin <ot, 

where m t = mass of rotor, 
e = its eccentricity, 

(i> = speed. 

In this case the amplitude of the driving force m 0 w*e is proportio¬ 
nal to the square of the frequency ©*. 
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In such cases, in place of 

* + P) m^ 

x - 


solution (18.25) we have to use (for 
- (sintaf — -^- sin P l ) ■ 


The amplitude of steady-state vibration is then given by the 
expression apJ 



1 which the parameter of the system 


is independent of the frequency <i>. , . .. 

Figure 105b shows the variation of the amplitude of vibration 
with the ratio <a/p. As is seen, at <o = p resonance occurs and for 
(i> > p the amplitude approaches a va¬ 
lue ap*. 

Consider in greater detail the case 
when the frequencies coincide <■> = p 
(resonance). Integral (18.24) assumes 
the form 





sin pt sin p (t — t) dr. 


After evaluating we obtain 

x = x,t (sin pt — pt cos pt). 


Tho graph of the motion is shown in Fig. 106. As is seen, when 
the frequencies coincide the amplitude increases according to a linear 
law and does not become infinite in a finite interval of time. This 
provides a means for passing through resonance in practice as the 
equality a> = p is fulfilled only for one instant during the speeding-up 
period and the resonant amplitudes may not build up to dangerous 
values. 


Example 18. An unbalanced engine weighing \ ions and running nl « = 
=> 800 rpm is mounted nt Iho middle nl a simply supported beam ot span 5 m. 
Determine the magnification factor if the bcum is of rolled steel No. 30a l-soc- 
lion (/ = 8.950 cm 4 ). 

We find tho natural frequency of the system assuming E = 2.1 X 10* kgf/cm* 
■WEI ,/ 48X2.1 xlO»X8,950x981 
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The frequency of the driving force is 
nn 3.14x800 


The magnification factor 




. _, . ... _,_ . .a stiffer 

...c may impair and not improvo the performance of the structure. Thus, if 
No. 30a I-beam is replaced by No. 45a I-beam (/ = 35,280 cm 4 ), the natural 
frequency increases to a value of 83.7 sec -1 and the magnification factor as cal¬ 
culated by formula (18.29) will increase hundreds of times. 

Example 19. Determine tho dynamic stresses at the middle section of the 
beam considered in Example 18 if tho centrifugal forco developed by the engine 
is 1.000 kgf. 

The bending moment produced by the static load is 

The maximum bending moment produced by the dynamic load is 
,000 x 500 


M d 


=42,200 kgf-cm. 


The total bonding moment is 

d/ = 500,000+ 42,200 = 542,200 Irgf-cm. 

The bending stress is 

.M 542.200 „ , 

<,= ir J 597 j907 k * (/cm - 

Example 20. An engine of weight 2.4 tons is mounted on ten identical springs 
of diameter D = 12 cm. The diameter of the section of the spring coil is d -= 
^ 3 cm: the shear modulus of the spring material is C = 0.8 X 10* kgf/cm*, 
n 800 rpm. Determine the required number of coils of the spring if the magni¬ 
fication factor of the installation is to be 0.2. 

From the condition 


-[-=0.2 


tho required value of the natural frequency is 

p=-™-=34.2 sec-i. 
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Consequently, the following equality must bo fulfilled 
j/-iL=3*.2 sec-«. 

Substituting as-2,400:981=2.44 kgf-sec* cm. we find the required stiffness 
of all springs 

*=3*.2*x2.44-2,850 kgf/cm. 

The stiffness of one spring is 

kgf/cm. 

l.'sing Table I we find 


It is necessary to take at least 17 coils as the stiffness of the system and tho 
magnification factor decrease with the number of coils. If n < 16.5 is tuken. 

tile magnification factor will be larger 
X than specified by the conditions of the 

problem. 

1 > _ Consider now tlio case of kine- 

„ V - \ / \ malic disltirbancc. -As slated 

- a - l*' -w'. above, Die amplitude of an cqui- 

i r | Z valent driving force is calcula¬ 

ted by multiplying the ainpli- 
F'lf- 107 tude of impressed vibration by 

the spring stiffness of the cons¬ 
traint. Thus, if the amplitude of harmonic vibration oj the foundation 
is A, the amplitude of an equivalent driving force is P„ = kA. 
Hence, x,i = P 0 lk = A. 

According to formula (18.28), the amplitude of vibration of tho 
system is 


Example 21. Determine the speed of an automobile at which the rear si 
pension is in resonance. The road profile is given by the law (Fig. 107) 




where a = depth of trough. 

I = wavelength (take 1 = 1 m). 

• ,oa J l on lhc i cnr ?.P rin .8 is ? 715 k 8f. the stiffness of the spring 

is 2,2o0 kgf/m. Assume (he vibration of the rear part of the automobile to 
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the vibration of the front port and neglect the elasticity 


bi' indepondei 

ot Vvo 'find the natural frequency 

,/"<* _ -i/. 2 ' 250 x Hi = 5.56 se 

l ,= V ~G V 7'5 

The vertical vibration of the wheel follows the law 

i-t ( ,_cos ^r~) : 

the frequency is 2ju> ^ 

Equating this quantity to the natural frequency 

3i- u> 

we find the resonant speed 


2X3.14 

With a further increase in the speed, the n 
rapidly. For instance, at o=25 m/scc 


agnification factor decrease: 


XMS-r i 


i.e.. the amplitude of vibration of tlio body is only 0.6 per cent of tho 
hair-depth of the trough. 

In connection with this example let us consider the question of 
smooth running of an automobile. 

The natural criterion for smooth running seems at first glance 
to be the vertical acceleration. However, when the body is vibra¬ 
ting according to the law 

x, =■ a, sin <o,f 

and according to the law 

j- 2 = n 2 sin <o 2 f 

the physiological sensations may be different even if the maximum 
accelerations arc the same, O|0>} = a 2 co;. 

It is not only the magnitude of the maximum acceleration that 
matters but also the rale of change of acceleration; for tho same 
maximum acceleration, (he vibration with abrupt changes in acce¬ 
leration, i.e., with a higher frequency, is more unpleasant. Therefore, 
it is sometimes believed that the product of the maximum accele¬ 
ration and the frequency of vibration aw’ should be chosen as a mea¬ 
sure of smoothness of running. This quantity represents the maxi¬ 
mum value of the third derivative x m0X and is somclimos called 
the jerk. 
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Application of the Theory of Forced Vibration to 
Measuring Techniques 

Instruments used for registering and recording dynamic processes 
in mechanical systems operate on the principle following from the 
theory of forced vibration. 

Frequency meters serve to determine experimentally the frequencies 
of vibrating objects. Figure 108a shows a sketch of a reed frequency 
meter based on the resonant principle. The instrument contains 
a number of thin plates built into the frame, 
with small additional masses attached to their 
ends. The lengths of these plates are diflerent, 
and so are their natural frequencies, which 
can, of course, be predetermined by calcula¬ 
tion. The frame of the frequency meter is 
attached to a vibrating object so that each 
of the plates is subjected to vibrations induced 




Fig. 108 

by kinematic disturbance. The plate whose natural frequency is 
close to the frequency of vibration being measured is forced into 
a state of particularly violent vibration; in this way the desired 
frequency of vibration is determined. 

The diBerence of the natural frequencies of two adjacent strips 
is 0.5 cps so that the measurement error cannot exceed this value. 
The useful frequency range of the instrument is not wide, between 10 
and 20 cps. 

The principal part of the frequency meter shown in Fig. 1086 
is an elastic bar 1 with a weight at its end. After the instrument 
is mounted on a vibrating object the free length of the bar.and con¬ 
sequently its natural frequency are varied gradually by moving 
plank 4 smoothly by means of screw 2. When the vibration of the 
bar becomes very violent, the plank is stopped and the frequency 
of vibration determined from a calibrated scale 3. 

Vibrographs of the inertia (seismic) type are used to record displa¬ 
cements of points of vibrating objects or to record angles of rotation 
(in the latter case they are known as torsiographs). The frame of the 
instrument is rigidly attached to the object whose vibration is mea- 
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suieil; the instrument incorporates e r !“ d vS’rW.Hy'the 

tion to which the displacements of the frame, i.c., vinu 

vibrato. b i. Fig. ioVti,. “‘7 

is a heavy weight 1 (seismic mass) suspended in , fra ™ e / by 8 S ° h ' 
elastic spring 2. The frame of the vibrograph is attached to the 
structure**whose vibration is studied and it vibrates with the latter. 



Fig. 109 


The weight-spring system is also subjected to vibrations induced 
by kinematic disturbance. The natural frequency of this system is 
very low also because of the small stiffness of the spring; therefore 
the ratio o tip is usually very large and, according to formula (18.28), 
the amplitude of vibration of the weight is only a negligible frac¬ 
tion of the amplitude of vibration of the frame of the instrument 
so that in practice weight 1 may be considered fixed. 

The instrument is mounted so as to make the axis of the rotating 
drum coincident with the direction of the vibration under investi¬ 
gation. Stylus 6 attached to weight 1 will then trace the vibration 
curve on a strip of paper or film moving with drum 4. A timing 
device automatically marks intervals of time on the strip (lime 
marker is designated by the figure 5). 

A linkage system serves to record vibrations to an enlarged scale; 
this permits measurement of vibrations with an amplitude of 0.01 mm 
and larger. 

In order to have the error of the vibrograph sufficiently small, 
the natural frequency of the weight-spring system must be consi¬ 
derably lower than the frequency to b6 measured. Moreover, for 
precise operation of the vibrograph its mass must be much smaller 
than the mass of the vibrating structure, otherwise the mounting 








t'li.lV h'oretd I'itrah 



Fig. I 


Of Ure vibrograph will ch.ngo Ito vibratory prop.rl,os ol Lho syslom 
“ invesfigolion (this ia also u» >•' froqoc.cy motors). 

The same principle is oscd in lorsioprapfe-instrunionls for rixoril- 
log torsional vibration. (Fig. 100b), A heavy Oywhool 2 fits Iroaly 
on oslo 1 of the instrument. Tho flywheel and the axle of the mini, 
men I are connected together by a flexible spiral spring 3 so that 
the natural frequency of torsional vibration is very low. I alley 4 
is keyed oil Inc instrument 
axle and connected to the shaft 
whose torsional vibration is 
studied. 

As the shaft rotates, the 
instrument also rotates but, 
because of the flexibility of 
the spring, high-frequency 
torsional vibrations arc not 
practically transmitted to the 
flywheel and it rotates uni¬ 
formly with the average angu¬ 
lar velocity of the shaft. The 
vibration of the instrument axle with respect to the flywheel is 
transmitted to the recording stylus by means of a linkage system. 

In view of some disadvantages of the linkage system of the record¬ 
ing device the mechanical linkage is replaced by an electrical system 
in modern inertia-type instruments. Mechanical vibrations arc 
transformed into electrical vibrations; the latter arc measured or 
recorded (by means of an oscillograph) after proper amplification. 
However, the basic principle—the presence of an inertia element 
with an clastic (and usually somewhat damped) suspension — rema¬ 
ins in this scheme too. 

Vibration pickup. A sketch of a vibration pickup (also called 
a hand vibrograph) is shown in Fig. 110. 

While in a stationary vibrograph the stylus is fixed and the frame 
is movable, giving a motion to the strip, in a hand vibrograph stylus 1 
moves following the vibrations of a follower pin 3\ the frame of the 
instrument 4 is held in place by hand and, in view of the small 
stiffness of spring 2 , may be considered stationary. Although some 
displacements of the frame arc unavoidable during operation of the 
vibrograph, these vibrations of the frame can easily be distinguished 
in the record obtained as they difler markedly from the basic vibra¬ 
tions by their relatively large period. 

Spring 2 ensures the tracking motion of the follower pin. For 
proper operation of the instrument the force P of the compressed 
spring should hold the pin point in contact with the vibrating object. 
If the compression of the spring is inadequate, the contact is upset 





when the vibrating member begins to move in the opposite direc¬ 
tion (away from the pin). The acceleration in this motion (in har¬ 
monic vibration) is equal to aw 1 , where a is the amplitude of the 
vibration under investigation; for continuous contact the initial 
compressive force of the spring P must provide an acceleration of the 
pin of no less magnitude. Denoting by m the combined mass of the pin 
and associated parts of the instrument, we arrive at the condition 


Example 22. Determine the required initial compressive force of the spring 
of a hand vibrograpli used for recording vibrations with amplitude up to 0.0 cm 
and frequency up to COO sec" 1 ; the combined weight of the pin and moving parts 


The required compressive force of the spring is 

p '■?- - qgj- o.fi X 000Saa 10.8 kgf. 

Dynamic pressure pickup. Consider the principle of a dynamometric 
indicator (Fig. Ill), which serves to record the pressure in acvlindcr 
of a piston engine. The cylinder 1 of 
the indicator is connected with the ill 

cylinder of the engine; the motion of -—. 

the piston 2 of the indicator under the n -rW 

action of a variable pressure is rocor- A A f l - 

tied (to an enlarged scale) on a moving 1 w U I A 

strip 3. ■ 

The condition for precision of the I 

vibrographs and torsiographsdescribed I *1 

above is a relatively small stiffness 3 ~ L/ 

or the spring; the condition for proper LsEU 

operation of the indicator is, however, | -2 

the opposite property, viz. a large [j)|f[ J 

stiffness of its spring. Indeed, in order ^ 

hat the record of displacement x mav Fig- HI 

he read as the record of pressure ri. i't 

u,‘between ,, * „ it 

- '”" s i " 
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In the case of abrupt changes in pressure this requires a small 
period of free vibration, i.e., a largo stiffness of the spring of the 
indicator. 

If the pressure increases in time according to a linear law, the 
relative error of readings is given by formula (18.21). 

Example 23. Determine tho rclativo error of indicator readings when tho 
following data arc given: timo required for pressure to reach its maximum value 
is 1 = 0.1 sec; cross-sectional area of cylinder of indicator A = I.G cm*; reduced 
weight of moving parts of indicator 60 gf. it is known that at a static pressuro 
of 2 atm the end of tho pointer of tho indicator moves through 0.5 cm; the gear 
ratio of tho linkago system is I = 

Find tho stiffness k of tho spring of the indicator. At a pressure of 2 atm tho 
force of the compressed spring is 2 X 1.6 = 3.2 kgf and the deformation of the 
spring is 0.5 -. \ = 0.125 cm. 

Consequently, 

l —oSr* 2SJi 

The mass of moving parts is 

m = "WT = 0.0000612 kgf-soc*/cm. 

The natural frcquoncy of vibration of the instrument is 

'-/•f-Z-dronr- 1 *”'-'- 

The period of natural vibration is 

r-&.-o.«w 

The rotative error of instrument readings is 

0.0097:2x0.1=0.0185, 

i.e., less than 5 per cent. 


Principle of Vibration Isolation 

To isolate disturbing sources from adjacent structural elements 
riSSlW" T ,nlt ?duced. Protection of the base against 
the action of driving forces is called active isolation (Fig. 112a) and 
K‘Sl'Tf k,n * m *M c dJslMbnncM is called passive isolation 

In tho theory of activo isolation tho basic problem is that of dolcr- 
.^"Z^n it is C t h l o ra n n roM tled JV h ,° ^ «■ Ci pS** 

ssts-ju «^r P b iu”r£r l r i,l , ii ' ,dc oi ?? 
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resonant conditions it is permissibio to carry out the basic analysis 
of vibration isolation without regard to inelastic resisting forces. 
At the same time it should be borne in mind that these forces must 
always be taken into account when assessing tho danger involved 
in passing through resonance (in starting or stopping the machine). 

The analysis of vibration isolation is 
required in all cases; the use of isolating 
devices without preliminary analysis is 
not permissible. 

Active isolation. If the driving force 
is a harmonic one and the structure is 
undamped, then, according to formula 
(18.28), the maximum force transmitted 
to the base is 

' v " fa -T~ s " r r’ - "i, Vr -t*'*" Fi * 112 

1 1 p l I r p* I 

Hence, the efficiency of active isolation depends on the magnitude- 
of the magnification factor p to be used. This requires accordingly 
a low value of the natural frequency p, which may be obtained by 
reducing the stillness of the mounting of the machine or by increasing 
the vibrating mass. 




For this purpose a set of clastic constraints (vibration isolators) 

SerUm ’I!''"®’' 0r '“'‘h" are introduced' 

under tin frame of the machine to be isolated (or under the riaid 
base to which tho machine is attached). Two equally efficient variants 
of mounun, are mppm ,„ g „ rlan , J*. Jibratioo SoU 

are flared under tho base of tho machine (Ffe. 113a) and 










variant when vibration isolators arc placed above the bottom of the 
base; in the latter case the vibration isolators may be cither in com¬ 
pression (Fig. 1136) or in tension (Fig. 113c). .... 

If horizontal driving forces prevail in the machine to be isolated 
a pendulum suspension may also bo used to advantage (big. 113 d); 
a very low value of the natural frequency und an appreciable isola¬ 
tion effect can be obtained by using long hangers. 

The suspension should be made soft only in the direction of the 
driving force (or couple). Thus, the operation of single-phase electric 
motors brings about a variable torque. 
Therefore, for vibration isolation the 
constraint corresponding to rotations 
of the stator must be flexible; at the 
same lime, if there is a gear wheel on 
the shaft, the normal operation of the 
gear drive requires high stiffness for 
vertical and horizontal displacements. 

A rational way of mounting such 
an electric motor is shown in Fig. 114. 
The support of the bearing is a steel 
strip bent so that the axes of the 
inclined portions intersect on the axis of the shaft. For any ver¬ 
tical or horizontal displacement this support is very stiff (inclined 
portions arc subjected to tension or compression and deform only 
slightly), whereas for rotations of the stator this support is relati¬ 
vely flexible (incliucd portions arc subjected to bending and deform 
easily). 

For the same reasons the automobile engine suspension is pro¬ 
vided with little stiffness for clastic rotations about a longitudinal 
axis and considerably greater stiffness in other directions perpendi¬ 
cular to this axis. 

It should lie noted that vibration isolation of slow-spccd machines 
(when the frequency of the disturbance is not high) may require 
n very low natural frequency and accordingly iin practically great 
flexibility of vibration absorbers. To overcome this difficulty the 
vibrating mass is artificially increased in such cases. This serves 
a twofold purpose: first, the natural frequency is reduced and, second, 
sufficient stiffness of the system is preserved. 

Passive isolation. As pointed out above, passive isolation is used 
to protect instruments and precision machines ugainst vibrations 
transmitted from the supporting structure. 

The amplitude of vibration of an isolated object is expressed 
in terms of the amplitude of vibration of the baso by formula (18.30). 
It is apparent that passive isolation should use the same idea of 
making the mounting soft, as in active isolation. It is generally 



Fig. 114 
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required thol llie natural frequency of the isolated object shall not 
exceed one-fourth of the frequency of vibration of the base. 

If the frequency of the disturbance is not fixed, it is necessary 
to introduce inelastic resistances in the mounting system. Thus, 
the irregularities of a road may have the shape of a sine curve with 
the wavelength varying over 
a wide range. Therefore, there 
is a real danger that the body 
of a moving automobile may 
he in a state of resonance; to 
limit resonant amplitudes the 
automobile suspension is al¬ 
ways provided with hydraulic 
shock absorbers which dissi¬ 
pate a considerable amount 
of energy during vibration 
(Fig. 115a). This absorber system has a disadvantage: it docs not 
afiord sufficient comfort of passengers when subjected to shocks wliich 
arc transmitted to the automobile body with almost no alleviation 
(pneumatic tires not being considered). To obtain the necessary sof¬ 
tness of the suspension it may be provided with an additional flexible 
element as shown in Fig. 115f>. 



Effect of Two Harmonic Forces with Close 
Frequencies; Beats 

If a system of one degree of freedom is subjected to two different 
harmonic driving forces, then, because of linearity, the overall 
effect can be determined by adding the effects produced by each of the 
forces acting separately. Thus, a driving force of the form 
F = F\ sin W|< + P, sin o» 2 < 
produces complex vibrations 


If the frequencies w, and oi 2 are close to each other, the resultant 
motion is of a peculiar type known as beating (Fig. 1 lOa). The beat ins 
phenomenon is characterized by a periodic variation of the amplitude, 
lo analyse this phenomenon we first transform solution (18.31) as 


x=a, sin io,t a s sin io,t = — 1[ ^ a » (sin u>,< -f-! 
- (sin a>,t — sin to,l 1 = (a, + a,) cos 

+ (a, — a 2 )sin • 


iw 2 <l-(- 
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Fig. IIC 

described^by^he’cxpression Vai7 S,ow,y - Thus . the motion an be 

* = asin M-f a), 


where <o = J2!±2!*_ = mean value of frequency, 

a b* t b\ = slowly varying amplitude of vibration, 

* o = slowly varying phase. 

Hence, the motion is almost sinusoidal, the amplitude of vibra¬ 
tion a being a slowly varying function of time, the perioa 
of variation of the amplitude a (beat period) is 


Since the difference <0| — w* is small, the period T„ is conside¬ 
rably greater than the period of vibration 


Beats may be induced by a single driving force P 0 sin tot in the 
neighbourhood of resonance when the frequency w is close to the 
natural frequency p. From solution (18.25) it is seen that in this 
cuso the vibration consists of two harmonics with close frequencies to 
and p. Transformations similar to those used above lead to the 
conclusion that, here too, the resultant vibration is a sinusoidal 
one with varying amplitude, fn this case, however, the process 
is not steady; the free vibration disappears gradually because of 
damping and onlv the forced vibration persists, so that beating 
will cease (Fig. 1106). 


Effect of an Arbitrary Periodic Driving Force 
(Resolution into Harmonic Components) 

In practical applications we often have to deal with periodic 
driving forces of a more complex form than considered above. 

Thus, Fig. 117a shows the law of variation of the torque produced 
by a four-stroke internal-combustion engine. Another example 
(periodic "massless" shocks) is shown in Fig. 1176. 

The forces (torques) of the type considered have a pronounced period 
of vibration T but arc not representable by a single analytic expres¬ 
sion. It is customary in such cases to expand a periodic force in 
a Fourier scries. The force is represented as a sum of harmonic com¬ 
ponents and the effect produced by each of the components is deter¬ 
mined; then the resulting individual effects are summed up. 

A periodic force P (t) can be represented as a Fourier series 
P (0 =a 0 -l-a,cos (of +a.cos2<i)t-|- ... + 6, sin (o< + b 2 sin 2(of + .... 
where o = 2 nIT is the fundamental frequency of the disturbance. 


The coefficients a and b arc evaluated by the well-known formulas 



vibrations with frequencies. to, 2... ihe natural frequency 

coincides with the frequency oi any one oi the harmonics n. 
aches infinity ’ ’ U,e corres P ondin e torm in formula (18.32) appro- 

Consequently, in ihe general case ol a periodic driving lercc reso¬ 
nance occur, not only when the natural Irequcncy p is ?q«.I to Ihe 
fundamental frequency a, ol th. driving fo?ce but !lso X> , is ■ 
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multiplo of to I in some particular cases formula (18.32) does not 
contain certain terms and resonance docs not occur for all multipli¬ 
cities!. 

The foregoing method clearly discloses the conditions under which 
rcsonunce occurs. The disadvantage of this method is that the cal¬ 
culations arc loo complicated because it is necessary to deal with 
a very large number of terms in expression (18.32). Thus, the driving 
force shown in Fig. 117a has to be replaced by about ten harmonics 
for sufficient accuracy. 

EHecl of Periodic Impulses (Closed Form of Solution) 

Let us investigate the effect of periodic impulses (Fig. 1176) assum¬ 
ing the length of action of each of them to be vanishingly small. 

We consider any one of the periods T choosing the origin of lime 
at the end of action of the preceding impulse (for example, at lime 
l„ in Fig. 1176). Denote the displacement and velocity at the initial 
instant by x 0 and v 0 , respectively. 

During the period considered (before the application of the next 
impulse) the motion is a free vibration with natural frequency p 
and is defined by the equation 

x = s 0 cos pi + ~ sin pi. (18.33) 

Consequently, 

v^x— — pr t sin pt — v „cos pi. 

At the end of this period, just before the next impulse (time /,), 
we obtain 

= r 0 cos pT + -^- sin pT, 
v,= — px„ sin pT + v 9 cos pT. 

As a result of the action of the succeeding impulse the velocity 
changes suddenly by an amount S/m (where S is the value of the 
impulse), 'therefore, immediately after the next impulse (time t 2 ) 

x 2 =x,- x„ cos pT + Ss. sin pT, 
o z = v i -r~-= — /« 0 sin pT— tocos pT -f — . 
to S ;- nc ft l ,roccss is periodic, these quantities must be equal 
x i — - r o cos pT -}- -^2- sin pT, 
y o= — px„sin pT cos pT + — . 
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These equations involve two unknown quantities, Zg and i> ( . 
Solving the equations, we find 



the law of motion (18.33) takes the form 

* = ~Snp ( s * n cos & cot ~fr) (18.34) 

(here the substitution T = 2nl<a has been made). 
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Fig. 118 


The simple and closed form of this solution odors a simple way of 
investigating the effect of periodic shocks; note that in this case the 
method of resolution into harmonic components would lead again 
to infinite sums. 

The amplitude of vibration Is given by 


-s?V ‘+“‘*1? 


S 



The quotient Simp is the maximum deflection produced by one 
impulse; therefore, the expression 



may be called the repetition factor; this factor characterizes the 
increased effect of repeated impulses. 

Figure 118 shows the variation of the factor B as a function of the 
frequency ratio w/p. From formula (18.35) and Fig. 118 it is seen 
that when the frequencies are identical or multiple (p = not, n = 
— 1, 2, . . .) resonance occurs. The minimum possible value of the 
repetition factor is 1/2. 




See. 18 Sjjtlenu 0 / One Dtgrte 0 / Freedom 


225 


Effect of an Arbitrary Periodic Driving Force 
(Closed Form of Solution) 

The foregoing method can be used to obtain a closed solution 
to the problem involving the action of an arbitrary periodic 

Let a system be acted on by an arbitrarily given periodic force 
of period T (Pig. 119). Divide the time axis into intervals of length 
T (one of the division points is chosen arbitrarily). Tho law of varia¬ 
tion of the force can be written as P (t), where t is the time measurod 



Fig. 119 


from the beginning of any one of the intervals; in other intervals the 
law P (t) is repeated with the corresponding shift of the limo 
origin. 

Isolate an infinite series of identical elementary impulses P (t) dx 
from the given law of variation of the force. The displacement of the 
system at time t produced by this series of elementary impulses can 
be determined by formula (18.34). In this formula, however, bv i 
is meant the time elapsed between the instant a particular impulse 
is applied and the instant for which the displacement x is determined- 
in our case this time should be denoted by t - x (for t < t) and by 
L\tr,S r T i > Integratln 2 betw een the corresponding limits 
impulses 1 W d,Sp,accmcnt * P roduce d by all the series of elementary 

x(< >“-aSJT { J P < T > [ sin P (<■-*)■+ cos p(t- x)cot-*£-] dx + 


15—5 13 




Vibration! 


After trails forma I ions we finally obtain 
x(t) = - JL-1 P (t) [cot cos p (t - t) - sin p (t - t)] dx+ 

+ -Ljp(x) S inp(t-x)dx. (18.35a) 

Let, for example, P (t) = bx within the limits (0, T) (Fig. 120). 
Of course, this case of a saw-tooth driving force can be handled by the 



Fig. 120 


method presented on p. 221; the solution, however, would require 
consideration of a large number of terms, the number being larger, 
the greater the accuracy required. In the present case the computa¬ 
tions are rather elementary and lead to a closed form of the solution 

x = Tf[ 2 P t + P T (cos pt —cotsinp<)] . 

19. Linear Systems of One Degree of Freedom with 
Inelastic Resisting Forces 

Effect of Viscous Resistance 

General solution. If viscous resistance is taken into account, the 
basic equation of forced vibration assumes the form 



It differs from the equation of damped free vibration (5.4) by the 
right-hand side and from the oquation of forced vibration of a system 
with no inelastic resistance (18.2) by the second term on the left-hand 
side. To obtain the general solution we use the method which was 
applied above to the solution of a similar problem with n = 0. 

Let a momentary impulse S be applied to a system of one degree 
of freedom at time t; the ensuing vibratory process can be described 
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by Eq. (5.5). Determine the constants a and a from the initial con¬ 
ditions of the motion: 

x = 0 and x = Slm at t = x. The first condition yields 


a =■—/>. f- 

From the second condition we find 



where p, is given by formula (5.55). 

Thus, the free vibrations induced by the impulse S are governed 
by the law 

and are damped out in time. 

As before, we consider the driving force P (x) as a sequence of 
infinitesimal impulses P (t) dx. The general solution of the problem 
concerning the action of the force P (t ) then becomes 

X = ~^h\ f*(T) sin/>.(* — x)dx. (19.2) 

This formula is applicable for any law P (t) and reduces to formu¬ 
la (18.14) for n = 0. 

Harmonic driving force. In the important particular case of the 
action of a harmonic force 



P = P 0 sin a )t 


solution (19.2) yields 



x = a sin (tot — -y), 

(19.3) 

where 



V (>-■£-)>“ ' 

(19.4) 


tan y = - p ? W ‘ uA . 

(19.5) 

In the first 

formula 



x - P ° P ° 



“ * «/•* ' 


Introduce, a 

s before, the magnification factor 




( 18 . 8 ) 
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The magnification factor p remains finite for all values of the fre¬ 
quency of the disturbance ®; this makes the result obtained radica¬ 
lly different from the solution derived above when no inelastic resi¬ 
stance is involvod. The relation between ft and the frequency ratio 
nip for various values of nip is shown in Fig. 121a. The general shape 
of the curves bears a resemblance to Fig. 105a; the maximum value 
of the magnification factor, however, remains finite at o> = p. The 



Hence, the maximum value of the magnification factor is inversely 
proportional to the damping factor n. From the graphs in Fig. 121a 
it is seen that the viscous-damping forces have a pronounced effect 
only in the nearresonance region. This makes it possible to assume 
for |i the curve plotted for no viscous resistance (Fig. 105a) far from 
resonance and to assume p=p mil (Fig. 1216 for 2n/p=0.5) in the 
entire nearrcsonance region. 
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Consider the question of vibration ’lagging". The phase angle V 
cics to. At resonance (to = p) phase angle ts equal to *«. 

* «•> 'sins 

(Fig. 115a) 

N=.kz + c'r. ( 10 - 7 ) 


Substituting 

x = px,t sin (tot — y)' x — P <u3 '*t cos (<■>* — T) ■ 

we obtain 

N «= /tpx.x [sin (tot — v) + -yr cos ( wl V) J • 
The maximum value of N is found to be 

w-.-iO’./T+^-i‘A 

where _ 

f.-i* K <+-?-• 


The quantity p. is called the transmissibility. Figure 122 shows 
the variation of this factor with the ratio to/p for various values of 
2 nip. All curves pass through one and the same points whose abscissa 
is V2 and ordinate 1. In the region to/p <1^2 damping is useful 
since it reduces the transmissibility; in the region to/p>V 2 the 
transmissibility increases with increasing amounts of damping. 
Therefore, when the structure works in the post-resonance region, 
the force transmitted to the foundation increases due to damping. 

The physical meaning of this phenomenon can be^understood from 
Fig. 115a. During vibration two forces, as it were,’ are transmitted 
to the foundation, through the spring and the dashpot; high frequen¬ 
cies of disturbance involve relatively high velocities and accordin¬ 
gly relatively large viscous-damping forces. 

Example 24. From a tree-vibration test of aa aulomobilo it ia found that (1) 
the natural frequency is 7.33 sec -1 , (2) the amplitudes form a geometric progres¬ 
sion, the ratio between two consecutive amplitudes being, on tho average, 3.1. 
Determine tho maximum magnification factor that can be obtained during 
forced vibration of this system. 
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Wo find the period of free vibration 


Substituting tho value of tho period T and the ampli 
xpression for the logarithmic decrement (5.6), we obtain 


amplitude ratio in the 


The maximum magnification factor (see formula (10.6)) is 
p 7.33 


Note. In solving this problem no account was taken of the difference between 
the frequency p, found from the test and the frequency p, which should be 
substituted in the formula for This difference is not very great; indeed, if 


p=7.45 sec-t. 

Effect of energy properties of sources of excitation. In many cases 
resonance phenomena are detrimental and special precautions should 


III 

III 



1 

ILf 

\L^°2 



J 







Y 0.1.0 






•h 


u 


T r * ling of the system which Ml 

sufficiently ter removed from resonance. But there m,„uf,ctuii»5 
processes (for example, jigging conveyors) which are based on the 
utilization of vibrations. For efficiency of such processes, it is desi- 
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cable to have the largest possible amplitudes of vibration; this can 
be achieved by creating resonance or nearresonance conditions. 

Experience shows that the operation of such systems in the reso¬ 
nance region is sometimes unstable and the system "spontaneously 
leaves this region. These phenomena were explained not so long ago 
and were shown to be related to the energy properties of sources ol 
excitation. 



Figure 123a shows a family of characteristics typical of a shunt 
electric motor. Here, the abscissa represents the speed <*> of the arma¬ 
ture and the ordinate the torque which can be developed by the motor 
at a specified speed <■>. As the position of the adjuster is varied (by 
changing the resistance in the exciting circuit), a certain characte¬ 
ristic is fixed (1, 2, 3, . . .). 

The characteristics make it possible to determine the power by 
the formula N = Mm. Figure 1236 shows the power curves corres¬ 
ponding to the characteristics of Fig. 123a. To each position of the 
adjuster (rheostat) there also corresponds a definite curve (1, 2, 

3-). 

We now turn our attention to the determination of energy losses. 
For simplicity, we assume that these losses are due only to the vibrat¬ 
ing system itself and the friction is of a viscous type. The energy T 
dissipated per cycle is given by formula (5.11); substituting n = 1, 
5 = a and the frequency o> for the natural frequency p, we obtain 
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V = neioa*. Dividing this quantity by the period of forced vibra¬ 
tion 2n/«, we find the power actually lost in vibration, N, = 
= coV. Substituting c = 2 mn and the expression for the amplitude 
a as given by formula (19.4), we have 



When the amplitude of the driving force is proportional to uff 
(sec pp. 207-208), x„ is also proportional to a» ! and the curve N, (®) 
assumes a shape as shown in Fig. 123c. 

Wo can now correlate the quantities N and N,; this is done in 
Fig. 123d. Suppose that the rheostat is set so that curve 1 is the 
characteristic of the motor; the operating conditions then correspond 
to point 1. 

Let now the rheostat be switched out slowly and the system gra¬ 
dually acceleratod. From Fig. 123d it is seen that as the rheostat 
is gradually switched out the curves N («) rise higher and higher. 
Accordingly, after conditions I and 2 are passed the system is rapidly 
accelerated at point 3 until condition 4 is reached. Further switching 
out of the rheostat sets up conditions 5, 6, etc. 

As the machine is gradually stopped and the resistance in the 
exciting circuit gradually increases, the vibrating system will pass 
successively through conditions 6, 5, 4, 7, 2, 1, etc.; the transition 
from condition 7 to condition 2 will take place as a sudden decrease 
in the frequency o>. 

As can be seen, in the caso of either acceleration or slopping-down 
the branch of the curve 3-7 remains unrealized. The conditions on 
this branch arc not feasible even if the power AT is reduced after 
point 3 is reached during acceleration; they arc found to be unstable 
and tho system passes from these conditions to stable ones. Thus, 
the frequency range (o> 3 , <o,) is not practicable at all. 

Clearly, this phenomenon occurs in all cases where the curves of 
available power N may intersect tho curve of required power .V. in 
more than one point. It should be noted that in such cases the point 
at the top of tho rcsonanco peak will always be a point of unstable 
state; this is the cause of the phenomena discussed above. 

Effect of periodic impulses. As a starting expression we assume 
the law of damped free vibration (5.5a) instead of expression (18.33) 
and form the expression for the velocity 
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As before, the origin of time is chosen at time <„ 

(see Fig. 117b). For lime we can write 

x i — e ~" T (*«cosp.r + iS±p3jnp.r) , 

w,=e-" T (^cosp.r- ^’+^ sin pj). 

At time t 2 the displacement and velocity are again equal to x* 
and v„ 

*o = x, - e~ nT ( 2 ,cos p,T + Vt ' r p " 1 * sin p.f) , 

* - +-J— e ~" T ( "0 cos p.T- n J*±p2 sin p.f) +, 

where S is the magnitude of the impulse. 

From Eqs. (19.8) we find 



*0 = 

i> 0 = 


_ Se nT sin p.T 

mp, (c 2nT — 2r" Tc0S P« r + 1) ’ 

St nT (c nT —cos p.T —jpsin p.T") 
m (t 2nT — 2e" r cos p.T+ 1) 


(19.9) 


After calculating z 0 and i> 0 by these formulas, we can use the 
solution given in formula (5.5a). 

Of particular interest are the resonance conditions when the 
period of impulses T is an integer number of the natural periods 
of vibration T.; denoting this number by r, we have 


Then 


T = rT. =* _ 

sin p.T = 0, cos p.T = 1 


and we find by formulas (19.9) 

*o = 0, u a = 


S<”J 

(c nT -l)' 


For small values of nT wc can put 
+ i.e., 

and the solution takes the form 


sin p.f. 
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The maximum value (resonant amplitude) is approximately 
equal to ^ 

Xmai = 2nmnr ’ 

i.e., it is inversely proportional to the damping factor (just as in 
the case of harmonic disturbance). The repetition factor at resonance 
is obtained by dividing x roaI by the amplitude of the vibration pro¬ 
duced by a single impact (Simp) 

&~2nnr ' 

i.e., the resonant amplitudes diminish with increasing r (with decrea¬ 
sing frequency of impulses). 

Figure 124 shows a curve similar to that of Fig. 118 but with 
inelastic resisting forces taken into account (for the case nip = 0.1). 
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Fig. 124 


Effect of an arbitrary periodic force. The computations correspond¬ 
ing to this case are basically the same as those presented on p. 225-226 
for a simpler case when there is no damping. The final formula is 
somewhat more complicated than formula (18.35a) but has the same 
structure 

x(t) = ‘^-x 

x f c l«"*»in p, (t + D—sin p,t| —cos p. ii + T)—cos p, <| . 

I I — 2< nr cos p,T + e 2nT 

+ j / > (x)e" , sinp.(t — t)</tJ . 


C= J ^C 1 )« n 'cosp.Tdr, 

S = [ p (x)e n, sinp,TdT. 
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To determine the displacements it is sufficient to carry out the 
integration over an interval equal to the period of variation of 
the driving force. 

It should be emphasized that these formulas have definite advan¬ 
tages over the relations which are obtained when the driving force 
is expanded in a Fourier series since they eliminate the necessity for 
using infinite (and often slowly convergent) series. 

Effect of a force of variable frequency. An example of a harmonic 
driving force produced by an unbalanced rotor was given above (see 
Fig. 9); it was then assumed that the speed of rotation was constant. 
Consider the vibrations induced during acceleration of a machine 
when the speed gradually increases from zero to some final value. 
Of particular importance is the case when acceleration involves pas¬ 
sage through resonance. If the passage is not very slow, the resulting 
vibrations differ greatly from the vibrations under steady-slate con¬ 
ditions. Therefore, it would be wrong to assess the danger of passing 
through resonance from the amplitudes calculated by a considera¬ 
tion of steady-slate resonant vibrations. 

If the angular velocity of rotation is assumed to increase uniformly 
and the angular acceleration is denoted by a, the angular velocity is 
at and the angle of rotation is at *. Accordingly, the centrifugal force 
is equal to mr (at) 1 , where mr is the product of the rotating mass and 
the eccentricity; the vertical component of this force (driving force) 

P(t) = mr (at)* sin ~. 

The vibrations produced by this force can be described by means 
of the general solution (19.2). The resulting integral, however, is 
not expressible in terms of elementary functions; even in an arti¬ 
ficially simplified problem when there is no friction and the ampli¬ 
tude of the force is assumed to be constant at all times during accele¬ 
ration, the solution leads to transcendental functions called Fresnel 
integrals. Without going through rather complicated calculations, 
we present the final basic conclusions which pertain to the case of a 
force of constant amplitude acting on a system with viscous friction: 

the peak amplitudes of vibration are reached not when the frequen¬ 
cy of the driving force coincides with the natural frequency of the 
system but somewhat later; during acceleration the peak amplitude 
is shifted toward higher frequencies, and during stopping-down 
toward lower frequencies; 

the peak amplitudes of vibration when passing through resonance 
are smaller than in the case of steady-state resonant vibrations, tho 
difference being greater the shorter the time of passage. 
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Figure 125a shows the variation of a force P following the law 

at* 

P = P 0 sin- 5 -, 

where the -dimensionless” time atlp is taken as the argument.JFigu- 
re 1256 shows vibration curves corresponding to various rales of 
acceleration; the dimensionless parameter alp * is taken as a measure 



of the rate of acceleration. The higher the rate of acceleration, the 
smaller is the peak amplitude and the greater the shift to the right. 

Figure 126a shows graphs indicating the frequency <0 at which the 
peak amplitudes are reached in cases of direct and return passage 
through resonance. The abscissa represents the value of the characte¬ 
ristic parameter ltFa/p*; bore the corresponding number of cycles N 
of the driving force after which this peak amplitude occurs can also 
be determined (the curves apply to the case 2 nip = 0.05). 

From the graphs of Fig. 1266 it is possible to determine the ratio 
between the maximum magnification factor p mBI reached when pass¬ 
ing through resonance and the value of p,,,,, which corresponds to 
the steady-state resonant vibrations. 
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Fig. 126 


Effect of Arbitrarily Given Inelastic Iiesisting Forces 

Consider the general case when the inelastic resisting force is a 
non-linear function of the velocity, R = R (x). 

Because of the complexity involved in a rigorous consideration of 
the effect of such a force we restrict ourselves to an approximate, 
but sufficiently accurate, simple procedure. Replace the force R by 
an equivalent viscous-damping force 

R. = cjx (19.10) 

and determine the coefficient c, by equating the work done per cycle 
by the forces R and R,. 

We have to make a certain assumption as to the type of vibratory 
process. For a harmonic driving force it is natural to assume that 
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in the general case of inelastic resisting forces the vibratory process 
is also governed by law (19.3). .... 

It will be found more convenient to shift the origin of time so that 
the law of vibration takes a simpler form 

x=asino>( (19.11) 

and to require the equality of the work done per half-cycle ^0, 
when the velocity (and also the forces R and /?,) maintains a con¬ 
stant sign. 

The elementary work of the equivalent force R, is then given by 
R,dx=R.xdt. (19.12) 

Substituting expression (19.10), we obtain 
c.i* dt = a*w*c. cos’cot dt. 

Accordingly, the work done by the force R, per cycle is equal to 

j R,xdt=nc t a t (o. (19.13) 


The work done by the given non-linear inelastic resisting force 
must be expressed in a similar way. 

Suppose that these operations have been carried out and the 
equivalent coefficient c, determined (its magnitude, as a rule, is 
dependent on the amplitude of vibration a). 

Substitute this expression for e, in solution (19.4) 




(19.14) 


It should be noted that the unknown amplitude appears on both 
sides of this equality. After determining the relation between the 
amplitude and the frequency of vibration <■> from expression (19.14), 
we can plot a curve similar to those in Fig. 121a. 

Let us carry through these operations for inelastic resisting forces 
of the form 

R=ei |x|"->. (19.15) 

Similarly to expression (19.12), the elementary work of force 
(19.15) is 

Rdx = Rxdt = cx*\x I "' 1 dt. 
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The equation of forced vibrations produced by a harmonic dri¬ 
ving force /* 0 sin cot is written as 

0917 ) 

This non-linear equation has a very simple exact solution 

z = asin(cot —y), (19.18) 

where a and y are suitably chosen quantities. Substitute expres¬ 
sion (19.18) in Eq. (19.17) 

— am 1 sin (cot—y) + op* sin (cot—y) + 

+-^jj- e°s (cot —y) = -^ sin cot. (19.19) 


The last term on the left-hand side is written with the plus sign 
only, since the change of sign required for the equation (when the 
velocity changes sign) is automatically provided here by the chan¬ 
ging sign of the cosine. Indeed, the term -j^-cos (cot — y) is in 
phase with the velocity which, according to expression (19.18), is 
equal to 

x = am cos (cot —y). 

Transforming relation (19.19), we obtain 
[a (p* — co*) cos y+sin y—sin cot — 

— [ a (P*—® s ) siny — -^-cosyjcos cot =0. 

Since this equality must be satisfied identically, the bracketed 
expressions must be equal to zero, i.e., 

a (p*—co s ) cos y + ^-sin y — ^2. = 0, 

a (p*—co J ) sin y—-^-cos y = 0. 

lienee 




(19.20) 

>) -t : r, r 

In three particular cases when n — nro.u , .. 
obtained immediately from Eq. (19.20).’ ’ 2 ’ th<> solut,on can 




Note the similar structure of the last formula and formula 
(19.4) derived for the caso of viscous resistance. 

When n = 0 relation (19.20) gives 



From this formula it is seen that the amplitude builds up without 
limit when the frequencies coincide, <■> = p. 

Away from resonance, the second term under the radical in 
expression (19.20) is small in comparison with the first term; this 
makes it possible to construct the process of successive approxima¬ 
tions for calculating the amplitude for any value of n. After determin¬ 
ing the amplitude a, we can find the phase angle y from formula (19.21). 

For any value of n the resonant amplitude is determined from 
expression (19.20) as 


20. Systems with Non-Linear Restoring Forces 
(Single Degree of Freedom) 

Harmonic Driving Force 

Basic equation. Consider forced vibrations of a system with a non¬ 
linear restoring force under the action of a harmonic driving force, 
assuming that there are no inelastic resistances. The corresponding 
equation has the standard form 

*+Tjr-$-sinm, (20.1) 

where F (x) is a non-linear restoring force (Fig. 127). 

liquation (20.1) is not solvable in closed form; the methods of 
solution given below are approximate. 

Graphical solution. The general form of the solution can be deter¬ 
mined using a simple, though the least accurate, procedure on the 

16-513 






assumplion that the vibrations of tho system under consideration 
are governed by the law 

z = asino>t, (20.2) 

as is the case in linear systems. Solution (20.2) is an exact one only 
when the characteristic is linear, but in the general case the sub¬ 
stitution of solution (20.2) in Eq. (20.1) docs not reduce it to an 
identity. Let us require that Eq. (20.1) 
Fix) I be fulfilled at least at instants when the 

/ force P (t) and the deflection x reach 
. maximum values 

> r—«. 

I , The acceleration is then maximum loo 


/ I /' (a) = Po-r mat')-. (20.3) 

7 The quantity F (a) represents the ma- 

ximum value of the clastic restoring force 
(Fig. 128a). 

Relation (20.3) should be regarded as an equation for the unknown 
amplitude of vibration a. We shall use a graphical method for solv¬ 
ing this non-linear equation. 


In the same co-ordinate system in which the curve F (a) is already 
plotted, we draw a straight line 


using the given values, m, l\ and w. Suppose that the frequency o> 
,S "n ,*>400? , I l . lc . slo 1 P c of , lhe straight line will be sufficiently 
small (Fig. 128a). It is clear that the abscissa of the point of inter- 
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section of the curve and the straight line satisfies Eq. (20.3), i.e. t 
it is the only real root of this equation. 

The product mur is the slope of the line. Therefore, if we consider 
higher values of <■>, line (20.4) will be sleeper; finally, at a sufficiently 
high value of to the z line will touch the curve F (a) in the third 
quadrant (Fig. 1286). At still higher values of <■> the straight line 
will intersect the curve F (a) twice in the third quadrant (Fig. 128c). 
In these cases there arc more than one root of the equation: two 



roots (abscissas a, and a 2 ) for the straight line shown in Fig. 1286 
and three roots (abscissas a,, a 2 and a 3 ) for the straight line shown 
in Fig. 128c. The variation of these roots with a gradual increase 
of the frequency <■> is shown in Fig. 129a. Of course, the resulting 
curves I. II and III represent only an approximate solution of the 
problem but they give a correct qualitative idea of the variation 
of the amplitude of forced vibration with the frequency <■>. 

The following features of the process of forced vibration may bo 
observed in the non-linear system under consideration: 

at sufficiently high frequencies <o the solution becomes non-unique; 
to one and the same value of the frequency o> there may correspond 
three values of the amplitude; 

the amplitude of vibration always remains bounded even when 
no inelastic resistances arc involved. 

The relation between the amplitude of free vibration and the 
natural frequency of the same non-linear system is represented as 
curve IV in Fig. 1296. 

This curve may lie plotted by using a graphical solution similar 
to that shown in Fig. 128; in this case we have to pul P a — 0 and 
find the points of intersection of the curve F (a) and the straight 
line z = mp-a passing through the origin of co-ordinates (Fig. 130). 
To each value of the frequency corresponds a single value of the 
amplitude. Point p 0 (Fig. 1296) corresponds to the case of vanishin¬ 
gly small amplitudes of vibration. Curve IV indicating the ampli- 

10* 




tudcs of free vibration is a skeleton line dividing two branches for 
the amplitudes of forced vibration. , 

The curves given in Fig. 129 are typical of systems with a stiff 
characteristic (i.e., of systems with gradually increasing stiffness). 
If a system has a soft characteristic (the stiffness decreases with 
increasing z), the skeleton line bends to the left; the curves for the 
amplitudes of forced vibration are distorted accordingly. 

Further investigation may show that to the roots a 2 correspond 
unstable solutions. Hence, the amplitudes a vary with frequency 
as shown in Fig. 131. 



Initially, as the frequency co increases gradually, the amplitudes 
also increase following branch /. If, beginning with some frequency 
ait, the frequency decreases, the amplitude suddenly drops to 
branch III (points k and k") and then the amplitude increases slowly 
to point k". With a further decrease in the frequency, at point k" the 
amplitude suddenly jumps up (point k"' on branch I) and then 
decreases gradually, following curve I. 

If, however, the frequency <o is increased after the sudden drop 
from branch / to branch III, the variation of tho amplitude will 
follow curve III. Thus, small fluctuations of the frequency about 
any value u>i will invariably bring the generic point to position k'\ 
in this sense branch III corresponds to more stable solutions than 
branch I. 

The foregoing approach clearly reveals the general nature of the 
process but to obtain reliable quantitative results more accurate 
procedures are needed which are given below. 

Bubnov-Galerkin method. According to this method, we require 
that an integral similar to (6.21) be zero 


f (jo) —P 0 sin<Dl| x 0 dt=0 
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substituting a suitable form of the solution !#(<)• for instance, 
assuming this solution in the form of expression (20.2), we obtain 
in 

j [— maafl smwt + F (a sin co<) — P 0 sin a><) sin (at dt = 0. 


Carrying out the integration, we obtain a non-linear algebraic 
equation for the amplitude of vibration a; it can be written in expan¬ 
ded form after specifying the type of characteristic F (*). The general 
behaviour of the solution corresponds to that established above 
(see Fig. 129). 

Direct linearization method. According to this method, the non¬ 
linear equation (20.1) is replaced by a linear one 

*-i-p t j: = -^sinuf (20.5) 


in which the quantity p 1 is determined as was explained above 
(see p. 84). 

The steady-state part of the solution of the linear equation (20.5) i9 


so that we can write for the amplitude 


If, for instance, 


^=pj* + a^, 


( 20 . 6 ) 


then, as was found above, 

P ‘=p:+4«« s 

and relation (20.6) becomes 

a= _£o_ > 

^mpj +4 mas 2 — 

i.e., 

4 maa* +m(pj— <a-) a = P t . 


(20.7) 


Next, this non-linear equation should be used to determine the 
unknown amplitude a. 

Dufftng's method. This method is based on the procedure of elimi¬ 
nating secular terms. Following Duffing, wo shall restrict our con- 



sidcration to a cubic characteristic 

when the equation governing forced vibrations takes the form 

i + pJz + eu 3 = -^-sinii)t. (20.8) 

Assuming that the solution is a periodic function with period 
T = 2n/w* and denoting by a the unknown magnitude of the maxi¬ 
mum deflection, we have the following conditions: x = a and 
it = 0 at t = 774. 

As a first approximation we assume 

z = asino>t (20.9) 

which is an exact solution in the case of a linear system (i.c., for 
a = 0). 

Before seeking the next approximation, we rewrite the differential 
equation (20.8) as 

a: -f- = (o» a — pj) a: — cur* sin cot. (20.10) 

Substitute solution (20.9) on the right-hand side of Eq. (20.10) 
x -f o >*x = [(m*— pj) a — -|- ew* + J sin at + -y a a 3 sin 3wf. 

If the bracketed expression is different from zero, the solution will 
involve a secular term, giving the resonant condition. To eliminate 
the secular term it is necessary to put 

(tf-pl)a— J-cm*+£L- 0. (20.11) 

This relation, which is identical in form with Eq. (20.7), may be 
used to determine the amplitude a. 

If relation (20.11) is fulfilled, Eq. (20.10) assumes the form 

x + aPx = -j- aa* sin 3<ot. 

A particular solution of this equation is given by 
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so lhat the general solution is 

* = C, sin tot -f C t cos tot — sin 3ml. 

The constants C, and C 2 must be determined from the initial 
conditions given above; using them, we find 



and 

x = a sin tot + (sin tot — sin 3o><). 

Thus, the harmonic force P 0 sin tot produces in a non-linear 
system not only vibrations of the fundamental tone with frequency o> 
but also vibrations with a higher frequency. 

To make a next approximation it is necessary to substitute expres¬ 
sion (20.7) on the right-hand side of Eq. (20.10). Further, to elimi¬ 
nate the possibility of appearing of a secular term the coefficient 
of sin tot must again be put equal to zero; this gives a refined equa¬ 
tion of the type of (20.11) which relates the frequency <■> and the 
amplitude a, etc. 

In the development of this method, Duffing (as well as Rayleigh) 
assumed the amplitude of vibration of the fundamental tone to be 
constant when passing from one approximation to the next one; 
therefore lie obtained the relation between the frequency e> and the 
amplitude of the first tone rather than the lota) amplitude of vibra¬ 
tion. The foregoing solution eliminates this defect. 

Effect of Viscous Resistance 

To assess qualitatively the effect of viscous resistance on forced 
vibrations of a non-linear system we shall use the approximate 
procedure which was employed iu the ease when no inelastic resi¬ 
stances were involved. In the present ease it is natural to assume 
that the vibrations will lag behind the driving force so that if the 
force varies according to the law P — /’„ sin tot, the vibrations arc 
governed by the equation x — a sin (tot — a) to a first approxima¬ 
tion. It is possible to describe the vibrations by the equation x - 
= a sin tot assuming the law of variation of the force in the form 
P /’o sin (tot + a); this is done below, the differential equation 
of vibration being written as 

nix ex -\- F (x) = P t sin (tot -1- a) (20.12) 

and the approximate solution as 


(20.13) 



2 / t g Ch.IV Porcti Vlbralloni _ 

As before, we require Ural Erf. <20,f2) be salisfied at the li„, 
of maximum deflection (<ot=n/2) when sinwf —1. 

Then 

x=a, z = 0, x=— aofi, 

sin(wf + a) = cosa 

and l ho differential equation (20.12) is replaced by the relation 

— maco 1 + F (a) = P 0 cos a. (20.14) 

Also, we require that solution (20.13) satisfy Eq. (20.12) at 
the time the equilibrium position is passed (<o/ = 0) when 
sin (a>t + a) = sin a. Substituting z = 0, F (z) = 0, x — m, 
x = 0, sin (ml + a) = sin a in Eq. (20.12), we obtain 

caa> = P 0 sino. (20.15) 

Thus, Eqs. (20.14) and (20.15) serve to determine the unknowns a 
and a. Squaring these equations and adding them together, we 
eliminate the phase angle a and obtain an equation for the unknown 
amplitude 

F (a) = V F \—(caoi)* + moot 1 . (20.1C) 

If there are no viscous-damping forces, i.e., c = 0, this reduces 
to the equation (20.3) derived above. For small amplitudes a, the 
second term under the radical is small compared with the first and 
hence the solution previously obtained (sec Fig. 129) is approxi¬ 
mately true in the case under consideration. The difference becomes 
appreciable for large amplitudes when the second term under the 
radical sign is close to the first term. This means that the effective 
value of the force P„ is small, i.e., the solution approaches that 
of a free-vibration problem. 

Finally, at caia = P 0 the radical becomes zero and n.o further 
increase of the amplitude is possible. Thus, the largest possible 
value of the amplitude is 



Equation (20.16) then becomes 

F(a) = mau 2 , (20.17) 

i.e., it defines the skeleton curve; the maximum amplitude as given 
by Eq. (20.17) should be marked on this curve. 

Figure 132a shows an amplitudes curve when damping forces 
arc considered (solid line) and an amplitudes curve without damping 
forces (dashed line). A gradual increase of the frequency w leads 
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to the variation of the amplitude in accordance with Fig. 1326 (solid 
line); a subsequent decrease of the frequency is shown by a dashed 
line, fn this case there is always a discontinuous jump in the ampli¬ 



tude (point &) even when the frequency o> increases continuously (if 
there is no damping this jump happens only with decreasing fre¬ 
quency b>). 

21. Linear Systems of Several Degrees ef Freedom 

Principles of Solution 

General considerations. If external forces vary according to a perio¬ 
dic law, it is common practice to expand them in a trigonometric 
scries, i.c., represent them as a sum of harmonics; from the principle 
of superposition, the resultant motion is then determined as the sum 
of the motions due to each of the harmonics acting separately. With 
this approuch, the solution reduces to the problem involving forced 
vibrations of the system produced by a single harmonic of tho distur¬ 
bance Pi sin oil (or P t cos o>t). Here P, is the amplitude of the driv- 
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ing force acting in the till direction; to is the frequency of the distur¬ 
bance common to all forces applied to different points of the system. 

The solution of this basic problem is usually carried out by one 
of the two methods: direct solution or expansion in terms of natural 
modes of vibration. The method most extensively used in design 
practice is the second one. An alternate method of solution is by 



expansion in terms of natural modes of vibration preserving the given 
form of periodic loads (i.c., without resolving them into harmonic 
components). 

The features of each of these methods will be illustrated by a simple 
example of a two-mass system (Fig. 133). 

Direct solution. Assuming that the external load is expanded in a 
trigonometric scries, we analyse the motion of the system produced 
by a single harmonic of the disturbance. The forces acting on each 
mass arc denoted by P, sin t ot and P 2 sin tot. The case when the 
two forces have the same frequency but different phases 
l/^i sin (cat -f <X|). Pjsin (e>< + a 2 )l will be considered later. 

Writing the equations of motion of each of the masses, we obtain, 
similarly to expressions (7.3) and (7.4), 

P l sintot-k l x l + k l (x t -x i ) = mp\, 1 (211) 

P 2 sin tot — k 2 (x t —a-,) = ffijiTj. J 

It is customary to write these equations so that the right-hand sides 
contain only driving forces 

m,x, -r k t x, — k 2 (.c 2 —x,) = /', sin tot , 
m 2 r 2 + k 2 (x z —j-,) —P 2 sintot. 

The solution of this system, just as the solution of a single equa¬ 
tion, is made up of two parts: the solution of the corresponding 
homogeneous system represented by an expression of the form of 
(7.14) and a particular solution of the non-homogcncous system (21.2). 

As previously noted, the term describing the vibration with the 
natural frequency decreases rapidly in time due to the action of 
unavoid able damping forces. Of particular interest is the second 


( 21 . 2 ) 
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part of Ihe solution corresponding to undamped sleady-stale forced 
vibrations. 

Assuming a particular solution in the form 

x, = a,sin cut, x 2 — a 2 sin bit (21.3) 


and substituting it in expressions (21.2), we obtain two equations 
with two unknown amplitudes of vibration a t and a 2 


—m l u> i a l -T-k l a i —k 2 (a 2 —a l ) = P l , 1 
— m t ia , a 2 + * 2 (a 2 —a,) = P 2 . ] 


(21.4) 


Solution (21.3) indicates that the vibration occurs with the same 
frequency as the variation of the forces themselves. 

Solving the system of equation (21.4), we find 
P,(k t -m i oA)+ P t k. 

1 (*|-r*'S—(*j—mj®*) —*f ’ 

P t (*,-M.-m,oP)-f P,kt 

2 + /n,<o») — *1 ' 


(21.5) 


The denominators of the above expressions are identical with the 
left-hand side of the frequency equation (7.11a) if p is replaced by o>. 
Consequently, if the frequency of the disturbance <■> coincides with 
either of the two natural frequencies, p, or p 2 , the denominators in 
formulas (21.5), according to Eq. (7.11a), become zero and the 
amplitudes a, and a 2 become infinite (resonance). 

When w = 0, formulas (21.5) determine the static deflections 
.of the masses produced by the forces P t and P 2 



As o) -*■ oc. solutions (21.5) approach zero. The relation between 
the amplitude a, and the frequency is shown in Fig. 134; the graph 
is plotted for the case P t = 1, P t = 0, k, = k 2 = l, m, = m 2 = 1. 
In this case the number of resonances is two, which correspouds 
to the number of degrees of freedom of the system and the number 
•of its natural frequencies. 

When (o=l, the amplitude a, — 0; this case of antiresonance 
is discussed on p. 2G5. 

Using expressions (21.5) it is possible to find the mode of forced 
vibration defined by the rutio a 2 /a,. In the general case this mode 
is distinct from cither of the natural modes; only at resonance docs 
Ihe mode of forced vibration coincide with the mode of free vibration. 

Consider the action of two forces with the same frequency but 
different phase angles, P, sin («o< -p ot|) and P 2 sin (<ol + aj. 
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We can represent these forces as P, cos a! sin at -f P i sin a t cos at. 
Pi cos a 2 sin at — P 2 sin a 2 cos at and then solve two problems: 



(1) only the “sine" components P, cos a, sin cot and P 2 cos a 2 sinto t 
act; (2) only the "cosine" components P, sin a, cos at and P 2 sin <% 2 
cos at act. 

In the first problem we obtain the equations 

— + A-,a, — k 2 (a 2 —a,) = P, cos a„ 

— mju'oj+Ar 2 (a 2 —a,) = P 2 cos a*, 

and in the second problem (when the particular solution is of the 
form x, — a, cosoit, x 2 a 2 cosat) 

—m,w*a, + k,a, — A* (a 2 —a,) = P, sin a, 

— m 2 a > a 2 + k 2 (a 2 —a,) = P, sin 

Each of these probloms can be solved in closed form; the results 
obtained must then bo added together. 

If the driving forces have a polyharmonic structure 

Pi = P„ sin + P«sin a 2 t + ... + p |n sin a n t, 

P 2 = P 2I sin oj,( + P a sin wjt + ... + s j n b)nti 
resonance occurs in the following cases: 

Wi=Pi. = P„ b h = Pt, .... a n = p lt 

io,-Pi, <Oi = p 2 , ®j = p 2 .w„=p 2 
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i.e., when any of the n frequencies of the driving force coincides 
with either of the two natural frequencies of the system. 

Solution in terms oj natural modes of vibration. Revert to the 
simplest system subjected to driving forces P, sin <ot and P t sin a>t. 

To derive the basic relationships of the method under considera¬ 
tion, we first form auxiliary relations using Eqs. (7.3) and (7.4). 
These equations are satisfied both by the solutions 

x,=a„sin(p,t-|-a,), 1 ^j.6) 

x 2 = a 2 , sin (p,t +a,) J 

and the solutions 


x, = a, 2 sin (p 2 t +<*2). 1 
x 2 = a 22 sin(p 2 t + ot 2 ). / 

First substitute solutions (21.6) in Eqs. (7.3) and (7.4) 

— *,a 1 , + Ar 2 (a 2 ,— a„)= — m,pfa„, 1 

— *2(021—an) = —m 2 pja 2! / 
and then solutions (21.7) 

— *i 0 ij-r*2( a 22—8,2) =— m iPl a it< \ 

— k t (a n — a n ) = —m t p)a z .. f 


(21.7) 


( 21 . 8 ) 

(21.9) 


These relations will be needed in what follows. 

In the differential equations (21.2) the unknowns are functions 
X| and x 2 . The basic idea of the method under consideration is to 
replace these functions by two new functions /, ( t ), / 2 (/) according 
to the equalities 


*1 — a n/i + a ii/2> | 
*2 = 821/1+822/2. / 


( 21 . 10 ) 


Here a l( and a l2 are arbitrary numbers (we may take, for example, 
a„ — a,2 = 1) to which a 2 i and a 22 are related by the known expres¬ 
sions (natural modes of vibration). Substituting expressions (21.10) 
in Eqs. (21.2), we obtain a system of equations in the new functions 
/, and It 

m t (<*11/1 +<*12/2)+ /il*i a u — *2(821 — <*ll)l T 

+ /2l*i a i2 — *2(822— 812)1 = /*, sin erf, ^ uj 

m 2 (a 2 il\ + atjt) + /,fc 2 (a 2 , —a„) + 

■f M'2(®22—812) “^sinwt. 

This system of equations does not seem at first glance any simpler 
than the system of equations (21.2). However, the subsequent com¬ 
putations will show that Eqs. (21.11) can be considerably simplified. 



254 


Ch.IV Forced Vibrations 


To begin with, wc rewrite Eqs. (21.11) using relations (21.8) 
and (21.9) 

m, («„/, + +m, (/»?«../. - p\aM = p t *■> (2U2) 

m t (atlu + aM+m i (p\a ti f l -\-p\a l M = /^sin w<. 

Further simplifications follow from the orthogonality properties 
of the natural modes of vibration. Multiply the first equation of 
(21.12) by a,! and the second by a 21 ; adding the equations obtained 
together, we find 

(m,a}, + m^’,) /, -}- (m,ana| 2 +m 2 a 2 ia 2 2) h + Pi/i ( m i a h + m 2 fl 2i + 

+ Pilt (' l *l«ll‘*l2 + m 2 a 21 a 22) = (^l a ll + P tPu) s ' n 0,t - 

According to the orthogonality condition 

m i a li a n + m 2 a 2l a 2Z = 0 

and the function / 2 together with its second derivative / 2 falls out 
of the above equation; as a result, we obtain a differential equation 
in the function /, alone 

In exactly the same way we can obtain a differential equation in 
the function / 2 ; to do this, it is necessary to multiply the first equa¬ 
tion of (21.12) by d l2 , the second by a 22 and add the equations obtain¬ 
ed together. Using then the same orthogonality property, we obtain 

el-ay 

Thus, the method of solution in terms of natural modes of vibra¬ 
tion leads to the separate equations (21.13) and (21.14) each of which 
describes the vibration of a single-degree-of-freedorn system. 

If the right-hand sides of the differential equations (21.13) and 
(21.14) are denoted by F, sin ml and F 2 sin tot, respectively, where 


p _ JVn + JVii 

p _ f l a l2 + 

m,a}, 4-m.aS, ’ 

the steady-state port of the solution is 


/‘=7fr^-sin wf, 
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Now, using relations (21.10) 
co-ordinalcs x, and x 2 



we form [the solutions for I ho 


P*tt \ 
/'!—*»* / 
PsPn \ 
/*-«* ) 


sin (j>t, 
sin Ml. 


Note that the foregoing procedures ensure the separation of equa¬ 
tions also in the case of a larger number of degrees of freedom. 

Solution in terms 0 / natural modes of vibration preserving the given 
form of periodic loads. The main advantage of the above method, 
viz. separation of equations, is in no way related to a specific form 
of driving forces. In other words, the separation of equations is as 
easily achieved in the case of arbitrarily given driving forces /■*, (/), 
P 2 (/) as in the above case of harmonic driving forces P, sin < 0 / and 
P 2 sin tot. Without repeating the compulations, we present (lie 
final equations for the general case 


/1 -r Pil 1 = 

ft-rPVi = 


Pi (0 »ii-rPt(0 °ti 
m i a u -r m 2 a li ’ 

p I (0 ««-4-**!(<)«» 

miaj.-f rajaf. 


In Sec. 18 we saw that such equations could be integrated without 
much difficulty for any form of right-hand sides; the case of an arbi¬ 
trary periodic driving force was considered in the same section. 
Thus, the method of solution in terms of natural modes of vibration 
requires no preliminary resolution of driving forces into harmonic 
components. The determination of harmonic components is a labo¬ 
rious operation which sometimes involves the consideration of a large 
number of harmonics; this operation is justified when the solution 
is carried out by the first method but seems to be optional or even 
unnecessary if expansion in terms of natural modes of vibration is. 
used. 

Torsional Vibrations of Shafts 


General. Forced vibrations of shafts are an inevitable consequence 
of the variation of torques acting on the shafts; these torques arc 
of a periodic type and are due both to the gas pressure in cylinders 
and the inertia forces of moving parts. 

Consider the most general case when the individual disks of an 
equivalent system (sec Fig. 46a) arc subjected to arbitrarily given 
variable torques. The mean values of these torques produce a con¬ 
stant deformation of (he shaft; therefore, to analyse vibrations it is 
sufficient to lake into account the effect of only the variable portion 
of each torque. These portions arc denoted by (/), M 2 (r), . . . 
. . ., M„ (/) and referred to as driving torques. 
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I! no inelastic resistances are assumed, the equations of forced 
vibrations will differ from the equations of free vibrations (7.18) by 
the presence of driving torques 

Mi(0 + M<Ps-<Pi) = A‘Pi. 

Mg (i)+M<Ps— fi )—*i (<p 2 —«p*) = Aq?2. 


M n (0 — kn-t (<P» — qPn-l) = Jn<fn- 
Any of the three methods presented above can be used for the 
solution of this system of equations. 

Direct solution. To apply this method it is necessary first to expand 
the periodic driving torques in Fourier series. Then Eqs. (21.15) 
are solved several times, for each harmonic individually. This leads 
to a number of particular problems of the same type, each of which 
involves the analysis of the action of driving torques of the same 
frequency sto 

M ii (t) = A/,sin smt, 

Mg, (t) = M 2 sin suit, 


M„,(l) = M n sin stot. 

For this typo of disturbance the steady-slate vibrations will have 
tho frequency of the disturbance 



<pi = 0 ] sin sio(, ^ 

l (21.17) 

CF« = a n sinsiot. J 

Substituting expressions (21.16) and (21.17) in Eqs. (21.15), we 
obtain n system of algebraic equations 


— J,s ! to : a, 

- JgS*<o s a 2 + k, (a,—a,) — 


i — k t (a s — ai) = M,„ 

) — k.(a 3 —a z ) = Mg,, I 

k*-i \a n —a„_,) = A/„,. J 


(21.18) 

— J n s , (o t a„- 

Solving this system, we find the amplitudes a„ a,.a„ end 

then tho twisting moments at the sections of the shaft: k, (a, - <>>) 
in the first portion, k t (a, — aj in the second portion, etc. 

In solving the system of algebraic equations (21.18), it is advi¬ 
sable to take advantage of the special features of its chain structure 
' nVOlves no more than th «e unknowns. One can 
find in the literature a variety of recommendations on the simplih' 
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cation of computations (methods of dynamic stiffnesses, continued 
fractions, etc). 

In particular, the following modification of the Holzer-Tolle 
method is possible. Adding the first i equations of (21.18) together, 
we obtain, similarly to system (7.26), 

A,(a, tl -a,)= -s» J h a k - JJ M k . (21.19) 

Each of these relations expresses that the twisting moment at a 
section of the ilh portion of the shaft (left-hand side) is equal to 
the sum of the moments of inertia forces and the external moments 
for all disks located to the left (right-hand side); of course, here are 
meant the amplitude values of all the above quantities. From expres¬ 
sion (21.19) we obtain a formula similar to expression (7.26a) 

(*“* 2 Jm. + 2 «,) + ( 21 . 20 ) 

When using this method in the frce-vibralion problem it was 
noted that the amplitude of vibration of the first disk could be as¬ 
signed arbitrarily and the frequency was the unknown quantity. 
In the forced-vibration problem here considered the frequency o> 
should be assumed known and the first amplitude a, should be taken 
as the basic unknown quantity. Assuming successively i = 1, 
r = 2, ... in formula (21.20), we can express first a t in terms of 
at, then a 3 in terms of a,, etc. The last formula of the system of equa¬ 
tions (21.18) is used to determine the unknown <t,, whereupon the 
other amplitudes are easily calculated. 

These computations are usually performed using a table similar 
in form to that on p. 103. 

Solution in terms of natural modes 0 / vibration. This method requi¬ 
res the frequencies and modes of free vibration to be first calculated, 
nricr which the determination of forced vibrations becomes rela¬ 
tively simple. The justification of the computing procedure may seem 
somewhat cumbersome but is actually very simple and identical 
with that given above. Wc shall assume as known quantities both 
the natural frequencies p ( , p 2 , . . ., p n .1 and the corresponding 
natural modes of vibration (i.e., the ratios between the amplitudes 

a 2 „ . . ., a„, of the first natural mode, a 12 , a 22 . a n2 of 

the second natural mode, etc.). 

The system of functions defining the ilh principal vibration 
ip, = a,i sin (p,< + «,), 

<p 2 = a 2 i sin (p/t + a 1 ), 


1>n = Onl sin (pi<+ 0 |) 




( 21 . 21 ) 
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satisfies the system of equations of free vibrations (7.18). Substituting 
expressions (21.21) in the system of equations (7.18), we obtain the 
auxiliary relations 

A-, (o 2 1 — an) = —J ipfan, 

k 2 (a„ + an) — fci (02i—a,i) = — JtpWi . 

*3 (<**| — «3<) — ** (<*3« — «*i) = — JlPUlh 

kn -1 (a „, — a„. t . l) — kn-t (On-I. I — On-2. l) = — ^n-lP*an-l. (. 

— Afl-| (a n | — On-,. |) = — /nPlanI • 

I.et us make a change of variables in the system of equations (21.22) 
introducing new functions /»(<)> /i(0> •••• /«-1(0 related to the 
functions <f,(t). q>*(0. .... «f»(0 as follows 

<Pl = /o + a ll/l + «12/2+ • • • + a l."-l/n-l* 1 

¥2 = /#-f02|/| + 022/2+ ••• +02.n-|/n-i, I (21.23) 

<P/> = /[T a n|/l + 0,2/2 + ■••-!- On,n-i/n-i- J 

The function / 0 (0 common to all the equations of system (21.23) 
corresponds to the rotation of the system as a rigid body , i.e., to the 
zero natural mode of vibration. The coefficients of the first line 
On, 0,2= ... o,.„ _, are arbitrarily assumed (for example, a„ = 
= a,2 = . . . =1); the other coefficients are then determined by the 
corresponding natural modes. 

Substituting expressions (21.23) in the system of equations (21.15), 
wo obtain 

M , + A', |(o 2 | — 0,,)/, + (O22 — “tt)/*+ • • • + (o 2 .n-i — 0,.n-,) in -il = 

= *M/o + 0 |i/,+ 0,2/2+ • • ■ -r 0 ,,n-,/n-1), 

M . -f A'2 |(oj, — a 2 ,) /1 + (aj2 — 022) I2 + ... (o 3 , n -i — a 2ln -i)I — 

- *1 I (Os, - 0„) /, + (022 - flu) It j-... (a 2t - o,. „.,) = 

= J 2 Oo + atilt + 022/2 + ■ . • + «s. n-l/n-l)* 


,1/, - A- n .,l(0n_,-fl„.,.,)/, + (0„-0„.,.2)/,+ . . . 

•••+(<»«.„-,-On-,.I ~ 

= Jn ("/o + fl»l/, +0*2/2 + ... +fln.»-l/)- 
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These equations can be written in a simpler form if relations (21.22) 
are taken into account 

M, — J , (/>!«„/, + p'fioh + • • • + n-t/n-t) = 

= J, (fo+a .,4 + a« 4 + • • ■ + a un -Jn-i), 

Mi — J2 (pj«2l/l + P2P22J1 T • • • + Pn-i a 2. n-i/n-i) = 

= Jt(/»+<htllT a ttft + • ■ ■ + a 2. n-i/n-i). 


Mn — Jn (P|Uni/| + P&12/2T ■ • • + pJ-|On, n-i/n-i) = 

= 'n ('4 + «n,/l + + . .. + n-Jn-x) 

or more compactly 

M\ = J\ |4 t ®ii (/1 -f pj/i) t «k (4 t P2/2) +••• 

• •• +<*..»-. (/«-. + PJ-, /-.)!. 

Mi = J t |/o + a 2l (/1 -f pj/i) + <hz (ft t Pi/2) + • • - 

+ Pi., (2, ' 24) 

ft = "Li |4+ a nl (/l + P*/l) + 0/12 Ot~rP\ft) T - - - 

<4-,+p , ,-,/»-i)i. 

This system of equations falls into independent equations if use 
is made of the orthogonality property of normal modes. Add all of 
the equations (21.24) together. The first terms on the right-hand 
sides give the sum (J, + J t + ... + J n ) /«; the second terms add 
up to the expression + OitJt -!-•■. + a nt J n ) (/, -f- p{/,), 

which is zero since the sum in the first parentheses vanishes due to 
the orthogonality of the first normal and the zero mode of vibration. 
Likewise, the results of summation of all the other terms on the 
right-hand sides of Eqs. (21.24) become zero. After adding all of 
the equations (21.24) together we obtain therefore 

M , + Mi + ... -f M„ = (/, + J 2 +... + J„) 4. 

whence we can find the function / 0 by integration. 

Further, multiplying the first equation of (21.24) by a M , the 
second by a 2 i> the third by a 3l , etc., we odd all the equations obtain¬ 
ed together. 

The first terms on the right-hand sides form the product 

(«ll^l + ®2I^2 + • . • +OniJn)fo 
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and the sum in the parentheses is zero. The summation of the second 
terms yields an expression different from zero 

(a t n J,+al t J 2 + .. .+a t nl J n )0\+PVt)- 

The third terms add up to the expression 

{a lt a l2 J ( + a ti a 2t J *+...+ OnfimJn) (h + P'Jii ■ 

Due to the orthogonality of the first two modes of vibration the 
sum in the first parentheses is zero and so is the whole expression. 
The sum of the fourth terms is also zero, etc. 

After these operations the left-hand sides of Eqs. (21.24) give 
A/ |U|| Mjdzt " 1 " • • • + Mndnf 


We finally obtain a 
function f , 


U + P?/.= 


differential equation containing only one 
M,a,,+*/&, + ...+ M n a nl 


In a similar way it is possible to obtain an equation for the fun¬ 
ction / 2 . To do this, it is necessary to multiply the first equation 
of (21.24) by o 12 , the second by a 22 , the third by a J2 , etc. and then 
add all the equations together. We thus obtain the differential 
equation 

V i .it + + 

;tg4...w. ■ 


Applying this procedure repeatedly, we can form separate equations 
for the rest of the unknown functions. - For the ith function f, we 
obtain 




(21.25) 


Equations of this type are most convenient; by this means the 
vibration problem for a system of n degrees of freedom is replaced 
by n simple vibration problems for a system of one degree of freedom. 
Each of these problems is solved by the methods considered in 
Sec. 18. 

In the analysis of torsional vibrations of shafts, the solutions 
of practical importance are those corresponding to the first two 
or three natural modes of vibration; this means that it is sufficienl 
to solve two or three equations of the type of (21.25) when i = 1, 2, 3. 

If the external driving moments are periodic, the right-hand sides 
of the differential equations are also periodic functions. For further 
solution it is usual to expand each of the driving torques in a Fourier 
series, then the effect of each harmonic is analysed and all the results 
obtained are added together. 
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In principle all these computations are relatively simple but it 
should be remembered that they must be repeated for all important 
harmonic components of the disturbance; the calculation is usually 
complicated by the fact that the number of harmonics is rather 
large. The following example gives an idea of the relative importance 
of different harmonics of the disturbance in the particular case of a 
four-stroke internal-combustion engine 
Number of 

component ..12 34 5 6 7 8 9 10 

Amplitude 

of component 2.38 2.69 2.65 2.31 1.95 1.64 1.01 0.76 0.59 0.47 

As is seen, the amplitudes of harmonics decrease very slowly and 
in this case it is necessary to use no less than 13 to 15 harmonics 
in the analysis. We emphasize once again that the expansion of driv¬ 
ing torques in a Fourier series is unnecessary if the solution is sought 
by means of Eq. (21.25). 

Since the speed of the shaft may vary in service, the frequencies 
of the disturbance oi, = sto are not constant; as the rotating condi¬ 
tions vary, so do the frequencies of the disturbance. The coincidence 
of the frequency of any one of the harmonics of the disturbance with 
one of the natural frequencies becomes a real possibility. In case 
of such coincidence the system is in resonance and inelastic resisting 
forces should be introduced in the analysis of the amplitudes of 
vibration. 

The complete solution of the problem, even on the simplest 
assumption of viscous friction forces, is found to be very cumbersome. 
In practice, therefore, the calculations arc performed by approxi¬ 
mate methods. The principal simplification is that the mode of 
vibration at resonance is usually assumed to be coincident with 
the corresponding natural mode determined without damping forces. 

Let, for example, one of the harmonics of the driving force have 
a frequency o>, equal to the tth natural frequency; in the analysis 
of vibrations only the tth natural mode is then taken into account 
and if the damping is of a viscous type, we obtain in place of 
Eq. (21.25) 

)i + + pi/, = Q, sin p^, 

where n, = damping factor (depending on the number of resonant 
harmonic), 

Q , = reduced amplitude of driving force. 

This equation is identical in meaning with Eq. (19.1). According 
to formula (19.4) the resonant amplitude is in this case 
Qi 
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After calculating the resonant value a* it is necessary to form the 
resonant values of the amplitudes of the angles of rotation; using 
formula (21.23) we obtain (leaving out in each line all terms except 
the ith term as small quantities of higher ordor) 

cp, = ana*, q > 2 = a 2 |0*, ..«p n =a n ia'. 

Flexural Vibrations of Beams 

The analysis of forced vibrations of multimass systems such as 
shown in Fig. 52a can be carried out by any one of the methods pre¬ 
sented above (see p. 250). If the driving forces are assigned as one or 
two harmonics, the first method is preferred which can be applied 
without previously investigating free vibrations. 

Suppose that the Ath mass of a multimass system is subjected to 
the driving force 

P (t) — PkSiatot, (21.26) 

where P k = amplitude of force, 
o> = its frequency. 

Equations (7.28) will then involve additional terms corresponding 
to this disturbance 

S'i = — m iS'i6u — m 2i/zbtz — • • ■ — m n y n 6 ,„P* 6|i, sin (of, 
y. = — m,y ,6 2l — m 2 y 2 6 22 — ... — m n y n fijn -f P k 6& sin (of, 


y„= — m,y t 6 „, — m^d M2 — ... — m„y n 6 nn -f P k 6„ k sin (of. 
The steady-state part of the solution is 
Pi = a, sin (of, 
y 2 = a 2 sin (of, I 


yn = a n sin uf. 



a, =m,(o»6 ll a 1 +m 2 (o*6 I2 a 2 + ... 4- m n (o*fi IB a n -j- P h 6 lk , \ 
a 2 = m ,(o*6 21 fl 1 + m 2 co=6 12 a 2+ .. ■+m n ^6 Vl a n + I 

a n =m,<o*6 n ,a 1 + m 2 w 1 6 n2 a 2 + ... + m n (o«6 nn a n + l\(, nh ' J 


(21.27) 


(21.28) 






Sec.21 Syitemi of Several Degreet 0/ Fretior. 


203 


All the coefficients (masses m,, displacements 6,*, frequency w) 
are known in these equations and, to determine n amplitudes, it is 
necessary to solve the above system of n algebraic equations. This 
problem is simplified by using Gauss algorithm. However, this 
algorithm is applicable only in cases where the coefficients of the 
unknowns possess the reciprocity property: the coefficient of the rth 
unknown in the slh line is equal to the coefficient of the sth unknown 
in the rth line. The system of equations (21.29) does not possess this 
property unless the masses m, are equal; thus, the coefficient of a r 
in the first line differs from the coefficient of a, in the 

second line (m,6 2 i<i> 2 ). The reciprocity condition may be fulfilled by 
introducing new unknowns 

Ag * m,a,, j4j — , ..., An = iSniin. 

The system of equations (21.29) then assumes the form 

■ 4 .+ 6 » J >+ •• • - p - ^ • 

6. A- («»-^) A,+ ... + - - P, SB , 

6.,A, + t„A, + ... + (6., A, - - P ,^ 

satisfying the above condition since, according to Maxwell’s theo* 
rein, 6,* = 6 kl . 

Example 25. The middle mass of a system (Fig. 135a) is subjected to a driv¬ 
ing force P sin oil. Determine the amplitudes of displacement of all masses 



Fig. 135 


and plot a dynamic bending moment diagram. The moment of inertia of the cross 
section of the beam is / = 35,520 cm*; the clastic modulus of the beam material 
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- n'-Xfrii omotSm - <?/g = 4.08 kgCW/cn; the amplitude „f 


__ =7.38 X 10-* cm/kgf, 

X2.1XlO«X35,»a) 

= 633 = 75*= 5.53 x 10-* cm/kgf. 


6^=6,3=631=6,3= 117*=8.64x 10-* cm/kgf, 
6,3=6 31 =51*= 3.76 x 10" # cm/kgf. 


Equations (21.29) become 

a , = 4.08 x 5.53 X 10'* X 10*a, +4.08 x 8.64 X10'* X 10*a.+ 

+ 4.08 x 3.76 X10-* X 10*a,+600 X 8.64 X 10-*, 
a, = 4.08 x 8.64 X 10’* X 10*a, +4.08 X 17.92 x 10-* X 10*a,+ 

+4.08 x 8.64 X 10-» X 10 4 a3+600 X 17.92 x 10-«, 
a 3 = 4.08 X 3.76 X 10'* X 10*a,+4.08 X 8.64 X 10*« X 10*a,+ 

+4.08 x 5.53 X 10-« x 10*a 3 +600 X 8.64 X10"*. 


Solving this system of equations, we obtain a, = a 3 = — 0.064 cm and 
a : = — 0.128 cm. 

These amplitudes of vibration arc more than 10 times larger than the cor¬ 
responding static displacements 

Pi.» = W.« = -Ps6is = MO X 8.64 X 10-*=0.0052 cm, 
y ut = P^, ti = 600x17.92x10-*=0.0107 cm, 


this being due to the fact that the frequency of the disturbance is close to the 
natural frequency p,; indeed, using the data obtained in Example 12, we find 
that the natural frequency differs only slightly from the frequency (■> 


5.692 ,/£/ 5.692,/ 2.1 x 10* X 35,520 
Pl= 1 V ml 400 V 4.08 x 400 


■■ 96.3 sec -1 . 


To plot a dynamic bending moment diagram it is necessary to consider the 
framework of the beam loaded by tbe amplitude values of the driving force 
and inertia forces developed by the concentrated masses (Fig. 1356). 

It should be noted that the inertia forces aro opposite in phase to tho given distur¬ 
bance (since <■> > p,). 

Calculating gives 

m,a,o> i = —2,610 kg, 


mjaj(0*= —5,220 kg, 

m30302= —2,610 kg. 

The moment diagram corresponding to the above loading is shown 
in Fig. 135c. For comparison. Fig. 135d shows the bending moment 
diagram for the same beam loaded statically by a force of 600 kgf 
(both diagrams correspond to a loading additional to the purely 
static loading due to the weights mg). 
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Vibration Absorbers 

Dynamic vibration absorbers. Revert to scheme of Fig. 133 and 
consider solution (21.5) in the case when the driving force acts 
only on the first mass, i.e., P, gt 0, P 2 = 0 

„ __ p i (*»— _ 

1 (A, -r - m,o>2) (*J _ mi u*) _ ’ 

„ _ _£l*J_ 

* (*i+ k t —01,0?) (*, — mjii)») — *| ’ 

From these formulas it is seen that in the particular case when 
k t —= 0 (21.30) 

the amplitudes <t, and a 2 lake the following values 

a, = 0, a, = (21.31) 

i.e., the first mass remains stationary even though it is the one to 
which the driving force is applied (antiresonance of the first mass). 

This curious result is used as 
the basis in the design of a dyna¬ 
mic vibration absorber. Let, for 
instance, a system (Fig. 136a) be 
subjected to a driving force 
P sin <ol. In order to "damp” the 
vibrations of this system, it is 
sufficient to attach to it an addi¬ 
tional elastically mounted mass 
(Fig. 1365) imposing condition 

(21.30) on the parameters of the 
added system. Then the vibra¬ 
tions of the main mass will vanish and the amplitude of vibration 
of the additional mass will be determined by the second formula of 

(21.31) . The attachment of an additional mass to a main structure 
changes the number of degrees of freedom of the system and accor¬ 
dingly the number of natural frequencies. If a system with no 
dynamic absorber had one degree of freedom (Fig. 136a) and one 
natural frequency 

then, on attaching the absorber, the number of degrees of freedom 
becomes two, and the frequencies are determined by Eq. (7.116). 
Denote the frequency of the absorber with the main mass slatio- 



Fig. 136 





(21.32) 


Equations (7.116) can then be rewritten as 

i_'L(A+i+i.)+4- 0 . 

Pt pi''Pi ' fi 

where \i=m */m ( . , . 

Consider the case oj resonance when the frequency p 0 of the system 
with no absorber equals the disturbing frequency e>. Since, accord¬ 
ing to formula (21.30), a properly designed absorber must satisfy 
the condition 

pl=-ii- = ar, 

™4 

tho resonant vibrations of the main mass can be completely damped 


In this case Eq. (21.32) takes the form 

and has the following solution 

Pl,2=Po(i + 4f-±J/^P + x) ' 


Thus, inclusion of the absorber splits the natural frequency in 
two; if, for instance, u = 0.2 (the additional mass is onc-liftk of the 
main moss), wo find from expression (21.33): p t — 0.8 p 0 , p 2 = 


Under operating conditions, the disturbing frequency may some¬ 
times vary over a more or less wide range. If, in the above example, 
the frequency <o is reduced by 20 per cent (to = 0.8p 0 instead of 
to =- po), resonance occurs with the first frequency p,. Such an absor¬ 
ber may do only harm. 

Therefore, installation of a dynamic vibration absorber may 
be recommended only in cases where the driving force has a slablo 
frequency. The performance of on absorber may bo greatly improved 
by introducing inelastic resistances (Fig. 136c), but in this case, 
too, installation of a dynamic absorber is not advisable if the 
frequency of disturbance varies over a wide range (foundations 
for piston compressors, internal-combustion engines, etc.). 

The foregoing principle may also bo applied for damping torsio¬ 
nal vibrations. A small additional disk, if properly tuned, may serve 
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as a dynamic damper of torsional vibrations of-a two-mass system 
(Fig. 137). 

If it is necessary to eliminate the vibrations of the main system 
subjected to a disturbance of frequency <■>, then, as follows from 
Eq. (21.30), the natural frequency of the absorber p„ when attached 
to a fixed point must be equal to the frequency «>, i.e., 

where k = torsional stiffness of absorber shaft, 

J p = mass moment of inertia of absorl>er disk. 

It is clear that an additional elastically attached disk tuned to 
one particular frequency will damp the vibrations of this frequency 
only and may be inefficient or even cause resonance at other frequen¬ 
cies of disturbance. This is par¬ 
ticularly important for shafts of 
internal-combustion engines since 
the frequency of disturbance varies 
directly as the number of rcvolu- 

In such cases it is therefore desi- Fig- '37 

rablc to provide an ubsorber with 

follow-up tuning so that as the frequency of disturbance varies the 
nutural frequency of the absorber will vary accordingly. Since the 
clastic attachment of an additional disk cannot ensure follow-up 
tuning, pendulum absorbers arc used to damp vibrations of rotating 
shafts. 

As shown above (see p. 36), a pendulum suspended from a rotating 
disk has a natural frequency proportional to the angular velocity 

(21.34) 

where It = distance from disk centro to point of suspension of 
pendulum, 

l length of pendulum. 

On the other hand, in internal-combustion engines the frequency 
of any harmonic of the disturbance is also proportional to the speed 
of rotation to. Therefore, such a pendulum can serve as a dynamic 
alisorlx-r of vibrations produced by one particular harmonic at any 
speed of rotation. 

The most dangerous harmonic must bo eliminated in the first 
place. Let it he decided, for instance, to eliminate the vibrations 
produced by a harmonic of the disturbance having u frequency 3o>. 
Then, from formula (21.34) it follows that to \>‘fill = 3co, i.e., 
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R.'l = 9. To damp the vibrations produced by any other harmonic, 
a different ratio Rll would be required. 

Since the dimension R is limited, the length l is very small; this 
makes it difficult to design a pendulum such as that of rig. 20. 

This difficulty can be overcome, in particular, by using a bifilar- 
type pendulum (see Fig. 21). In this arrangement, according to 
formula (4.17), the design length l may be made as small as desired 
by properly reducing the diffe¬ 
rence between the diameters of 
the rollers and holes. 

3 Although the foregoing theory 
2 presupposes a linear type of vib- 
/ ration, the linearity of a system 
should not be regarded as the 
condition for effective damping 
action; on the contrary, the non¬ 
linearity inherent in large osci¬ 
llations of a pendulum aids in 
. damping oscillations. 

Vibration dampers. An effici¬ 
ent means of reducing objectio¬ 
nable vibrations is offered by 
devices providing intensive ener¬ 
gy dissipation. Thus, there exist 
various schemes of torsional vib¬ 
ration dampers: fluid friction 
dampers (Fig. 138a), dry friction 
dampers (Fig. 1386) and hyste¬ 
resis dampers (Fig. 138c). In 
all the three diagrams, the disks 
whose torsional vibrations are 
to be damped are denoted by 
the figure 1. 

In the scheme of Fig. 138a, there is an annular cavity 2 filled 
with fluid and the damping action is produced by elements 3 atta¬ 
ched to the disk and moving with respect to the fluid filling cavity 2. 

In the dry friction damper (Fig. 1386), a system of springs 3 is 
used to press disks 2 against the annular cavity walls 4. If the pres¬ 
sure is too great for slipping, the disks will move with disk 1 and 
no energy will lie dissipated; if the pressure is very slight, the dissi¬ 
pation will be insignificant because the friction force between the 
disks and the walls is small. Hence, the design of the damper requi¬ 
res a special choice of the optimum pressure on the disks. 

In the scheme of Fig. 138c, the disk carries a damping ring 2 with 
a press-fitted band 3; when the disk is vibrating, intensive energy 


1 


( 3 ) !b) (0 



dissipation occurs in the ring gasket 2, which is made of a material 
with high internal friction. 

In some cases detrimental vibrations can be reduced or completely 
eliminated by introducing shock dampers', in these dampers, energy 
is dissipated due to collisions of weights, which have some freedom 
of movement within the housing, with special stops. 


22. Linear Systems with Distributed Parameters 

The three methods presented above (see p. 250) for solving forced 
vibration problems for systems of several degrees of freedom are 
also suitable for the analysis of vibrations of systems with distribu¬ 
ted mass. The choice of method is governed by the particular driving 
forces; for a harmonic disturbance the first method is more conve¬ 
nient and for an arbitrarily given disturbance, the third one. 

Longitudinal Vibrations of Bars 

Harmonic disturbance; direct solution. Consider the case when a bar 
is subjected to a single concentrated longitudinal force varying 
according to a harmonic law 

P = P t sin lot. (22.1) 

The steady-state forced vibrations occur with the impressed fre¬ 
quency and hence follow the law 

u(x, t) = U(x) sin at, (22.2) 

where U (x) is a function of the abscissa which is to be determined 
(the mode of forced vibration). For an element of the bar (sec Fig. 61) 
we obtain Eq. (8.3); substituting expression (22.2), we arrive at 
an ordinary differential equation for the function U ( x) 

U- + £u = 0, (22.3) 

where A* is defined by formula (8.4). 

Equation (22.3) differs from Eq. (8.6) for the mode of free vibra¬ 
tion in that the frequency is known in advance. Similarly to expres¬ 
sion (8.8), we write the solution of Eq. (22.3) as 

U=Csin-j-x+Dcos-^-x. (22.4) 

The constants C and D must be determined from the boundary 
conditions which are formulated as follows. 

Fixed end of a bar. In this case u = 0 at any time <; this requires 
that at this section U = 0. 
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Driving force (22.1) at the end of a bar. The applied force must be 
equal to the longitudinal force at the end section. According to 
formula (8.1) we have 

N = EA^ = EAU' sin tot. (22.5) 

Equating expressions (22.1) and (22.5), we obtain the boundary 
condition 

( 226 ) 

Free end of a bar. According to formula (22.6) U' = 0. 

Concentrated mass m 0 at the end of a bar. The inertia force develop¬ 
ed by the mass — m 0 u 0 = m t (ii 1 f/ 0 sin tot (here u 0 and U„ pertain 
to the point of attachment of the mass m 0 ) must be equal to the 
longitudinal force N 0 = EA = EA t/j sin tot. Consequently, 

Example 2G. Determine the amplitude of vibration of the end of a bar to 
which a driving force P = P 0 sin tat is applied. The other end of the bar is fixed. 

Placing the origin of co-ordinates at the fixed end. we have the boundary 
conditions 

lf=0 at x=»0, 


Substituting in solution (22.4), we obtain 


Consequently, the amplitude of vibration of the end of the bar i.< 


. A ,‘ 1 V cry ,.J 0 "' f . r “> ucnc ,y (*•«•. when the force P varies slowly) 
displacement'“*'* formu,a < 227 > reduccs ‘o the expression for the static 

“ = (2 "-tI)tj- (n=2,3,...). 

nance) 1 .*" = "" = ’* 2 ‘ ‘ ' thc * n<1 section is stationary (anlircso- 
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Example 27. Solve the same problem on the assumption that the end of the 
bar carries a concentrated mass m 0 . 

Using the previous co-ordinate system, we have the boundary conditions 
y*= 0 at z = 0. 

The second boundary condition expresses that the longitudinal force at the 
right end of the bar is equal to the sum of tho driving force and the inorlia force 
of the end mass. Substituting the first of the conditions in expression (22.4), 
\vc find D = 0, from the second condition wo obtain 

C --—^2_-. 

EA -j- cot -j—mote* 

The amplitude of vibration of tho end of tho bar is 


U(t) = 



If the bar has a section varying according to a step law, solution 
(22.4) must be written for each of the portions separately 

U , = C , sin -j- x, + D, cos -y x, , 

U 2 = C 2 sin -£■ x 2 + £> 2 cos -jrx 2 . 


U n = C„ sin -£■ x„ + D„ cos -j- x„, 

where 1,2, ... arc the numbers of the corresponding portions. The 
constants C t and D, are determined from two conditions at the ends 
of the bar and 2 (n — 1) matching conditions. The latter express the 
equality of displacements and longitudinal forces at the boundary 
of two portions 

(EAU')i-, (fj.j) = (EAU')i (0). 

The same procedure should be followed in cases where a driving 
force is applied at several intermediate sections. 

Consider the case when the external load is continuously distri¬ 
buted along the length of the bar 

q(x, t) = q B (x)sin tot. (22.8) 

Referring to Fig. 61, we write the equation of motion taking 
into account an elementary external load q 0 (x)dx sin tot; using rela- 




tion (22.2) and assuming EA = constant, wo oblain 

w+£ u ~Ta- 

The general solution of this differential equation depends on the 
particular right-hand side. Thus, if q t = constant, 

a~COR^, + Dcm^x+-^. 

In the general case 

V - C sin -J , + D CO, £ z + J (£) >in -J (■ - B «• (22.9) 

If the section of the bar varies continuously, the basic differential 
equation is written as 

‘•it ' 1 

(no distributed external load). After substituting expression (22.2), 
the equation becomes 

(AU'Y + ^AU= 0 ; ( 22 . 10 ) 

it has variable coefficients and cannot be solved in closed form in 
the general case. Therefore, approximate methods should be used, 
such as the Bubnov-Galerkin method. To a first approximation, 
assuming a suitable function U i (x) for U (z), we obtain an equation 
of the form 


j [iAoy+£Mi,]u,dx-& 


The function Ui must satisfy the boundary conditions; at lenst 
one of these conditions depends on the amplitude of the driving 
force Ifor instance, condition (22.6)1. Therefore, the function U { 
must be assigned so as to satisfy both boundary conditions of the 
problem and. in addition, to have one undetermined parameter 
which will be found from Eq. (22.11). 

Solution in terms of eigenfunctions. In the general case, the external 
load is arbitrarily distributed along the length and is an arbitrary 
function of time 

f = 9(*. 0- 

In particular, the load may vary in time according to a law 
common to all points 

q = q t (x)H(t). (22.12) 
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Taking into account an elementary external load qdx and assuming 
EA = constant, we obtain from Fig. 61 


(22.13) 


Further the load q(x, t) and the displacement u(x, t) are repre¬ 
sented in the form of series in eigenfunctions of the corresponding 
free-vibration problem [see formula (8.8)J 


9 = X,(*)S I (f) + X l (*)S 2 (t)+..„ 1 
u=X,(x)T l (t) + X i (x)T t (l)+ .... I 


(22.14) 


To determine the functions of time S, (/), we multiply both sides 
of Eq. (22.13) by X, (x), and integrate the result over the total length 
of the bar. Upon integration all the terms on the right-hand side 
vanish except the ith term (due to the orthogonality property of 
tho eigenfunctions) and the following formula for S, (<) is obtained 


$ 7 (*, I) Xt (*) dx 

S ( (t) = -2__-. (22.15) 

J -V* (*) dx 


If the load varies according to law (22.12), then 
J 7o(*)*i(*)dx 

S t (t) = H (t ) -, (22.15a) 

j 


i.e., the functions S, ( t) for all numbers i differ only in scale. 

If the bar is loaded by concentrated forces P, ((), P b ((). . . . 
at sections with abscissas a, b, . . . formula (22.15) becomes 


Sf = P„ (0 X, (a) +P b V)X, «.)+■■■ 
j X\(x)dx 


(22.16) 


The determination of the functions T, (t) is based on the fact that 
each term on the right-band side of the upper series of (22.14) produ¬ 
ces the motion defined by the corresponding term of the lower series 
of (22.14). Therefore, we can substitute in Eq. (22.13) 

q = X,(x)S,(t). u = X,{x)T,(t). (22.17) 

We then obtain the equation 

EAXtT l -pAX,T, = X,S, 
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or after dividing by pAX t Ti 



According to the Qrst formula of (8.5a), the left-hand side of the 
above equality is constant and equal to — p\. Consequently, the 
right-hand side equals the same quantity; hence 

r.+rfr-A-. 

As has been shown previously (see p. 197), the solution of this 
equation is of the form 

T ‘~-phr J S 'W» 

This formula solves the problem as it provides a means of forming 
the second of the sums (22.14). 

If the load follows law (22.12), we can write, taking into account 
expression (22.15a), 

J <lo(z)Xi(z)dz i 

T, = -5-j-f // (t) sin p, (t-t)dT. 

pAP, j X] (i) dx 0 

In the case of an arbitrary periodic function H (x) use should be 
made of the methods presented above (see pp. 221 to 226). Of course, 
in the simplest case (22.8) it is easier to seek the solution in the 
form of (22.2) determining U (*) by means of expression (22.9). 


Flexural Vibrations of Beams 


Harmonic disturbance; direct solution. Consider the case when the 
impressed load is assigned as a concentrated force 


P = P t sin iot 


(22.18) 


or a combination of several loads of this type with the same 
ency. The solution for deflections will be sought in the form 


frequ- 


V (*, t) = Y (z) sin (ot (22.19) 


reducing the problem to the determination 
(amplitudes curve) Y ( x) 


of the mode of vibration 




In the case of m = constant, substituting expression (22.19) in 
Eq. (8.19), we obtain, similarly to Eq. (8.22), 

Y w —2gj-Y~ 0. (22.20) 

The solution of the differential equation (22.20) is represented 
by an expression similar to (8.24) 

Y^CiS+CJ+CJCJ+Cy, (22.21) 

where S, T, U and V are Krylov’s functions (8.25) in which exp¬ 
ression (8.23) should be replaced by 


To determine the constants C„ C 2 , C, and C t appearing in the 
general solution (22.21) we have to use the boundary conditions. 
In addition to the foregoing (see formulas (8.28a) to (8.31)1 it is 
necessary to consider at least two more 

cases here. P 0 smut, 

The driving force P 0 sin (at is app- 1 

lied at the end of the beam (Fig. 139a ~ t - 1 

and b ). Then the shearing force must be 
equal to this force ■ P t sinat 

Q »= Ely' = EIY’ sin <at |_ 

and the boundary condition becomes M 


(the upper sign corresponds to a force —-- 

applied at the right end and the lower ' e ' 

sign to a force applied at the left end). Fig. 139 

Besides, there must be Y' = 0. 

The driving force P 0 sin (at is applied at an intermediate section 
of the beam (Fig. 139c). The following four matching conditions 
must be fulfilled at this section 

Y(a_) = Y(a t ), Y' (a_) = Y' (a*), 

V- 

where a is the abscissa of the section at which the driving force is 
applied. The subscripts — and + correspond to sections just to the 
left or to the right of the section a. 

The first three conditions express the continuity of the deflection, 
the angle of rotation of the section and the bending moment at the 
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point of application of the driving force; the fourth condition expres¬ 
ses the discontinuity in the shearing force at the section in question 
by the amount P& 

For a larger number of driving forces, the method of initial para¬ 
meters may be used to advantage. 

Example 28. Determine the amplitudes curve for a cantilever beam of 
length 1 if the driving force (22.18) is applied to its free right end. 

The boundary conditions are 

y(0)=o, v' (0)=o, 

y*(«)=o. vat 

Tho first two conditions give C| = C t = 0, the third and fourth conditions 
lead to the equations 

*J(C3S,+C 4 r,)=0, 

**W'i+CA)=-|f. 

_ T t 

3 ~ &EI (Sf-T/V,) r °- 


Substituting io 

Tho amplitude 


C ‘" *»£/(«f-fy,) /> °- 
expression (22.21), we find 

P(.(S,V,-T,U X ) 

"*»£/ (S?-r,l,) • 

of the deflection of the end of tire 


cantilever is 


y ( 0 = 


Pq{S,V,- 

k>BI(S}-T,V t ) 


Substituting Krylov's functions, we obtain 

y m _ p o (sinhH cos kl —cosh kl sin A-f) 
**£/ (cosh*! cos*i-(-l) 

It is soon that whon 


(22.22) 


cosh *1 cos */+ 1 = 0 

» occurs; this case corresponds to the coincidence of the (reouenev 
foliowlng'ocpmlity^s fulfilled* 1 °” th ° n ‘“ ural fra ‘ uo " cios - »• '»"°v.r, the 
tan kl = tanh kl, 

the end of the cantilever will bo stationary (antiresonance). 

SMUn ln fcrau ./ 'tfafiiMUm. I» th, wt ^ 

impressed tremrem,. load is gi,„ by «, ubiSy 1.5“ 

? = ?(*. <) 





the differential equation assumes the form 

. El _ q 

dl* + n dx* ~ m 


(22.23) 


and differs from Eq. (8.19) by the presence of the right-hand side. 
As before, we represent q(x, t) in the form of a series 

g (x, l) = X, (x) 5,(0 + X 2 (x) 5,(0+-.. (22.24) 


and sees the solution for the deflection also in the form of a series 


y(x, t) = X, (i) T, (0 + X, (x) T t (0 + ... . (22.25) 


To determine the functions of time 5, (t), we multiply both sides 
of equality (22.24) by X, (x) and integrate the result over the total 
length of the beam; due to the orthogonality of the eigenfunctions 
there remains only one term on the right-hand side, which corres¬ 
ponds to the number i, so that 


j »<*■ i)X,(x)dx 

S, (0 = - L -j--- (22.26) 

JXf(z)* 

This formula is identical in form with formula (22.15) derived 
above for the case of longitudinal vibrations, but in expression 
(22.26) X, (x) represent the natural modes in the problem of free 
vibration of the beam ("beam functions'). Therefore, formula (22.16) 
pertaining to the case of concentrated driving forces^ is also 
valid here. 

Taking into account that each term of series (22.24) produces the 
motion defined by the corresponding term of series (22.25), we can 
write Eq. (22.23) as 

Dividing both sides by X, T t , we obtain 

_ El X < V _ Ti S, 
m X, ~ T, mT, ' 

The left-hand sido of this equality is equal to —pi; therefore, 



Hence we obtain the differential equation for 7', 
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The general solution of this equation is 

r, ( t ) = | Si (t) sin pi (< -x)dx. (22.27) 

Example 29. Construct the solution lor tho caso when the ond of a cantilever 
beam is subjected to an arbitrarily given concentrated force • 1 (*)• 

In this case, according to expression (22.26) 

S,(t) -— P,(t) 

j X\(x)dx 

and formula (22.27) becomes 

T, (l)«= f‘ (i) - ( Pi (t) sin Pi (l-x) dr. 

m Pl jxf(x)dx 5 

Using the last expression we can obtain the solution for any law P, («); 
in the case of a periodic action (particularly, periodic shocks) use should be made 
of the method presented on pp. 223-224. 

The foregoing method provides a means for obtaining the solu¬ 
tion in the case of a variable section if the natural modes X, and 
the natural frequencies p, are found in advance. 



CHAPTER V 


PARAMETRIC 

VIBRATIONS 


23. Basic Equation 

In some cases the parameters of a mechanical system (i.e., its 
stiflness or mass) do not remain unchanged but are sonic given fun¬ 
ctions of time (usually periodic functions). 

If the equilibrium state of such a system is disturbed, peculiar 
vibrations will result: on the one hand, they cannot be called free 
vibrations since the system is subjected to an 
external action in tho form of the variation of 
its stiflness and, on the other hand, they are not 
forced vibrations as the external action is not 
produced by a given force. These vibrations are 
referred to as parametric and, depending on the 
properties of the system and the type of variation 
of its parameters, they may have bounded or 
increasing amplitudes; the latter case, which is 
obviously a dangerous one, is called parametric 
resonance. 

The Simplest System 

Consider the system shown in Fig. 140. As is 
seen, the concentrated mass 1 is attached to the 
end of a weightless rod 2, the freedom of displa¬ 
cement of the rod being additionally restrained 
by a collar 3 removed a distance l from the lower 
end of the rod. Write the equation of free vibra¬ 
tion of the mass assuming the vibrations to occur in the plane of 
the drawing. If at the current instant t the displacement of the mass 
is x, the elastic restoring force of the rod is — kx and the equation 
of motion of the mass is of the form 

I —kx- nix, (23.1) 

where k is the spriog constant of the system. 




Collar 3, if sufficiently long, provides practically complete restraint 
of the lower portion of the rod and the constant k can be determined 
from the known formula k = 3 EIIP. It is assumed here that the 
rod has a constant cross section of moment of inertia I; E is the elas¬ 
tic modulus of the rod material. Thus, the differential equation 

(23.1) takes the form 

(23.2) 

If the distance l is constant, Eq. (23.2) describes free vibrations 
of the mass about its central position, the quotient 3 Ellml 1 repre¬ 
senting the square of the natural frequency of vibration. 

Suppose now that collar 3 slides along rod 2 according to a given 
law 

z = .4 cos coi, 

i-e., it executes harmonic vibrations with amplitude A and circular 
frequency oj about its central position l. In this case the spring 
constant is a function of time 


3 Et 3EI 

(/+*)* (t-Mcos ®/) 3 


(23.3) 


and the differential equation (23.2) becomes an 
able coefficients 

3 El n 

x ' t " mU + zicosox)* I-U ’ 


equation with vari- 
(23.4) 


this being typical of systems with parametric excitation of vibrations. 


Mathieu's Equation 

There exist many other mechanical systems subjected to para¬ 
metric excitation. Several examples given below demonstrate that 
in most practically important cases the differential equation govern¬ 
ing parametric vibrations can be reduced to the standard form 

- 3 ^- +(a — 2gcos2T)z = 0, (23.5) 

where a and q are constants. 

By way of illustration we revert to the mechanical system 
shown in Fig. 140 and assume that the amplitude A of vibration 
of the collar is very small in comparison with the length l ; then, 
instead of expression (23.3) we obtain an approximation 
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and the differential equation (23.4) becomes 

(l —cos cot) a; = 0. (23.7) 

Passing now to the “dimensionless” time t 
2t = 0)1, 

we have 

tPx _ Ijfi <Pz 
3t» — 4 rfx* 

and^the differential equation (23.7) assumes the standard form (23.5) 
1287 

“ — m<o*i» ' 

_ 18/1 El 
^ mail* 


(23.8) 


The transformations of this kind are typical for cases of small 
depth of pulsation of the variable parameter of a system. 

Revert now to the basic equation of the problems here considered 
(23.5) which is called Mathieu's equation. The solutions of Mathieu's 
equation are vibratory ones and depend entirely on the particular 
values of the parameters a and q. In some cases, to a given combina¬ 
tion of a and q correspond vibrations bounded in amplitude and 
in others, vibrations with increasing amplitudes. As a matter of 
fact, further details of the vibration are of little significance since 
it is the tendency of the vibratory process that is of prime importance: 
if the amplitudes remain bounded, the system is stable-, otherwise, 
parametric resonance occurs and the system is unstable. 

The results of solving Mathieu's equation for two different com¬ 
binations of a and q are shown in Fig. 141 (these solutions have 
been obtained with the use of an electronic analogue device). 
Although the parameter q of the system is the same {q = 0.1) in both 
cases, the vibrations differ greatly because of the difference between 
the values of the parameter a (a = 1, a = 1 . 2 ); in the first case 
they increase, i.e., the system is unstable, and in the second case 
they remain bounded, i.e., the system is stable. 

For practical purposes the boundaries between the regions of 
stable and unstable solutions are of the greatest importance. This 
question is well studied, the final results being represented as a 
diagram plotted in the plane of parameters a and q. It is called 
the Ince-Strutt diagram; Figure 142 shows a part of the Ince-Strutt 
diagram pertaining to small values of the parameter q. To each 
particular system Characterized by parameters a and q corresponds 
a point of co-ordinates a, q on the Ince-Strutt diagram ( generic 
point). If the genoric point is within the shaded areas of the diagram. 
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the system is stable; to unstable systems correspond gonoric points 
in blank areas. 

By way of examplo, in the diagram are indicated points 1 and 2 
which correspond to the parameters a, =1, q x = 0.1; a 2 = 1.2, 
q t = 0.1 (the solutions of Mathieu’s equation for these cases are 
given in Fig. 141). Point 1 is in the blank zone (instability) and 
the vibrations occur with increasing amplitudes (Fig. 141a). 
Point 2 is within the shaded zone; it corresponds to the motion 
with a bounded amplitude (Fig. 1416). 

The complete Incc-Strutt diagram is represented in Fig. 143. 

As is seen, stability regions alternate with instability regions 
in the plane of parameters a, q, the widest and therefore the most 
important instability region containing the point a = 1, q = 0. 
The Ince-Strutt diagram eliminates the necessity of performing 
any of the operations involved in solving Mathieu's equation. It 
is sufficient to set up this equation, i.e., to find the values of the 
parameters a and q of the system; after that the diagram gives at 
once the answer to the question as to whether the system is stable 
or unstable. 

Let us see how the properties of parametric vibrations vary when 
the exciting frequency is gradually changed. Reverting, by way 
of example, to expressions (23.8), we note that, as the frequency 
increases, both parameters, a and q, decrease in proportion. Since 
the ratio between the two parameters remains constant, the succes¬ 
sive states of the system are determined by generic points on a dashed 
ray q = ka passing through the origin. Figure 143 shows clearly 
the alternation of stable and unstable states for increasing values 
of the exciting frequency. 


24. Casas of Pariodic Variation of Stiffnass 


These cases are common in all kinds of systems. Consider several 
examples. 

Figure 144a shows a system the elastic part of which is a toothed 
(splined) shaft 1. The lower end of the shaft carries disk 2. The 
shaft is connected to a toothed (splined) heavy collar 3 which can 
slide along the axis of the shaft and execute harmonic vibrations 
in the vertical direction. In this system it is possible to excite not 
only flexural but also torsional vibrations. Lot the free length of 
tho shaft at the current instant t be 

Z = / 0 +j4cos<i)f. 


The torsional stiffness of the shaft is then 
g 'p Up 
~ l ~ lo-Mcosc* • 


(24.1) 
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cribcd by Malhieu's equation (23.5) with 



2AG1,, 

Consequently, this system may be in a state of parametric reso¬ 
nance under certain conditions defined by the Ince-Strutt diagram. 
Of course, this is also true in cases where the axis of the shaft does 
not coincide with the vertical. 

Another example of a system with periodic variation of stiffness 
is presented in Fig. 1446. The system contains a disk fixed at the 
middle of a vertical shaft 2. Over part of its length the shaft has 
a cross section with different principal moments of inertia; for this 
reason the rigidity of the shaft is not the same in the two principal 
directions x and y. Guides 3 fix a plane in which the shaft can 
deflect. Therefore, as the shaft rotates in bearings 4, its flexural 
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rigidity in this plane varios periodically and parametric excitation 
of vibrations is possible. 

Note that if there are no guides, then, as pointed out above (see 
p. 173), the shaft is unstable over the entire range of speeds 

/¥<“</¥■ 

An instructive example of parametric excitation of vibration 
is provided by the system shown in Fig. 144c. A mine cage 1 moves 
with a constant velocity along vertical guides 2 which are fixed 
on sleepers 3. In this system the transverse stiffness, which defines 
the elastic restoring force during transverse vibrations of the cage, 
is variable: if the cage is level with any one of the pairs of sleepers, 
this stillness reaches a maximum; if, however, the cage is located 
opposite the middle of the free span of the guides, the stiffness is 
minimum. The frequency of the stiffness variation depends on the 
distance between the sleepers and the velocity of the cage 



It is clear that there exist a number of “forbidden" ranges of 
velocity u corresponding to the conditions of parametric resonance. 
These considerations are fully supported by experimental evidence. 

26. Cases of Periodic Variation of Parametric Loads 

A simple example of a system of the type here considered is present¬ 
ed in Fig. 145a. Mass 1 is attached to the upper end of a vertical 
perfectly rigid rod 2; in its lower portion the rod has a support which 
provides clastic resistance to rotation ("elastic hinge*). The upper 
end of the rod is acted on by a vertical force P. This system results 
from a simplified schematization of a real rod having a distributed 
mass and elasticity. 

The force P is a parametric load and, if it is constant in time, its 
critical value can be found by Euler's method. Let 9 be the angular 
displacement of the rod from the vertical and k the spring constant 
of the elastic hinge. The restoring moment (the moment of the clastic 
hinge) is then — k<f and the equation of equilibrium of the rod 
in the displaced position is 

Php-fap = 0. (25.1) 

From the condition q>#0 wo find that the displaced position 
of equilibrium is possible if the force P is equal to 


(25.2) 
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this formula determines the critical value of a statically acting 
force P (for example, weight of mass 1). 

The same value can be found by considering free vibrations of 
mass 1. In distinction to the equation of statics (25.1), the moment 
equation with respect to hinge 3 contains an inertia term and is 
of the form 

Plif—ky — mPip, (25.3) 



When k = PI, the frequency of free vibration of the system is 
zero, i.e., the system becomes unstable. The value of the critical 
force is given by the previous formula (25.2). 



if * 1 “ " w c ?" id " ll “ ™ «» fore. P v.rto, in time 

according to a harmonic law 

^ = ^0 +cos ml. 

The equation of vibration of the rod (25.3) is then written as 

( p o+P| cos ait) l<p— A-(p = 

.e., 

I* ^ 7n7r (*— 'V — PJL cos (Dt) <p=0; 
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this equation leads to the standard form of Mathieu's equation. 
(23.5) if we put 


2t = &><, 



(25.4> 


As the frequency to increases, the parameters a and q decrease 
in proportion. A dashed ray in Fig. 143 indicates that the system 
passes through a succession of alternating stable and unstable states. 
The slope of the ray is defined by the ratio 



where P cr is tho static critical force given by expression (25.2). 

At a given valuo of Pi the quantity k depends on the difference 
P c r — Pa- The nearer tho value of the static component P 0 approa¬ 
ches the critical valuo P er , the steeper is the ray and the wider arc 
tho areas of instability regions crossed by it. This is, of course, natu¬ 
ral because the closeness of tho force P 0 to the Euler force must 
facilitate the occurrence of instability. 

It is important to note that the loss of stability is possible for 
arbitrarily small values of the compressive static component P 0 
and even when its sign is reversed (i.e., when the static component 
is tensile). As is seen from Fig. 143, when P 0 < 0 the ray q — ka 
has a small slope but it also crosses a number of iustability regions. 

On the other hand, the Ince-Strutt diagram indicates that the 
stability of the system is possible for P 0 = P er and even for 
P„ > P„. Indeed, if P 0 = Per. then a = 0, the ray q = ka coincides 
with the axis of ordinates of the Ince-Strutt diagram, but the system 
remains stable if | q | < 1. According to conditions (25.4), this 
requires the fulfilment of the inequality 



When P 0 > Per. the ray q = ka is locatod in the second quadrant 
of the Ince-Strutt diagram; Figure 1456 shows that in this case, 
too, the stability of a system is possible in a suitably chosen range 
of frequency <o. Thus, under certain conditions the vibratory com¬ 
ponent of the compressive force can stabilizo a system which is 
unstable without vibration. 
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26. Pendulum with a Vibrating Point of Suspension 

Consider the pendulum represented in Fig. 146a. If the point 
of suspension is fixed, the only force producing a moment about 
the point of suspension is the weight of the mass mg; accordingly 
the equation of small oscillations of the pendulum is 
— mgbf = ml 3 <p. 

If, however, the point of suspension vibrates along the y axis 
according to the law 

;/ =/tcoso>f, 

it is necessary, in setting up the moment equation, to take into 
account the inertia force due to the base motion —my — mA <o* cos cot; 



Fig. UO 


its moment is mA u*Uf cos ml and the equation of oscillation of the 
pendulum is written as 

— mg/<p+m/l(i)*/(p cos <■>( = 


V + (t ~ cos f (»: (26.1) 

this equation can bo reduced to tho siandard form (23.5) if we pul 
2x = oil, a — , 7 = ^L. 

It is now immediately scon from tho Inco-Slrutt diagram that 
tlio parameter a is independent of tho amplitude of vibration of 
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the point of suspension, and no matter how small the amplitude A 
may be, the instability of the lower position of the pendulum 
occurs near the values a = 1, 4, 9, . . i.e., when 

/i, -i/f. 

Let us now discuss the question of stability of the upper position 
of tho pendulum (Fig. 1466). When the support is fixed, this position 
is of course unstable; however, the vibration of the foundation 
may render this position stable. To obtain the equation of motion 
for this case, it is sufficient to change the sign before the term con¬ 
taining the acceleration g in Eq. (26.1); accordingly tho parameter 
a becomes negative 



(the other quantities remain unaltered). 

From Fig. 146c it is seen that the upper position of the pendulum 
may be stable. For small amplitudes A of vibration of the point 
of suspension (when |g|<l) the stability of the upper position 
is provided if the inequality 1 a | < q*l 2 is satisfied. According 
to expression (26.2), this stability condition takes the form 

Vw 


27. Casas of Periodic Variation of the Inertia 
of a System 

Let us solve an auxiliary problem of torsional vibrations of the 
system shown in Fig. 147a. Assume that only disk 1 and weight 4 
possess mass in this system, the mass moment of inertia of disk / 
being J and the mass of the weight m. Shaft 2 is fixed at one end 
and can only twist. Rod 3 is perfectly rigid and serves only to connect 
disk / and weight 4 which can movo horizontally; tho length of the 
rod is considerably greater that tho radius of tho disk. This system 
has one degree of freedom. 

Suppose that the disk executes freo vibrations about tho equili¬ 
brium position; it is clear that this process will involve weight 4 
the effect of whose inertia can be dotorminod by the energy method. 

Lot q> lie the angle of rotation of the disk during vibration so 
that the law of free vibration of the disk is 
q=aslnpt, 

where p — natural frequency of system, 

a —amplitude of torsional vibration of disk (Fig. 1476). 
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so that the maximum kinetic energy of the weight is equal to 


Consequently, the maximum kinetic energy of the system is 

r=r, + r I ,Jffil[/ + j^L( i _ e o,2«)]. 

Hence, the quantity 

J, = J + —£^-(1—cos2a) (27.1) 

may be interpreted as the reduced mass moment of inertia of the 
disk, which makes it possible to consider an equivalent system 
(Fig. 147c) instead of the given one (Fig. 147a). 

From expression (27.1) it is seen that the effect of the inertia 
of weight 4 on the process of vibration depends on the angle a. 

Based on expression (27.1), we proceed to a vibration problem 
for a simple slider-crank mechanism (Fig. 147 d). 

If the mass of the connecting rod is replaced by two masses ono 
of which (m ( ) rotates with the crank and the other moves with the 
piston, we obtain the scheme shown in Fig. 147c. Consequently, 
to the moment of inertia of the crank must be added the moment 
of inertia of the additional effective mass of the connecting rod m,r\ 
On the basis of the foregoing solution of the anxiliary problem 
we can proceed from this scheme to a scheme (Fig. 147 f) consisting 
of two disks: one of these (flywheel) has a moment of inertia J/ and 
the other has a moment of inertia given by formula (27.1) as 

+ ( 21 . 2 ) 

here m 2 is the combined mass of the piston and the corresponding 
portion of the connecting rod. 

The equation of vibration of this system is of the form (see for¬ 
mulas (4.8) and (4.11)1 

V+^-o. 

Substituting expression (27.2), wo obtain 


/, = / tr +m,r* 

e average value o/ the reduced moment of inertia of the crank. 

I9» 
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From Eq. (27.3) it is seen that the coefficient of the function <p 
depends on the time t as in the cases considered above. However, 
in this problem the variability of the coefficient results from the 
periodic variation of the moment 0/ inertia and not the stillness. 

Since the fraction ib*t*/2/ 0 > s small in comparison with unity, 
it is permissible to assume 


m t r* 

2Jo 


Equation (27.3) then becomes 


To determine regions of parametric resonance we represent this 
expression in standard form (23.5), putting 


Calculating the values of these parameters, we can check the sta¬ 
bility of the system using the Ince-Strutt diagram. 



CHAPTER VI 


SELF-EXCITED 

FRICTIONAL 

VIBRATIONS 


28. Nature of Self-Excited Vibrations 

In all the foregoing systems with inelastic resistances, steady- 
slate vibratory processes were possible only so far as there were exter¬ 
nal effects of a periodic type. However, in some systems steady- 
state vibrations may be set up without any periodic effects from 
outside ; these systems are called self-excited systems. Since some 
energy is inevitably dissipated in all real vibratory processes, every 


1 1 

HI 


mm 



self-excited system has a source of energy which mokes up for the 
energy losses but, by its nature, possesses no vibratory properties. 

Self-excitation of vibrations often depends upon the fact that 
the slate of equilibrium of a system is unstable; therefore, when 
this state is disturbed in any possible way the resulting vibration 
will not be of a damped type but, on the contrary, will continually 
build up- the forces produced by the source of energy and contribut¬ 
ing to the swinging of the system depend themselves on its motion 
(in the equilibrium position they are equal to zero). The process 
of self-excitation is illustrated in Fig. U8a; the corresponding 
chase traiectory is shown in Fig. Mb; in this case the point repre¬ 
senting position is called an unstable focus. 
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Of special interest are self-excited mechanical vibrations occurring 
in systems with friction. The friction force, which was the cause 
of damping of vibrations in the examples previously considered, 
may be responsible for their building-up. • 

A clue to the reason for this may be obtained by considering 
a simple system (Fig. 149a). The system consists of two rotating 
drums driving an infinite belt; the belt carries a weight of mass m 
whose motion is restrained by a spring of stillness k. The friction 



(a) (b) 

Fig. 149 


force developed when the weight is sliding tends to move the weight 
to the right and produces an extension of the spring. Let the fric¬ 
tion force in the equilibrium position of the weight be R 0 ', the static 
displacement of the weight is then 

(28.1) 

For further discussion it is necessary to lake into account that 
the friction force R depends on the relative velocity v (at a given 
normal pressure of the weight which will be assumed constant). 
Let the friction characteristic be of the form shown in Fig. 149b; 
the values i> 0 and R t correspond to the stale of equilibrium of the 
weight. 

Suppose that the weight is displaced from the position of rest 
at time t = 0 due to some disturbance; let us see what the ensuing 
motion will be assuming that the velocity of the belt is constant 
during the vibration of the weight. Let the displacement of the 
weight at the current instant t be x, its velocity x and the velocity 
of sliding v = v„ — x. 

At this instant the weight is acted on by three forces: the reaction 
of the spring -Ax. the friction force R and the external resistance 
which will be assumed proportional to the velocity and expressed 
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The force /? differs from the force R„ since tho relative velocity v 
differs from the velocity t> 0 . For small fluctuations of the relative 
velocity it may bo taken that 

R = R 6 -Rjc, (28.2) 

where R 0 is the slope of the friction characteristic at the point 
with co-ordinates v^R 0 . 

The equation of motion of the weight is 
kx—cx -{- R = mx. 

Substituting expression (28.2), we obtain 

mx + kx—R t + (Ri + c)z = 0. (28.3) 

We shift the origin of displacements to the point x = x„, i.e., we 
introduce a new variable x,=x — x t . 

Equation (28.3) then becomes 

mx, -J- (R’ 0 + c) x, -i- kx, + kz t — R t = 0. 

According to expression (28.1), the sum of the last two terms 
is zero, therefore we obtain the equation 

nu, + (R, + c)x,+kx, = 0. (28.4) 

An inspection of the structure of this equation indicates that, 
after a certain time, the vibrations must disappear if the sum 
R'„ -f- c is positive. This is always the case for the ascending portion 
of the friction characteristic where /?' > 0. 

However, for small values of v 0 (descending portion of the friction 
eharacterislic) the quantity R' 0 becomes negative (Fig. 1496). If 
c > | R'„ |, the sum R‘, c remains positive and the vibration 
will be a damped one. If the sum R'„ -f e is zero (i.e.. e = | R' a |). 
the damping term in Eq. (28.4) vanishes and vibrations with constant 
amplitude become possible. If, however, the sum R'„ -r c is negative, 
the system possesses “negative damping" and the vibrations will 
build up in the course of time due to the energy transmitted by the 
moving belt. 

The nature of “negative .damping" for a descending characteristic 
can be understood from the following argumont. When the weight 
moves to the right, i.e., in the direction of motion of the bell, the 
relative velocity of sliding decreases; at tho same time the friction 
force increases and its increment is directed to the right, i.e., it Ims 
the same direction as the motion. In the other interval of motion when 
the weight moves to the left, the increment of the friction force is 
also directed to the left, i.e., it has again the same direction as the 
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motion. This type of variation of the friction force is the cause of 
the intensification of vibrations. 

Thus, for vibrations to build up, the condition /i„ -r e < U must 
be fulfilled, which is possible only when the descending characrerislic 
is sufficiently steep. The above condition is usually satisfied only 
for small velocities v 0 . 



(a) 

Pig. 150 


Following the same line of reasoning we may conclude that self- 
excited vibrations arc possible for an elastically restrained block 
pressed against a rotating disk (Fig. 150a) and also for a weight 
attached to a spring (Fig. 1506) when its left end is given a motion 
with constant velocity; in these cases, too, the necessary condition 
for self-excited vibrations is the existence of a descending portion 
of the friction characteristic. 
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Self-excited vibrations arising during metal culling on machines 
fall in this category of phenomena. Without going into details, 
we consider the nature of solf-oxcited vibrations occurring during 
cutting on a turning lathe. The workpiece exerts on the cutting 
tool a reaction I 1 , which can be resolved into components I\ and P, 
(Fig. 151). The tool is elastically restrained and its end may execute 
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vibrations both in the horizontal and vertical direction. To see 
whether; self-excited vibrations are possible, it is sufficient to con¬ 
sider vibrations only in the horizontal direction y = y (t) and 
to take into account an important experimental result, viz. that 
the horizontal component P u depends on the velocity of horizontal 
vibrations of the tool y. 

Thus, the tool is acted on by three forces: the elastic force —ky 
of the tool-support system (k is the spring constant), the reaction 



of the workpiece — P v (y) and the sum of various inelastic resistances 
which may be combined into one term of the form — cy. 

Thus, the equation of motion of the tool-support system is 
— P,(y)—ky—cy = my 

(m is the reduced mass of the tool-support system). After linearizing 
the force P,, according to expression (28.2) we arrive again at an 
equation of the type of (28.4). Consequently, in this case, too. self- 
excited vibrations are possible if the force P v has a descending cha¬ 
racteristic. 

As ascertained, the instability of the state of equilibrium can 
be revealed on the assumption of small vibrations, i.e., by means 
of a linear approximation. However, if we discard this assumption 
and trace the further development of the process, it will be found 
that the growth of amplitudes falls off gradually and the amplitude 
eventually settles down to a practically constant value. This process 
of steady (stationary) self-oxcitod vibration is shown in Fig. 152 
and is called the limit cycle. An important feature of the limit cycle 
is that it is wholly independent 0 / the initial conditions; when the 
stato of equilibrium is disturbed in any possible way the system 
approaches one and the same limit cycle. The determination ot 
the parameters (frequency, amplitude) of steady self-excited vib¬ 
ration calls for an analysis of the corresponding non-linear problem. 
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In sonic cases slcady self-excited vibrations arc almost harmonic 
and have a frequency equal to the frequency of free vibration of the 
system; the corresponding systems are colled quasi-linear systems. 
In other cases steady self-excited vibrations differ sharply from har¬ 
monic vibrations, they are accompanied by slops and jumps in velo¬ 
city; such vibrations (and the corresponding systems) arc called 
relaxation or discontinuous vibrations (systems). 

29. Self-Excited Vibrations of Quasi-Linear Systems 

Basic Equation 

In the above discussion we assumed a linear approximation for 
the friction force developed during vibration. This sufficed for the 
investigation of the stability of the stale of equilibrium, but for 
the analysis of the settling-down process and also the process of steady 
self-excited vibration it is necessary to take into account non-linear 
terms. 

We write the expansion 

+ (29.1) 

and retain the alxivc-mcnlioncd terms*. The equation of motion then 
changes from (28.4) to 

mx, + kxi + ( tt' t -|- c ) x , — *■-£- z; + ij —- 0. (29.2) 

It is here assumed that the velocity v 0 corresponds to the des¬ 
cending portion of the characteristic. 

Steady Self-Excited Vibrations 

To solve Eq. (29.2) we use the energy balance method. Suppose that 
the steady self-excited vibrations may be approximated by a harmo¬ 
nic law 

Zj = a sin pt (29.3) 

with the frequency p of free vibration of the system. Expression 
(29.3) becomes perfectly accurate if the variable portion of the fric¬ 
tion force R expressed by the last three terms of Eq. (29.1) 

X = <*;+«) i ,—%k + %-k (29.4) 

* Expression (29.1) follows from Ihc expansion 

after substituting An =. — x,. 
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is identically zero. Of course, calculating the sum of these terms 
with the use of expression (29.3), wc sec that this identity is not 
fulfilled; however, to obtain an approximate solution we may re¬ 
strict ourselves to a less severe requirement, viz. that the work done 
1>>' the friction forces per cycle bo zero. Although this solution will 
not ensure a constant energy of the system for any instant, it cor¬ 
responds to a constant average energy per cycle. 

The work done by the friction force R during the lime dt is 
Rdx l = R^-dt=Sx l dt\ 

consequently, the work done by the friction force during the 
period T is 



where T is the period of self-excited vibration assumed to be equal 
to the natural period. 

Substituting the friction force R from expression (29.4), wo obtain 

129.5) 

According to expression (29.3) 

:r, = ap cos pt, 

consequently, 

j £(/?'-fc) cos* pt — ap cos 3 pt + a 2 p" cos* pt ] dt = 0. 

After integration wc find the amplitude of self-excited vibration 



Since the sum R[ + c is negative, the radicand is positive only 
if the third derivative R'„" is positive. 

It is usuallv possible to neglect all inelastic resistances except 
the friction force R. Putting c = 0, wc obtain a simpler formula 
for the amplitude _ 

—t 29 - 7 ' 

Example 30. Dclormino the amplitude of self-oxcilcd vibration for llio case 
whoa tho friction characteristic is given by the equation (Fig. 153) 

*-«.('-£+&)• <29 - S) 
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where R and a aro respectively, ibc friclion force and the relative velocity 

“ fcSiS - •*» -w- 

ristic near the minimum valuo of u and is enuol to . • 

Differentiating the given oqnation v"> ,,nn 


\U- 

—0.8Ur t -y 


1 « 

-- 

' 




3 n. 


Ofl. 


Substituting u 0 =0.95t>, in lira 
expression for R', we obtain 
n , 0.2923 R, 

By formula (29.7) wo find tho 
amplitude of self-excited vibration 
2y, . / 0.0260, 


Figure 153 shows the range of values of tbe velocity x,\ tho fluctuations are 
very great in comparison with v,. 

The maximum velocities of vibration for other ratios iV*'* have the follow¬ 
ing values: 


o 0 /o. .... 0.900 0.925 0.950 0.975 1.000 

«W,/e. - • . 0.873 0.761 0.620 0.145 0.000 


For u« > i>, self-excited vibration is impossible since R' 0 is positive. For 
v 0 < 0.9a, no calculations were made—tho velocity fluctuations become so signi¬ 
ficant that tho relative velocity falls to zero and in certain time intervals tho 
weight has no motion with respect to tho bolt (i.e., it moves with uniform velo¬ 
city). This makes it impermissible to use tho harmonic law of 
motion (29.3). 


SeUling-Down Process 

The energy balance method may lie used not only to determine 
the amplitude of steady self-excited vibration but also to investigate 
tho settling-down process. To do this, it is necessary to proceed 
not from expression (29.3), which corresponds to the motion with 
constant amplitude, but from a more general expression 
x, = a (t) sin pt 

assuming that the amplitude gradually varies. 

However, this variation may be considered slow if the increment 
Aa per cycle is small in comparison with the amplitude a. In this 
case tho expression for tho velocity is approximated by 

a'i — a (/) pcos pt. 




Accordingly the work done by the friction force per cycle is ex¬ 
pressed by integral (29.5). In tbo present case this integral is not zero 
but represents the increment of the onorgy of tho system per cycle 

T 

J [(m + c)a *--= (29.9) 

or, evaluating (on the assumption of constant amplitude «), we find 
npa* + j = A U. 

The increment A U can also he calculated by comparing the poten¬ 
tial energy at two consecutive instants when the systom has a maxi¬ 
mum deflection 

U-i-MJ = _ 


By subtracting, we obtain 


Equating expressions (29.10) and (29.9), we find 

npa ! ^R', + c- =fazAa. (29.11) 

Regarding now a as a continuous function of the argument t, we 
reploce 

»>4 r ' 

Instead of expression (29.11) we obtain the differential equation 

4 —£r (*;+‘+iw). 

Integrating this differential equation with the initial condition 
a = a 0 at ( =0, wo obtain tho equation of the envelope ( settling-down 
equation ) 

. * , ■ ■ (251.12) 

i/, .... «+»» . 


V(. + SK^ 


As t -*■ oo the equation reduces to formula (29.6) for the ampli¬ 
tude of steady solf-oxcited vibration. 
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The settling-down process and also the limit cycle can be obtai¬ 
ned in the phase plane by a somigraphical procedure using the delta 
method. To do this, we denote x, = y 


(29.13) 


The differential equation (29.2) then becomes 

7r = Hv)-p t y, 

where 



(29.14) 

(29.15) 


Dividing Eq. (29.14) by (29.13), we obtain the basic differential 
equation of phase trajectories 


do l(u)—p'y 

dy » 


(29.16) 


The set of integral curves of this differential equation forms the 
phase diagram of the system. 

We introduce the dimensionless time x — pt and denote 



The differential equation (29.16) then becomes 
<* v M*)t> 

dy v 

where 


6(v) = 


/(pv) 

P 1 • 


(29.17) 

(29.18) 


For short intervals of time and accordingly small increments of v 
the quantity 6 may be considered to be constant. The variables y 
and v in the differential equation (29.17) are then separable and, 
after integration, we obtain the algebraic equation 
v* +(y + 6)’ = constant; 

this equation describes a circle whose centre is located on the axis 
of abscissas at the point y = —6, v = 0. Thus, for a short interval 
of time the segment of the phase trajectory represents a circular arc 
with centre at that point. 

The construction of the phase trajectory begins with a point 
having the co-ordinates y„ = y( 0), v„=v(0) defined by the initial 
conditions at t = 0. The value v„ is substituted in expression (29.18) 
and 6 (v 0 ) is found. This value of 6 determines the abscissa of the 
centre of the circle (Fig. 154). 



! l .' s J l ®? r P°ss>l*le to draw a small circular arc from the starling 
point of the phase trajectory (y„ v 0 ) in a clockwise direction; in 
this way the first element of the phase trajectory is determined. 
A new value of the phase 
co-ordinate v, can be ta- v 

ken from the drawing and [ _ 

substituted in expression «>. 

(29.18) to find 6 (v,), i.e., I /S 

to determine the position r~“ ' 

of a new centre of the ... \ 

circle on the axis of absci- I / 

ssas. Using this centre, ' / 

the second element of the y 

pha* trajectory is coast- ft" mT" 

ructcd, and so on. . . 1 

Of course, in performing „ 

the construction it is necc- /• 

ssary to follow the general i. —— 

rules of graphical solutions / 003 S\ 

and, particularly, lo avoid / 

taking loo large lengths of / 

successive segments. / ^v\ \ 



Example 31. Construct a phase curve for the process of settling down of 
self-excited frictional vibrations delincd by the differential equation (29.2) 
if the friction force is given by (29.8). The parameters of the system are: m = 
- U.I02 kgf-sec/cm. k - 1,000 kgf/cm, H, = 10 kgf, t= 9.o cm sec. ir. = 
r= 10 cni/sec. „ , 

From expression (29.8) we find 

A'_ 3ff ‘ ^ j|_ 1 J = —0.2925 kgf-sec/cm, 

K _ CB.ee _n -.7 kgf-secVcm*. fl-=i^-=0.0C kgf-secVcm9 
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and expression (29.15) be comas 

/(»,) = +2.87a+2.80i<*-0.l0«> s . 

Determine the froquoncy of self-excited vibration 

p—j /^~~ = 100 sec-*. 

From expression (29.18) we find 

fl (v) = —0.029v-2.80v*+ 10v» (29.19) 


and proceed to construct the phase trajectory starling with any point (specified 
by iho initial conditions) in the phaso plana. Let = 0, v 0 = 0.09. Then 
0 = —0.018 by formula (29.19). 

Figuro l55o shows the beginning of the construction. Tho first sogment of 
the phaso trajectory has a centre at a point with co-ordinates 0.018, O. From 
this centre a circular arc is drawn from the starting point C 0 to a point C, at 
which v = 0.08. Formula (29.19) gives 4 = —0.015. The centre of tho second 
arc is at a point with co-ordinatos 0.015, O. From this centre the second arc 
is drawn to a point C s at which v = 0.07, and so on. 

Tho complote phaso trajectory is shown in Fig. 1556 and marked //. It 
represents a converging spiral. Another phaso trajectory starting at point O, 
0.045 is a diverging spiral ; it is marked /. Phase trajectories of the type I and II 
approach indefinitely a closed trajectory A, which is the limit cycle. 

Curve A is asymmetric, tho asymmetry boing most pronounced about the 
vertical axis. The maximum and minimum displacements of the system when 
it moves on the limit cycle are 0.06 and 0.05 cm, respectively. Thus, the centre 
of oscillation is somowhat shifted in the direction of the positive y axis and one- 
half of the total excursion is 0.055 cm. Tho maximum value of v is 0.055 cm 
and the maximum volocity is o raBI = vp = 100 x 0.055 » 5.5 cm/scc. These 
results are in fair agreement with solution (29.C) according to which the amplitu¬ 
de of self-excited vibration is a = 0.064 cm and the maximum velocity is 
r,n aI = ap = 6.4 cm/scc. 

In this case the results of tho semigraphical solution by the della method 
should be considered moro accurate; in any case it is free from the arbitrary 
assumption of the harmonic nature of the process which was made in the analy¬ 
tical solution by the onorgy method. 


30. Self-Excited Relexetlon Vibrations 

Self-Excited Vibrations of a Massless System 

Tho foregoing method of determining the amplitude of self-ex¬ 
cited vibration can be considered satisfactory only in cases of weak 
non-linearity when tho friction force is small and the vibrations 
may be assumed sinusoidal. 

Below is given an approximate method which applies to the case 
of n very large friction force. We revert to the scheme of Fig. 149 
and assume that the motion is determined by this force and the elastic 
force only and that the inertia force of the weight may be neglected. 
The equation of motion of this massless degenerate system is of a purely 
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static form 

kx = R(u), (30.1) 

where kx = spring force, 

R (v) = friction force, which is a function of relative velocity. 

It should be remembered that relation (30.1) establishes the pro¬ 
portionality between the co-ordinate x and the friction force R; 
since the co-ordinate x cannot vary abruptly in time, the friction 
force must also be a continuous function of the time t. 

In Fig. 156, point 0 corresponds to the slate of equilibrium of the 
weight, the friction force /?„ balancing the elastic force kx 0 (x 0 is 
the static deflection of the 
weight). Check that this 
stale of equilibrium is un¬ 
stable. 

Let the weight be pulled 
out an additional distance 
Ax by a force A P and held 
in this position; since the 
weight is stationary, the 
relative velocity is v 0 and 
the state of the system is 
characterized by the same 
point O. 

Let the force A P be released and tiie weight left alone at a certain 
instant which will be taken as the initial one. Since the initial ela¬ 
stic force k (x 0 -f Ax) = /?„ 4- AP is larger than R 0 , equality 
(30.1) requires the existence of a friction force R, larger than R 0 . 
As can be seen from Fig. 156, an instantaneous increase of the fric¬ 
tion force from R 0 to R, can result only from a sudden change of the 
relative velocity, viz. a decrease to a value i>,. To the beginning of 
vibration corresponds point 1. Of course, an instantaneous change 
of the velocity is only a convenient approximation of a very rapid 
change of the velocity. 

The decrease of the relative velocity to the value v, brings about 
a positive absolute velocity of the weight x = v 0 — v,. Consequently, 
the moment the weight pulled out to the right is left alone, it im¬ 
mediately acquires the velocity x also directed to the right. This 
causes the weight to move further to the right away from the position 
of equilibrium. To this process corresponds the portion of the charac¬ 
teristic 1-2; from the kinematic point of view it is characterized by 
a continuous growth of both the co-ordinate x aud the velocity x, 
while from the static point of view, by a simultaneous (and equal) 
increase of both the spring force and the friction force. At point 2 

20-SI 3 r 
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the relative velocity vanishes, i.c., the absolute velocity x becomes 
equal to the velocity of the belt v 0 and the weight ceases to slide 
on the belt. 

A continuation of the motion to the right would mean increasing 
the clastic force kx and formula (30.1) would require, accordingly, 
a larger friction force R. 

However, the friction force can no longer increase; hence, as soon 
as the generic point reaches position 2, the motion of the weight to 
the right ceases instantaneously. 

To determine the new value of the velocity x, it should be borno 
in mind that the friction force R must remain unchanged. Conse¬ 
quently, the new value of the velocity corresponds to the generic 
point 3. 

Since v 3 > v„, the velocity of the weight x changes sign. Conse¬ 
quently, after an instantaneous change of the velocity from x 2 to Xj 
the weight begins to move to the left. During this motion, the de¬ 
formation of the spring will diminish and so will the clastic force 
and the friction force R. A decrease in the force R can result only 
from a reduction in the relativo velocity i> and corresponds to por¬ 
tion 3-4; in this portion the relative velocity will decrease continuous¬ 
ly up to point 4. 

However, further motion cannot be described by the branch 4-0-1-2 
as this branch corresponds to increasing friction force R. This is 
inconsistent with Eq. (30.1), which indicates that, when the weight 
moves to the left, the clastic force must decrease and not 
increase. 

Therefore, at point 4 the velocity must again undergo an instan¬ 
taneous change—the generic point jumps to position 5. As in the 
portion 2-3, the jump 4-5 means a discontinuity in the velocity 
with a constant value of R. Then the weight will move without sli¬ 
ding to the right together with the belt and the clastic force will 
again begin increasing; the friction force R will also increase. This 
increase corresponds to portion 5-2. 

At point 2, the velocity will again undergo a discontinuity, the 
generic point will move to position 3, and so on. In this manner a 
periodic motion occurs on the cycle 2-3-4-5-2-3... without returning 
to the branch 4-0-1-2. 

The foregoing vibratory cycle is set up for any initial disturbance 
if the starting generic point lies somewhere on the descending brancli 
of the friction characteristic, i.c., for a sufficiently low operating 
velocity v 0 . 

The complete cycle of self-excited vibration consists of two stages 
(starting from point 5). 
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: m0t T u f ! h p wci * hl at 8 constant velocity i>. 

° ^ H t h0 u bcl , t (P ° rti0n **>• Thc displacement x 

■ n.l h^ .K f n l p rms °, f lhc fr,clion force from formula (30.1) 
and has the following values: x s - BJk at the beginning of tho 
stage (point 5) and x t = R^k at tho end of the stago (point 2) 
Second stage. The motion of the weight to tho left with decreasing 
velocity (portion 3-4). At the beginning of tho stage (point 3) the 



Fig. 157 


velocity is z s = —(t»j — v 0 ) and the displacement is x, —- RJk 
with X) = z*. At the end of the stage (point 4) the velocity is z 4 = 
= — (i> 4 — v„) and the displacement is z, — RJk (z, — Zj). 

Figure 157a and b shows the graph of thc motion x — x (t) and 
the graph of the velocity x = x (t). The graph of thc motion is of 
a saw-tooth shape and differs sharply from thc low of harmonic 
motion. Tho maximum displacements from the value z 0 are une¬ 
qual in the two directions; it is therefore more convenient to speak 
not of the amplitude but of tho total excursion of self-excited vibra- 

20» 
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tion; the latter is defined as the sum 

W- 2 ) 


and can be calculated from the friction characteristic. 

The duration of the first stage of the motion is determined using 
the laws of uniform motion 

< 30 - 3 > 


The calculation of the duration 
is somewhat more complicated. 
Consider the derivative 


Ri¬ 


ot the second stage of the motion 


dR 

dz 


taken with respect to the velocity x. From Eq. (30.1) we obtain 
dR = kdx = kxdt. 

Consequently, 

— = kx—- 
dz di ' 

from this we find the duration of the second stage of the motion 
i *r *i ■ 

t s r=±\-±dx. (30.4) 

*3 

The lower limit of integration corresponds to the generic point 3, 
where x 3 = v a — v 3 ; the upper limit corresponds to point 4 for 
which Xi = v 0 — 

The period of self-excited vibration is 
T = t, + t s . 

Example 32. As in Example 31, the fricliun characteristic is given by 

and o„-0.5c-.. Find the period and tlie total excursion of solf-exciled vibra¬ 
tion. 

From Uhi friction characteristic wo find 

V3e« = 3.408o i , flj — ffs — 3/f., 
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The limits of integration in formula (30.4) are 

*3=*’#—«»= —2.468i>o, * 4 «=u 0 —v 4 = —1. 0 . 

The duration of tho first stage of the motion is, from formula (30.3), 

t _ 3 n,-n, m 2 ft. 

1 *o# “ kvo ' 

Tito derivative of It with respect to the velocity * is 

By formula (30.4), the duration of tho second stage of tlie motion 

3». f* / 3, z x \ dx 1.023/?, 

At>. J \ 4 u, ei ^ ; *e 0 

— 2.108oo * 

s approximately one half that of tho first stage. 

The period of self-excited vibration is 


The total excursion of vibration is, from formula (30.2), 
3ft, — ft. 2ft. 


Self-Excited Vibrations with a Simplified 
Friction Characteristic 


A simultaneous consideration of the mass of a vibrating object and 
large friction forces presents difficulties in the general case. But in 


some cases this analysis becomes necessary. Thus, for example, 
a smooth motion with very low feeding velocities is not always rea¬ 
lized in metal-cutting machines. 


Instead, an intermittent motion 
takes place. This is important 
for heavy machines, where low 
feeding velocities are used and 
the weights of moving units are 
very large. In such cases the pro¬ 
cess is essontially non-linear and 
at the same time the dimensions 
of vibrating objects admit no 
assumption of the system being 
"massless". 



Fig. 158 


An approximate solution of such problems can be carried out by 
using the simplified friction characteristic presented in Fig. 158. 
This characteristic gives two values for the friction force: the raa- 
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ximum static-friction force R, and the constant kinetic-friction for¬ 
ce R 2 . 

Consider the motion of a heavy weight 1 (Fig. 1506) attached to 
a driving member 3 by spring 2. The velocity of the driving member 
is assumed to be constant and equal to v 0 . 

Let weight 1 and member 3 move with the same velocity i> 0 . The 
spring force P is equal to the friction force R 2 . If the velocity v 0 
is very small, a minor casual obstacle may prove sufficient to stop 
the weight. Let us see what happens next. 

The driving member, moving on to the right, will compress the 
spring until the compressive force P becomes equal to the maximum 
static-friction force R t . Since no further growth of the friction force 
is possible, weight 1 •starts”. The friction force R, then drops in¬ 
stantaneously to the value R 2 , whereas the force P = R t of the com¬ 
pressed spring cannot change instantaneously and will remain equal 
to R t at the first instant of the ensuing motion. The moment of star¬ 
ting is taken as the origin of time (l = 0); both the displacement x 
and the velocity of the weight x are then equal to zero, i.c., 

x = 0, z = 0*. (30.5) 

Consider the subsequent motion of the weight. By the current 
instant the length of the spring will have changed by an amount 
x — iV and the spring force will have decreased to a value 

P(l) = R l -k(x-v t l). (30.6) 

The differential equation of motion of the weight is written as 


R,—k(x— t-'g t) — R 2 = mx 

The solution of this equation corresponding to the initial condi¬ 
tions (30.5) is 

i- = v „t - sin pt + 5^2 (1 - cos pt). (30.7) 

The first term on the right-hand side expresses the motion with a 
velocity equal to tliul of the driving member and the other terms 
express additional vibrations of the weight. 
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_ See.30 Sell-Excited Relaxation Vibraliont _ 

The velocity of the weight varies according to the law 

g = i> 0 -t>,cospt-j-- /,(ff| ~ ff « ) sin pt. (30.8) 

The weight comes to rest at the instant when x Incomes zero 
again. According to relation (30.8), the condition for stopping x = 0 
leads to the equation 

o, -1»„ cos pt , + sin pt, = 0, 

where t, is the time elapsed between the moment of starling and 
a new stop. 

We introduce the dimensionless parameter 

<*>•«> 

where A/ is the difference between the static and kinetic coefficients 
of friction. 

The condition for stopping becomes 

a sin pt, = cos pt, — 1. (30.10) 

Solving this transcendental equation, we obtain 

sin pt, = —cospt, = 4 ^a» ■ (30.11) 

After finding the value t„ we can determine from formula (30.7) 
the abscissa x, of the weight at the instant corresponding to a new 
slop, i.o., the distance travelled by the weight during the time t, 

*, ->*, - f-Jin pt, + (1 -to, pi,) - vjt, + iSS.. 

Taking into account expressions (30.11), wo find from formula 
(30.G) the force of the compressed spring at the time of stopping 
P(t l ) = 2R i -R,. 

Since R z < R„ P (t,) < /?,; consequently, after sloppiug the 
weight will remain stationary for some time until the spring force 
again reaches the value of the ultimate static-friction force R,. 

During the time the weight is at rest, tho force of the compressed 
spring increases gradually by an amount 

AP = R, - P (1,) = 2 («, - 7?*) 

and the corresponding contraction of the spring is given by 
.. A P 2 («,-«,) 

4, “ —”- 5 - 
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Ch.VI Self-Excited Vibrations 


This is equal to the distance travelled by the driving member 
during the time the weight is at rest. Consequently, the time of 
rest is 


At 2 (R, — R I ) _ 2a 

2 v„ ku„ p 

The same result can be found from the condition 


(30.12) 


v<,V, + tt)=x, 

which expresses the equality of displacements of the weight and 
driving member per cycle. 



Thus, the period of self-excited vibration of the weight is given 
by the formula 

T = t, + f*. 

To use this formula, it is necessary first to find /, from expression 
(30.11) and then t 2 from formula (30.12). At the time t - T the next 
starting of the weight occurs and a new cycle of self-excited vibration 
begins. 

The smaller the velocity of the driving member, the more pro¬ 
nounced is the process of self-excited vibration. Indeed, for small 
values of v « the dimensionless parameter a becomes very large and 
from expression (30.11) we have approximately in this case 

sinpt| —>0, <, = — . 

p 



Taking into account expression (30.12), the period of self-excitcd 
vibration is approximated by 


The value of the second term in the numerator increases with dec¬ 
reasing velocity v 0 ; the type of motion for two different small values 
of is shown in Fig. 159. As the velocity v 0 is reduced, the period 
of self-excited vibration T increases and so does the value of x,. 

Example 33. Determine the value of the parameter a for which the dura- 
lion of dwelling of the weight at rest is equal to the duration of its motion, hind 

the corresponding velocity v 0 if p = 50 sec' 1 and A/ = O.Oo. _ 

According to the conditions of the problem t- = hence, denoting 

pt, = Plt = P. 

we have from expressions (30.11) and (30.12) 
sin 2p = — 

The smallest non-zero root of this transcendental equation is 0 = 2.03. 
From formula (30.9) wo can now obtain the corresponding average velocity 


If the average velocity i><, < 0.48 em/sec. the intervals of dwelling at rest 
will he shorter than the intervals of motion. 

As can be seen, the stiffer the system (i.e.. the higher its natural frequency p). 
the smaller is the velocity corresponding to the conditions of the problem. 
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